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PREFACE 


The present book is the second volume of a guide to theoretical 
physics. As in the first volume, I have adhered to the rule of omitting 
what is explained in sufficient detail in modern general courses of 
physics. In particular, the experimental fundamentals of quantum 
physics are not discussed. 

With a view to the fact that the mastering of the mathematical 
apparatus of quantum mechanics involves great difficulties, I have 
done everything in my power to make calculations as simple and as 
clear as possible. For this purpose, special care was taken in choos- 
ing the notation. Whenever this was possible and expedient, I used 
the symbolic writing of scalar products of functions in the form 

<cp 1 1|;> instead of the integral notation j <p*i|) dV. This has appre- 
ciably simplified a number of formulas and facilitated their analysis 
and memorizing. 

The book is provided with mathematical appendices. Sometimes I 
refer to the mathematical appendices of Volume 1. 

The book has been conceived first of all as a training aid for stu- 
dents of non-theoretical specialities of higher educational establish- 
ments. Acquaintance with it will facilitate a more detailed studying 
of the subject with the aid of fundamental guides. 


Igor Savelyev 
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Chapter I 


FOUNDATIONS OF QUANTUM MECHANICS 


1. Introduction 

The laws revealed in the microworld differ radically from those- 
obeyed by macroscopic objects, i.e. from the laws of classical physics. 
Since only macroscopic bodies lend themselves to direct'pereeption 
by our organs of sense, we have at our disposal only illustrative 
images of such bodies. The transfer of these images to microscopic 
objects (for instance, the represent at ion of an electron as a microscop- 
ic sphere) is absolutely illegitimate and even harmful. Therefore, 
the best thing we can do in commencing to study the mechanics of 
the microworld (quantum mechanics) is to discard from the very 
beginning any tendency to construct illustrative images of the 
objects and processes being studied. 

In its customary meaning, the word “to understand” means to- 
form for oneself a clear image or a diagram of an object or process. 
No matter how paradoxically this sounds, quantum mechanics 
cannot be understood in this meaning. One of the founders of the- 
quantum theory, P. Dirac, wrote in this respect: “...the main object 
of physical science is not the provision of pictures, but is the formu- 
lation of laws governing phenomena and the application of these 
laws to the discovery of new phenomena... In the case of atomic phe- 
nomena no picture can be expected to exist in the usual sense of 
the word ‘picture’, by which is meant a model functioning essential- 
ly on classical lines. One may, however, extend the meaning of 
the word ‘picture’ to include any way of looking at the fundamental' 
laws which makes their self-consistency obvious. With this extension, 
one may gradually acquire a picture of atomic phenomena by becom- 
ing familiar with the laws of the quantum theory” 1 . 

Quantum mechanics can be outlined in different mathematical 
forms. Already at its birth, this science appeared simultaneously 
and independently in the form of E. Schrodinger’s wave mechanics- 
and W. Heisenberg’s matrix mechanics. Dirac later developed the 
“vector” form of quantum mechanics. All the forms of quantum 
mechanics are equivalent— they lead to identical physical results- 
and can be transformed into one another. 


1 P.A.M. Dirac. The Principles of Quantum Mechanics, 4th ed. Oxford,. 
Clarendon Press (1958), p. 10. 
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The mathematical language of quantum mechanics is very peculiar 
and as a whole is not simple. The above circumstances, namely, 
the impossibility of visual representations and the intricate mathe- 
matical language make quantum mechanics a difficult science. 

2. State 

The concept of state is one of the fundamental and initial ones in 
quantum mechanics. It is therefore difficult to give a faultlessly 
■strict definition of it. Dirac introduced the concept of state as fol- 
lows: “...Let us take any atomic system, composed of particles or 
bodies with specified properties (mass, momen t of inertia , etc.) 
interacting according to specified laws of force. There will be various 
possible motions of the particles or bodies consistent with the laws 
of force. Each such motion is called a state of the system ”. 1 

Let us adopt Dirac’s definition of a state as a preliminary one. 
The content of the term “state” will be disclosed completely in the 
process of setting out the essence of quantum mechanics. 

Information on the state of a microsystem is obtained by perform- 
ing measurements, i.e. by making the system interact with an in- 
strument that is a macroscopic system. Consequently, the results of 
measurements performed on microsystems are necessarily expressed 
in terms developed for characterizing macroscopic bodies (coordinate, 
-.momentum, angular momentum, energy, and the like). These char- 
acteristics are called dynamical variables. 

The properties of microparticles differ radically from those of 
macroscopic bodies. For this reason, the dynamical variables ascribed 
to macrobodies cannot be ascribed to microparticles. But when 
a microparticle interacts with an instrument (or a natural macro- 
body), it behaves as if it were characterized by at least a part of the 
dynamical variables named above. The peculiar nature of the prop- 
erties of microparticles exhibits itself in that measurements do not 
yield definite values for all the variables. For example, states of an 
electron exist in which when interacting with macrobodies (i.e. 
in measurements) it behaves as if it had th e mom entum p x , and no 
matter how many times we performed measurements with an electron 
in such a state, the same value is obtained every time for p x . But 
if we attempt to determine the position of an electron in the same 
■state, we shall obtain all values from — oo to -foo for the coordinate 
x with equal probability. Such a state of an electron is said to be 
•one in which the electron has a definite value of the dynamical 
variable p x . 

States of an electron are also possible in which it behaves in mea- 
surements (i.e. in interactions with macrobodies) as if it had a quite 


1 P.A.M. Dirac. Op. cit., p. 11. 
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definite value of the coordinate x. The momentum p x in these states 
is absolutely indefinite. In this case, the electron is said to be in 
a state with a definite value of the coordinate x. 

Finally, states of an electron exist in which neither x nor p x have 
definite values. In this case, multifold measurements performed 
on the electron in one of such states yield values for x that are within 
a certain interval Ax, and for p x that are within the interval Ap x , 
the quantities Ax and Ap x being related by the Heisenberg uncer- 
tainty relation: 

Ax-A Px >j (2.1) 

where h is the Planck constant h divided by 2 jt, and is called the 
h - bar or the Dirac h. 

The uncertainty relation shows to what extent we can use the 
concepts of classical mechanics for microparticles, particularly, 
with what degree of accuracy we can speak of the trajectories of 
microparticles. Motion in a trajectory is characterized by quite 
definite values of the coordinates and velocity at each instant. 
Eewriting relation (2.1) as 

Ax-Av x >^ 

we see that the greater the mass of a particle, the smaller is the 
uncertainty of its coordinates and velocity and, consequently, the 
greater is the accuracy with which we can apply the concept of 
a trajectory to the particle. Even if we take a microparticle only one 
micrometre in size, its mass will exceed that of an atom about 
10 12 times. For such a particle, the uncertainties in the values of x 
and v x are beyond the limits of the accuracy in measuring these 
quantities, so that practically its motion will be indistinguishable 
from motion in a trajectory. 

Hence, the greater the mass of a particle, the higher is the accu- 
racy with which we can apply the concepts and laws of classical 
mechanics to ils motion. This statement is a particular case of a more 
general one known as the correspondence principle. According to 
this principle, in the limiting process h 0, the laws and relations 
of quantum mechanics transform into the relevant laws and relations 
of classical mechanics. In practice, this signifies that the smaller; 
the role of effects proportional to the Planck constant K, the closer 1 
is the behaviour of the system being considered to the classical one.) 

By bridging the gap between quantum and classical laws, the 
correspondence principle allows us to find the quantum mechanical 
analogues of classical quantities. 

To characterize the state which a microsystem being considered 
is in, it is natural to take the values of the dynamical variables 
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having a definite value in the given state. The set of all the dynami- 
cal variables having definite values in a given state is called a com- 
plete set. The complete sets vary for different states. In a particular 
case, the complete set may consist of only a single dynamical vari- 
able. In such a state, all the variables except the one forming the 
complete set are indeterminate. 

When speaking of dynamical variables in general (i.e. without 
specifying what variables— x, p x , £, etc. — we have in view), we 
shall designate them by the letter Q, and sometimes by the letters B , 
A , B , etc. 

The set of numerical values which a given dynamical variable 
can have is called its spectrum. If these values form a continuous 
sequence, the given quantity is said to have a continuous spectrum 
of values. If these values form a discrete sequence, the given quantity 
is said to have a discrete spectrum of values. In the general case, 
the spectrum of values of a dynamical variable may include both 
continuous and discrete parts. 

We shall designate the different values of the variable Q by the 
symbol q. If the given value belongs to a discrete spectrum, we shall 
use a subscript on the symbol indicating the number of the value, 
i.e. write q n . The absence of a subscript on q will signify that the 
given value belongs to a continuous spectrum. 

We have already noted that the laws of the microworld differ 
radically from those observed for macroscopic bodies. This distinc- 
tion manifests itself in that states and dynamical variables have to 
be characterized by mathematical quantities of a different nature 
than the ones used in classical physics. For each dynamical variable, 
there is a corresponding linear operator. The state of a system is 
characterized by a certain, generally speaking, complex function i|- 
that is called either a wave function, or a psi-function, or a prob- 
abilit^ainplitude. We shall use the term “psi-function”. Dirac intro- 
duced a complex vector of a special kind to characterize a state. He 
called it a state vector. 

We must note that states are possible which no psi-functions can 
be made to correspond to. They are called mixed states as distinct 
from the pure states described by psi-functions. We shall consider 
only pure states. We shall therefore omit the word “pure” for brev- 
ity’s sake and speak simply of the states of a system. 

3. The Superposition Principle 

A fundamental principle of quantum mechanics is the principle of 
.-superposition of states. The essence of this principle consists in the 
following statement. Assume that a system may be either in the 
state it, in which a quantity Q has the definite value q x or in the 
state \|) 2 in which the same quantity has the definite value q 2 . Hence, 
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there is the state it = c,if, + c 2 if 2 (where c, and c,, are arbitrary 
complex numbers) in which measurement of the quantity Q yields 
either the result q x or the result q 2 . 

It follows from the superposition principle that the superposition 
of the states if, and if 2 in which Q has definite values leads to a new' 
state if in which Q is indefinite. 

A similar result is obtained upon the superposition of more than 
two states. If the states if,, if 2 , . . ., if„ exist in which the quantity 
Q has the definite values gr„ q 2 , . . ., q„, the state 

n 

4> = 2 Cjm (3.1) 

m=l 

(where c m are arbitrary complex numbers) also exists, and measure- 
ment of the quantity Q in this state yields one of the values q u 

? 2 > • • •> 5n- 

The reverse statement also holds, consisting in that any state if 
of a quantum system can he represented as the result of the superposi- 
tion of the states if,, if 2 , . . ., if n indicated above. This statement 
can also be a formulation of the superposition principle. 

The behaviour of the quantities if m corresponding to the states 
of a system described by Eq. (3.1) is similar to the behaviour of 
vectors. Indeed, multiplying the vectors a„ a 2 , . . ., a„ of an iden- 
tical nature by the real numbers c„ c 2 , . . ., c„ and then finding 
their sum, we obtain a new vector of the same nature, i.e. a = 
== 2 c m&m- TMs analogy is why Dirac treated the quantities cor- 
responding to the states of a system as vectors in a special space. 

By superposing a certain state if m on itself, i.e. by assuming that 
■vfj = if 2 — ifm> we obtain, by (3.1), a state described by the function 

if = e,if m -f c 2 if m = (c, + c 2 ) if m = cif m 

This state, like the initial state if m , will be characterized by the 
fact that in measurements of the quantity Q we shall always obtain 
the result q m . It is natural to assume that the state we have obtained 
does not differ from the initial one. An exception is the case when 
c = c, -)- c 2 = 0. In this case when multiplying if m by c, we get 
no state (if = 0 signifies the absence of a state). 

According to the above, the states described by the functions if 
and cif (where c is an arbitrary non-zero complex number) are assumed 
to be identical. If we use the vector representation of states, the 
conclusion must be drawn from the last statement that a state is 
determined only by the direction of a vector, while the “length” 
of the vector is of no significance. 

We must note that the superposition principle is also observed in 
classical mechanics, for example for the oscillations of a string. 
The arbitrary oscillation of a string can be represented as the super- 
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position of harmonic oscillations having frequencies that are multi- 
ples of the fundamental frequency. This analogy is why quantum 
mechanics was previously referred to as wave mechanics, and the- 
quantity i|- corresponding to the state of a quantum-mechanical 
system was called the wave function. It must he borne in mind, 
however, that the above-mentioned analogy does not extend very 
far. There is a profound difference between the superposition in the- 
quantum theory and any classical superposition. For example, the 
superposition of a state of an oscillating string with itself leads to- 
a state with another oscillation amplitude so that the resultant 
oscillation differs from the initial one. In quantum mechanics, on 
the other hand, the superposition of a stale with itself does not lead 
to the appearance of a new slate. A quantum stale lias no character- 
istic similar to the amplitude of classical oscillations. 

4. The Physical Meaning of the Psi-Function 

In the coordinate representation, the psi-function is a function, 
of the coordinates of the particles forming a system and of the time. 
Let us consider a system consisting of one particle. In this case,. 
ij: = ij) ( x , y, z, t). The square of the magnitude of the psi-function, 
i.e. the quantity | ap | 2 — (here i|)* is the complex conjugate- 
of t|’) determines the density of the probability of detecting the par- 
ticle at various points of space. If we multiply ( x , y, z, t) | 2 by 

the volume element dV = dx dy dz taken at the point x, y, z, we- 
obtain the probability of the particle being detected within the lim- 
its of dV in measurement performed at the instant t : 

.? dP - 1 $ I 2 dV = dV (4.1> 

Similarly, for a system consisting of two particles, the quantity 

dP = I (*i, y u Zi, x 2 , y 2 , z 2 , t) ! 2 dVy dV 2 

(x t , y i, are the coordinates of the first particle, x 2 , y 2 , z 2 are- 

the coordinates of the second particle, dV , = dx i dy x dz u and dV., = 
= dx 2 dy 2 dz 2 ) gives the probability of the particle 1 being detected 
within the limits of the volume dV u and the particle 2 within the 
limits of dV 2 in measurements performed at the instant t. 

Since a particle with authenticity, i.e. with a probability of 
unity, must be somewhere, summation of the probabilities (4.1) 
over the entire space must yield unity. We thus arrive at the normal- 
ization condition for the psi-function: 

j | | 2 dF== 1 (4.2> 

In Sec. 3, we established that the psi-function allows multiplication 
by any non-zero complex number. Consequently, if the integral is 
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finite, the condition (4.2) may be observed. A psi-function satisfying 
this condition is said to be normalized. It is obvious that a normal- 
ized psi-function is determined to within a phase factor of the form e ia 
(where a is any real number). 

Sometimes the integral (4.2) is a diverging one (i.e. becomes 
infinite), and it is impossible to normalize the psi-function in accord- 
ance with the condition (4.2). Therefore, [ | 2 cannot be interpret- 

ed as the probability density. In these cases too, however, the ratio- 
of the values of | tj) | 2 for various points of space determines the rel- 
ative probability of the relevant values of the coordinates. 

Knowing the probabilities of different positions of a particle, we 
can calculate the mean values of its coordinates. For example, the 
mean valu e of the ^p osition v ector of a particle <r> 1 is determined by 
the expression ~~ 

(r) = j r dP = j r [ | 2 dV — j tji* n|i dV 

(to give the formula a symmetric form, we have placed r inside the 
product ^*\|)). This vector equation is equivalent to three scalar 
ones: 

(x) = j ((/)= j dF, <z)= j dV (4.3) 

In a similar way, we can find the mean value of any function ot 
coordinates, for example, the mean value of the potential energy 
of a particle: 

{U) = j ty*U (x, y, z) i|> dV (4.4) 

Equation (4.4) has the following meaning. Assume that we are repeat- 
edly determining the potential energy of a particle, and at the mo- 
ment of each determination the particle is in the same state tj). With, 
an increase in the number of determinations, the mean value of the 
results obtained will tend to the value (4.4). 

Hence, we have learned how to predict the probability with which 
different values of any position function will be obtained in measure- 
ments, and also the mean results of these measurements if we know 
the psi-function of a particle. But meanwhile the way of determining 
the probability of values of physical quantities that are not a par- 
ticle’s position functions (for instance, the momentum, angular 
momentum, and energy) remains unclear. How to find the psi- 
function of particles in different force fields also remains unclear. 
We shall now pass over to a treatment of these matters. 

1 The mean value is designated either by putting a bar over the symbol of 
the relevant quantity (for instance, r), or by putting the symbol in angle brackets 

((r)). The latter notation is coming into greater and greater favour. 
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5. The Schrodinger Equation 

The psi-f unction of a particle in a force field described by the 
potential 1 V — U (x, y, z, t) can be found by solving the differen- 
tial equation in partial derivatives presented by E. Schrodinger 

-£(-3-+-£+-S)+"*-“£ 

or in a more compact form 

+ < 31 ) 

where V a = A is the Laplacian operator, m is the mass of the par- 
ticle, and h is Planck’s constant h divided by 2n. 

Without treating the ideas that led to the discovery of this equa- 
tion 2 , we shall only note that Eq. (5.1) should be considered as 
•a fundamental initial assumption whose validity is confirmed by 
the coincidence of the conclusions following from it with the results 
of experiments. 

Of special interest is the case when the potential U does not con- 
tain the time t explicitly. In this case, U has the meaning of poten- 
tial energy. In this condition, the solution of Eq. (5.1) is simplified 
because the psi-function breaks up into two factors, of which one 
depends only on the coordinates of the particle, and the other only 
•on the time 3 . To verify this statement, let us write the psi-function as 

$ (x, V , z, 0 = <P <>, y, z) f (t) 

and introduce this expression into Eq. (5.1). Taking into considera- 
tion that the operator V s acts only on the factor q>, and df/Ot — 
= dfldt, we obtain 

- — / v2( P + ^9/=^«P-f 

Dividing this equation by <p/ t we arrive at the relation 
_Jflv»(p+c/<p .. 

2 to T T ih dj /c 

cp ~ f dt 

The left-hand side of this relation contains only the coordinates 
of the particle, and the right-hand side only the time. Two functions 

1 See Vol. 1, Sec. 3. 

1 These ideas are treated in many textbooks of general physics. See, for 
example, I. V. Savelyev. Physics. A General Course. Translated by G. Leib, 
Vol. Ill, Sec. 4.4. Mir Publishers, Moscow (1981). 

3 Here we are dealing with particular solutions. The general solution 
V c n q> n (x, y, z) f n (t) cannot be represented in the form of two factors of which 
one depends only on the coordinates and the other only on the time. 
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of different independent variables can equal each other at any values 
of these variables only if these functions equal the same constant 
quantity. Let E stand for this constant quantity. We thus arrive 
at two differential equations: 


— 2^-V 2 9 + C/q> = -£ , 9 


ih df 

f it 


■-E 


The secend equation can be written as 

l+j e f “ 0 


(5.3) 

(5.4) 


We have arrived at a linear homogeneous equation with constant 
coefficients. Solving it with the, aid of the substitution / — e u , 
we find that 

(5.5) 

(we have omitted the arbitrary factor C in the general solution be- 
cause the psi-function has been, determined to within such a factor). 

Let us turn to Eq. (5.3). We can use it to reveal the meaning of 
the constant quantity which we designated by E. The requirement 
that all the terms of Eq. (5.3) must have the same dimension shows 
that E has the same dimension as U, i.e. that of energy. In motion 
in a potential force field, the total energy of the system remains 
constant. For this reason, we shall identify E with the total energy 
of a particle. 

Hence, when a particle moves in a potential force field, the psi- 
function has the form 


^ (x, y, 2 , t) = <p (x, y, z) . e~ W» Et (5.6) 

where E is the total energy of the particle. It thus follows that the 
density of the probability of finding the particle at various points 
of space is 1 | 2 = | <p | 8 , i.e. is independent of the time. This is 
why states described by psi-functions of the form of (5.6) are called 
stationary. 

The task of finding the psi-function for stationary states consists 
in essence in finding the function q> (x, y, z), which is why this 
function is said to be the psi-function of a stationary state and is 
designated by the letter -vp. Substituting ip for cp in Eq. (5.3), wp 
arrive at the Schrodinger equation for stationary states: 


-*Ln + Ul = E* 


(5.7) 
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This oquntion is often written in the form 

V-'f - -pr ( E ~ &) t = 0 (5.8) 

Assuming in (5.8) that U = 0, we obtain the Schrodinger equation 
for a free particle: 

V 2 ^ + -^ij> = 0 (5.9) 


It is not difficult to verify that this equation is satisfied by the 
function 


t|j = e± ikr (5.10) 

where 


k 2 — 

r ' 


2mE 
h 2 


Pi 

ft 2 


(5.11) 


(p is the classical momentum of a particle). 

Substituting p lh for k in (5.10) and introducing the expression 
obtained into (5.6), we get the psi-function of a free particle: 


\J) (r, t) — exp — jr (Et pr) J (5.12) 


A similar function (more exactly, its real part) describes a plane 
wave with the frequency © = E!% and the wave vector k — p lh. 
This coincidence reflects the dual, corpuscular-wave nature of micro- 
particles that manifests itself in experiments involving diffraction. 
For instance, when a beam of electrons that has passed through 
a crystal acts on a photographic plate, we obtain a pattern of diffrac- 
tion rings similar to that obtained when the plate is acted upon by 
X-rays that have passed through the crystal. 

We must note that the upper sign [plus in (5.10) and minus in 
(5 . 1 2) J corresponds to the wave running in the direction of k, and 
the lower sign [minus in (5.10) and plus in (5.12)] to the wave running 
oppositely to the direction of k. Consequently, when considering 
stationary states, we shall interpret a psi-function of the form e lhx 
as a w“ave running along thejr-axis to the right, and a psi-function 
of the form e ~ %kx , as a wave running to the left. 

The superposition of two waves of the form of (5.10) is the general 
solution of the Schrodinger equation for a free particle with a definite 
value of the momentum, namely, 


■vj5 = 4- C 2 e~ ikr 


(5.13) 


When Cj = C, or C, = — C 2 , the function (5.13) can be written 
accordingly in the form 

i|; = A cos kr or ij> = B sin kr (5.14) 


It is evident that, both these functions describe a standing wave. 
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Let us consider the motion of a free particle whose position is 
localized within the interval Ax (for simplicity’s sake we are consid- 
ering a one-dimensional problem). According to t he uncertainty 
principle, the momentum of the particle will have an indeterminacy 
of the order of HI Ax. 

In accordance with the superposition principle, the psi-function 
of a particle can be represented as the superposition of states of the 
form of (5.12) with values of the momentum confined within the 
interval from p 0 — A p to p 0 -f- Ap: 

P, + Ap 

\\>(x,t)= j b{p)exp[~j (Et — px)~^dp 

Pc-bp 

Substitution of the frequency co = Elk for E and of the wave num- 
ber k = pin for p yields 

Ao+A/i 

ij) (x, t) — j c (k) die (5.15) 

A 0 - AA 

We have arrived at an expression describing a wave packet. 

The frequency w is a function of the wave number k , i.e. co = 
= co (k). Let us expand this function into a series in the vicinity 
of the point k 0 . Limiting ourselves to the two first terms of the expan- 
sion, we obtain 

o>(*) = co o+(^) 0 (*-*o) ,5.16) 


Assuming that the coefficient c (k) in (5.15) is a slowly varying 
function, let us put it outside the integral (A k is considered to be 
small). At the same time, we shall replace o> in the exponent with 
its value from (5.16) and introduce a new integration variable | = 
— k — k 0 . The result is 

+ AA 

t))(x, 0 = c (*o)exp[£(A: 0 x— o> 0 <)] j exp {i [*— (-^ ) fl t ] ?} d£, 

-AA 


The integral is evaluated quite easily, and we arrive at the expres- 
sion 


T (x, l) = 2c (k t ) 


sin {[x — ( d(£>/dk) 0 f] Ak) 
[x — ( du>/dk) 9 tj 


e i(A,*-to,<) _ 4 t) e ^ k ‘ x - 


(5.17) 


Owing to the smallness of Ak, we may consider that the function 
(5.17) describes an almost monochromatic wave with an amplitude 
A(x, t.) slowly varying in time and space. The maximum of the 
amplitude is at the point for which the denominator of expression 


2 * 
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(5.17) is zero. The centre of the wave packet (i.e. the point where the 
amplitude is maximum) has the coordinate 

*■==(!?)„' < 5 - 18 > 


A gla nce at (5.18) shows that the centre of the wave packet moves 
with the velocity 


Vg T — 



( 5 . 19 ) 


where u gr is the group velocity. 

The non-relativist ic expression for the energy of a free particle is 
E p"l‘2rn. Replacing E with hu and p with hk, we obtain a rela- 
tion between ca and k: 



( 5 . 20 ) 


Differentiating (5.20) with respect to k, we obtain for the velocity 
of tiie wave packet describing the motion of a free particle the value 
kh m = p m = v, where v is the velocity of the particle. Hence, 
the wave packet moves with the same velocity as the particle itself. 

By the width of a wave packet is meant the distance between two 
points at which the amplitude vanishes that are the closest to the 
centre of the packet. The value of x at which the argument of the 
sine in (5.17) is ±n (a zero value of the argument corresponds to the 
centre of the packet) corresponds to these points. Consequently, the 
coordinates of the boundaries of a packet satisfy the condition 
[x — (d(n/dk) 0 l] A k — ;iji, whence 



From (5.21) we get the constant value 2n/Ak for the width of a wavo 
packet. If we take into account the higher-order terms of the expan- 
sion in (5.20), we obtain a value for the width of a wave packet 
that increases with time — the wave packet diverges. This signifies 
that the localization of a particle in space in the course of its motion 
becomes less and less accurate. 


6. Probability Flux Density 

In addition to the concept of the density of the probability of 
finding a particle at various points of space, we can introduce the 
concept of the density of the probability flux. To arrive at this con- 
cept, let us consider the integral j [ ) 2 dV evaluated not over the 

entire infinite volume, but over a finite volume V. This integral is 
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the probability of iinding the particle in the given volum e. Let us 
calculate the time derivative of this probability: 


y) m*<n'=-s-J*N'‘ir-5 (6.1) 


By Eq. (5.1) we have 


d\|) 

In 


h 

2 mi 




dt 


h 

2 mi 


V 2 l|>* C/\|3* 


(the second equation is the complex conjugate of the first; it has 
been obtained from the first one by substituting \|>* for i(i and — i 
for i). With the aid of these relations, we can write the right-hand 
side of formula (0.1) as 

- j 2^-(^V 2 ^-v|)V 2 r)^ + -^- J 

v v 

The second of these integrals evidently vanishes. The first integral 
can be written as 

- J v Wv* - fvr) dv (6.2) 

ZZiiit V 

This ensues from the following elementary calculation: 


V (T*VH3 — vJiVT*) = Vi(*VT + T*V 2 T — VTV4'* 

— — ij;* V 2 ih — 


Hence, the right-hand side of formula (6.1) can be replaced with 
expression (6.2). The result is 

x j m 2 rfF=- J v{2^r(rvii5-wr)}^ (6.3) 

v v 

Using the Ostrogradsky-Gauss theorem, the right-hand side of this 
relation can be replaced with an integral over the surface S enclos- 
ing the volume V. This leads to the formula 

~wS 5 {-2 (0.4) 

V s 

(we have transferred the minus sign to the left-hand side of the for- 
mula). 

We can infer from relation (6.4) that th e surface integral on the 
right determines the rate of diminishing of the probability that the 
particle will be found in the volume V and, consequently, is the flux 
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of the probability through the surface 5. In this connection, we can 
interpret the quantity 

i = (6.5) 

as the density of the probability flux. 

Using the notation (6.5), we can write formula (6.3) as follows: 

4-j j ) vjdF 

v v v 

Owing to the arbitrariness of choosing the volume F, the following 
condition must be observed at each point of space: 

4-m 2 + Vj = 0 (6.6) 

We have arrived at a typical continuity equation. A similar equa- 
tion, for instance, in electrodynamics has the form dp/dt + Vj = 0, 
where p is the charge density, and j is the electric current density 
[see Vol. 1, formula (51.1)1. 

Substituting expression (6.51 for j into (6.6), we obtain the condi- 
tion which the psi-function must satisfy: 

-|-('['*'W + 2^r v (r v ^-W*) = ° (6-7) 

Recall that | | 2 determines the probability of finding a part icle 

at different points of space. It thus follows that a psi-function must 
be (1) single-valued, (2) continuous, and (3) finite (except, perhaps,' 
for singular points). In addition, it follows from the condition (6.7) 
that a psi-function must have a continuous and finite (except, per- 
haps, for singular points) first derivative. 1 

The collection of requirements listed above which a psi-function 
must meet is called standard conditions. 




Chapter II 


MATHEMATICAL TOOLS 
OF QUANTUM MECHANICS 


7. Fundamental Postulates 

Quantum mechanics is based on several postulates. We may 
include among them the statement we already know that the psi- 
function corresponds to the state of a system, and also the Schrodin- 
ger equation. In this section, we treat three postulates 1 . 

The first o f them states that every physical quantity can be repre- 
sented as a linear operator. 

By an operator is meant a rule with whose aid a function / is 
correlated with another function tp. This rule is written as 

/ = <?<P (7.1) 

We shall designate operators by letters with circumflexes, for exam- 
ple Q, A, x , and p. 

We call an operator linear if it satisfies the following conditions: 

Q (?1 + 92+ • • • + 9n) — + @92 + • • • + @9n» 

Q (c<p) = c< ?9 

where c is an arbitrary constant. These two conditions can be com- 
bined into the following compact form: 

Q(t ^<Pm)= t <+<?9m (7.2) 

m= 1 m=l 

By comparing formulas (3.1) and (7.2), we can conclude that a linear 
operator conforms to the superposition principle. 

We can exemplify linear operators by multiplication by x (here 
Q - .?■) and differential ion with respect to x (here Q = d/d.r). Indeed, 

x y 9 m = >] xq> m , x (c<p) = cxy 

Similarly 

, £(2'P») = 2-3r. 

p . y t, 

1 The choice of the system of postulates of quantum mechanics is not com- 

f ilelcly unambiguous. There is meanwhile no generally adopted system of postu- 
ates. 
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In mathematics, the following equation corresponds to each opera- 
tor: 

= gn|) (7.3) 

where ijj is a function, and q is a parameter. Next the problem is 
posed of finding all the functions that transform Eq. (7.3) into an 
identity ancTat. the same time satisfy certain additional conditions, 
for instance the standard conditions (see Sec. 6). For many operators, 
the solutions of Eq. (7.3) satisfying the set conditions are obtained 
not for any, but only for certain selected values of the parameter q. 
These special values of the parameter are called the eigenvalues 
of the operator Q, and the functions i(> obtained from Eq. (7.3) when 
the eigenvalues are substituted for q in it, are called the eigenfunc- 
tions of the operator belonging to the relevant eigenvalues. Several 
eigenfunctions may correspond to the same eigenvalue. Here, the 
given eigenvalue is said to be degenerate. The number of different 
functions belonging to_an, eigenvalue is called the degree of degener- 
acy. 

The second postulate of quantum mechanics states that upon 
measuring a physical quantity Q represented by the operator Q, 
we can obtain only one of the eigenvalues q m of the operator Q. 

Hence, an equation of the form of (7.3) plays a highly important 
role in quantum mechanics. We must note that with a view to the 
second postul ate, the parameter q in Eq. (7.3) must have the dimen- 
sion of the quantity Q. The operator Q must have the same dimen- 
sion. 

The set of eigenvalues of the operator Q is known as the spectrum 
of the operator or the spectrum of the quantity Q. A spectrum may 
consist of the discrete values q x , q 2 , etc.; it is correspondingly called 
discrete. In a continuous spectrum, the set of eigenvalues forms a 
continuous sequence. In the general case, a spectrum may include 
both discrete and continuous regions. 

When dealing with a discrete spectrum, the eigenvalues and eigen- 
functions of the operator Q can be numbered: 


7l> ?2) • • *i Qmi • • • 

'lb, \J> 2 , . . ., t|5 m , . . . 


It is assumed in quantum mechanics that a set of eigenfunctions 
of any physical quantity forms a complete set (or system). This 
signifies that any continuous function can be expanded in eigen- 
functions, i.e. it can be written as 

^ ^ 


where c m are constant coefficients, complex in a general case. 


(7.4) 
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Let us write the psi-function of a certain state of a system in the 
form of (7.4). The t hird postulat e of quantum mechanics states that 
in measurements performed on a system in the state ij) for determin- 
ing the value of the quantity Q in whose functions Eq. (7.4) has been 
expanded, the probability of obtaining the value q m equals (with 
the proper normalization of the functions) the square of the magni- 
tude of the coefficient c m . 

In accordance with the meaning of the coefficients c m , the condi- 
tion 

Skm ! 2 =1 (7.5> 

must be observed. We shall prove below that with proper normaliza- 
tion of the functions i|) TO , this condition is indeed observed. 

If all the coefficients of the expansion except the one with the 
number m are zero, formula (7.4) becomes: ap = 9m (recall that the 
psi-function is determined with an accuracy to the phase factor e'“). 
In this case, we shall always obtain the result q m in measurements. 
Consequently, the eigenfunction 9m is the psi-function of the state- 
in which the quantity Q has a definite value equal to q m . 

When more than one coefficient in the expansion (7.4) is non-zero,, 
the quantity Q does not have a definite value in the state 4'- In meas- 
urements, the values q 2 , . . . will be obtained for it. It is quite 
natural to assume that the probability with which a certain value is 
obtained should be determined by the weight with which the rele- 
vant function 9m enters (7.4), i.e. by the “magnitude” of the coeffi- 
cient c m . The coefficient c m itself, owing to its complex nature, can- 
not equal such a probability. Therefore, by analogy with the fact 
that the probability of defecting a particle inside the volume dV is 
determined not by the function ap, but by the square of its magnitude,, 
we must take the square of the magnitude of c m as the probability. 
This reasoning cannot be considered as a proof of the third postulate. 
It is intended only to explain how we can arrive at this postulate. 
The postulate itself must be considered as an initial assumption 
that is one of the cornerstones of quantum mechanics. 

We shall show in the following section that the eigenfunctions of 
any operator representing a physical quantity with a discrete spec- 
trum form what is called an orthonormal system. This signifies that 

j^ B dF = 8 mB (7.6) 

The integral is evaluated over the entire region of change in the 
variables in which the functions 9fc have been determined. 

Mathematicians use the concept of the scalar product of the func- 
tions (p and ip that is designated by the symbol (<p 1 9> and is deter- 
mined as follows: 

(<P 1 9> = j 9*^ dV 


(7.7> 
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>(dF = dx dy dz). If a scalar product is zero, the .'functions are said 
to be orthogonal. Similarly, the scalar product of mutually perpen- 
dicular, i.e. orthogonal vectors is zero. 

It follows from definition (7.7) that 

< 9 1 \|)>* = (v|? | q>) (7.8) 

The scalar square of a function, i.e. the scalar product of the func- 
tion with itself 

<9 I ?> = j <P*<P dV = j I 9 1 2 dV 

is evidently a real positive quantity. 

Let us take a product of the form <09 j where a and b are 
-complex numbers. With account of the definition (7.7), we can write 
that 

<a 9 l b\p) — a*b <<p [ a)?> (7.9) 

'Hence, when the constant coefficients are put outside the symbol 
-of the scalar product, the coefficient of the first factor transforms 
into its complex conjugate, while the coefficient of the second factor 
remains unchanged. 

Using the notation (7.7), we can write formula (7.6) expressing 
■the condition of orthonormality of the eigenfunctions as 

(7-10) 

The unit vectors of rectangular coordinate axes satisfy a similar 
•condition: 

= $mn 

Condition (7.10) allows us to find an expression for the coefficients 
c m in the expansion (7.4). For this purpose, we multiply scalarly 
•relation (7.4) and i|) n and take into account (7.10): 

('t’r. i W = S c m M>|»> = 2 C m 8 nm = C„ 

„ mm 

We thus arrive at the formula 

c„ = <'M 'P>= j (7.11) 

When we know the coefficients c n , we can find the mean value of 
a physical quantity in the state in which this quantity has no definite 
value. The probability of obtaining the value q m in measuring the 
quantity Q is | c m j 2 . Consequently, the mean value of this quantity 
is determined by the formula 

(?) = i I *-m 1 2 7m ~ 

m m 


(7.12) 
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By (7.11), cj, = (if 1 if m ). Let us substitute this expression into 
formula (7.12): 

(?) ~ Zj ('I 5 I 'fm) c m?m — ('f I ?m'fm) c m 

m m 

Now let us substitute @if m for g m if m in accordance with (7.3), put 
c m inside the symbol of the scalar product, and take advantage of 
the linearity of the operator: 

(?) = £ Of I <?^m) c m = 2 ON Qc m y m ) = <tM Q H c m if m > 

mm m 

Finally, taking into account (7.4), we obtain 


(?) = Of l<?t) 

(7.13) 

(?)= \ if*(>ifdF 

(7.14) 


We have obtained one of the most important formulas of quantum 
mechanics. It allows us, when we know a psi-function of state, to 
find the mean value of the results of measuring any physical quantity. 
For this purpose, we must also know the form of the operator cor- 
responding to the given quantity. 


8. Linear Operators. 

Physical quantities are real. For this reason, they can be depicted 
only by operators whose eigenvalues are real. It is quite natural 
that such operators are the ones that are mainly considered in quan- 
tum mechanics. In performing calculations, however, auxiliary 
operators with complex eigenvalues are often helpful. In this con- 
nection, we have to acquaint ourselves with the properties of these 
operators too. 

Let us begin with the basic definitions. Two operators Q x and Q 2 
having the property 

<q> I <?,»!’> ' (if* ! <?,.( *> (8.1) 

where fp and if are two arbitrary functions, are said to be transposes 
of each other. The operator that is the transpose of Q is customarily 
designated by the symbol Q. Therefore, if we designate Q x in (8.1) 
simply by Ihe symbol Q, we must use the symbol Q for Q 2 : 

<cp | $if> — (if*] I 


( 8 . 2 ) 
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Hence, the operators Q and Q satisfying the condition (8.2) are 
called the transposes of each other. With a view to the definition 
(7.7), we can write the condition (8.2) as 

j dV — 

Let us correlate with the operator Q the operator Q + such that for 
any arbitrarily taken pair of functions <p and the equality 

<<P I Q'\') = <(? + < P 1 (8.4) 

is observed. The operator Q + is called the Hermitian conjugate 
(or the adjoint) to the operator Q. Whereas the operator Q acts 
on the function at its right, the operator Q + acts on the function at 
the left of Q. Consequently, the addition of Ihe adjoint sign 
to the symbol of the operator Q transfers the action of the operator 
from the function at its right to the function at its left. If we adopt 
a rule according to which the operator Q + is written at the right of 
the function which it acts on, relation (8.4) determining the adjoint 
operator becomes 

(<P I <ty> = (<P<? + | W (8.5) 

Consequently, in expressions like (8.5), simultaneously with the 
addition of the adjoint sign to the symbol of an operator, we must 
transfer the “partition” from the left-hand position relative to the 
operator to the right-hand one. 

We shall also define the operator Q * satisfying the condition 

(Q<p)* = (8.6) 

This operator is called the complex conjugate of the operator Q. 

Let us transform the right-hand side of Eq. (8.2) with a view to 
the property (7.8) of a scalar product: 

{(if* | <?qp*> = «?<p* | ty* )* = h|>> = «?*rp j i|i) 

We have taken advantage of the fact that in accordance with the 

definition (8.(1), we have ((h|>*)* - Q* cp. As a result, formula (8.2) 

becomes 

<cp| = «2*cpl ij;> 

A comparison with (8.4) shows that 

- ^ 

Q * = Q* 




(8.3) 


(8.7) 
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where Q* stands for the complex conjugate operator of the transposed 
operator Q. Relation (8.7) shows that the Hermitian conjugate opera- 
tor Q + , generally speaking, does not coincide with the complex 
conjugate operator Q*. 

Assume that an operator represents multiplication by a complex 
number: C = c. Let us find the Hermitian conjugate operator. By 
(8.5), we have 

(<j. |Ci|>>= (cpC + | i|- > 

The operator C + will evidently also be a number. Therefore, using 
the property 17.9), we can write that 

C (cp | if) = (C + )* < 9 1 if) 

whence it follows that C — (C + )*, i.e. C* — C + . Hence, 

if C — c, then C + — c* (8.8) 

and, consequently, C + — C*. 

We have defined three kinds of operators that, can be correlated 
with a given operator Q: the transpose Q, the Hermitian conjugate 

(or adjoint) Q + and the complex conjugate Q*. Now let us see what 
conditions an operator must satisfy for its eigenvalues to be real. 
Scalar multiplication of both sides of the equation <?if n — < 7 „if n 
by ifn yields 

= ?n tynl'M 

The square of if„ is clearly real (for normalized functions it equals 
unity). Therefore, for q n to be real, the left-hand side of the equation 
must be real, i.e. the condition must be observed that 

(Ifni 

or with account taken of (7.8) 

(if n l £lfn> - ; hf„> 

A comparison with (8.4) shows that this condition will be satisfied 
if the operator Q and its adjoint operator <? + coincide. An operator 
for which the equality 


0 = <? + 


(8.9) 
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holds is called a sell-adjoint or Hermitian operator. With account 
taken of relation (8.7), the condition for an operator to be Hermitian 
can be written as 

/v 

Q = Q* (8.10) 

We have thus arrived at the conclusion that physical quantities 
must be depicted by self-adjoint (Hermitian) operators Q for which 
the following relation holds: 

<<p I = «?<p I W (8.11) 

[see (8.4) and (8.9)]. Considering Q on the right-hand side as Q+, 
this relation can also be written as 

<9 1 W = (VQ I W (8.12) 

(for self-adjoint operators, the “partition” may be placed at either 
side of the operator). 

Examination of (8.11) shows that the following relation holds 

j dV = j t);<?*<p* dV (8.13) 

which can also be considered as the definition of self-adjoint opera- 
tors. 

We shall show that the eigenfunctions of Hermitian operators 
are mutually orthogonal. Let us write Eq. (7.3) for the m-th and 
ft-th eigenvalues of the quantity Q: 

<?^m = <?^n = 

I 

We perform scalar multiplication of the first equation by i|) n from 
the right, and of the second one by i]) m from the left. The result is 

= 9m 

„ /, tyml = ?n tymi^n) 

% ’JLvyi 

Owing to the Hermi tian n ature of the operator, the left-hand sides 
of these equations are equal [see (8.11)1. Therefore, subtracting the 
lower equation from the upper one, we find that 

(9m — 9n) I Tn> = 0 

whence it follows that when q m =?£ q n (in other words, when m ^ 
ft 1 ) the scalar product of the eigenfunctions i]) m and i])„ is zero: 
(i|; m |i|) n ) = 0, and this is just what signifies that the above-men- 
tioned functions are orthogonal. 

1 We assume that only one eigenfunction corresponds to each q h , i.e. de- 
generacy is absent. 
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It was shown in Sec. 3 that a psi-function is determined to within 
any complex factor. For a discrete spectrum, this factor can always- 
be chosen so that the square of each of the functions x\' h will be unity. 
Consequently, the system of eigenfunctions will be orthonormal. 
We have thus proved formula (7.10). In the following, tve shall: 
assume that the eigenfunctions of a discrete spectrum are normalized 
to unity. 

Finally, we shall use the properly of eigenfunctions being otlho- 
normal to prove relation (7.5). Let us substitute expression (7. 4) 
into the condition for the normalization of a psi-function [see (4.2)1,. 
taking into account (7.10): 

1 = j^dv- j (2«) (2 c »i>») dV 

m n 

= I! Cm c „ Of m I T n > = 2 CmC„6 mn = 2 | C m |* 
m, n m, n m 

Q.E.D. 

9. Matrix Representation of Operators 1 * 

The equation 

/ = Qcp (9.1> 

can be written in the matrix form. To do this, let us expand the 
functions / and cp in the eigenfunctions of an auxiliary opera- 
tor R and assume that the system of functions Th’ is orthonormal, 
i.e. 

Oltf I $') = «m n (9-2> 

We thus assume that 

9=2 a n Tn r) (9-3) 

n 

/=)>*# (9- 4 > 

h 

where 

= 0fL r) l9>, = <^ r> I /> ( 9 - 5 > 

[see formula (7.11)]. 

With a fixed choice of the functions the function <p will be 
determined by the set of coefficients a n , and the function / by the set 


1 Before beginning to read this section, our reader is invited to acquainl 

himself with Appendix VII of Vol. 1. 
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■of coefficients b h l 2 * * * . Therefore, say, the function cp can be represented 
as a column (i.e. as an oo x 1 matrix) 



or ns n row (i.e. ns a 1 X oo matrix) 8 

<p = (a! a 2 . . . a n . . .) (9.7) 

The same also holds for the function /. 

Let us substitute the expansions (9.3) and (9.4) into Eq. (9.1), 
having in view that a n and b k are numbers on which the operator Q 
does not act. The result is 

2 = 2 

h n 

Scalar multiplication of both sides of this equation by yields 



By formula (9.2), the coefficient of b h is 6 mft . Therefore, the sum 
on the left-hand side equals simply b mi and we arrive at the relation 

b m = 2 Qmn“n (9.8) 

n 

where the symbol Q mn stands for the following expression: 

Qmn = <l£> I = f (H4 r) )* Wn ] dV ( 9 ‘9) 

Equation (9.1) establishes a rule by which the function q> is trans- 
formed into (he function /. Equation (9.8) establishes a rule by which 
a set of the coefficients a n (representing the function cp) is transformed 
into a set of the coefficients b m (representing the function /). 
■Consequently, Eq. (9.8) is another form of writing Eq. (9.1). The 
coefficients a„ represent in this equation the function cp, and the 
coefficients b m represent the function /. The set of quantities Q mn 


1 Similarly, with a given basis (i.e. system of unit vectors e h ), the vector a 
is determined by a set of the numbers a h — its components. 

2 To simplify printing, we designate matrices not by double bars at their 

sides (as we did in Vol. 1), but by parentheses (in Vol. 1 we designated tensors 

in this way). This will not result in any confusion because no tensors will be 

■encountered in the present volume. 
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represents the operator Q. This set can be written as a square matrix 
with an infinite number of rows and columns: 



Q 11 Q 12 
Qzi QzZ 


Qmi Qn 


Qin 

Qzn 


(9.10) 


The matrix relation between the functions f and <p can be given 
a form whose appearance is also similar to Eq. (9.1). For this purpose, 
we shall show that the expression 


b 1 


Qn Qn 



bz 


Q21 Qzz 


dz 

b'm 


Qmn ■■■ 


a n 

• 




V • > 


(9.11) 

• > 


where the right-hand side is the product of two matrices, is equiva- 
lent to formula (9.8). 

According to the rule of matrix multiplication [see Vol. 1, formu- 
la (VII.28)J, the elements |3 mft of the matrix B are obtained from the 
elements y mn and a nk of the matrices T and A being multiplied 
(B = TA) with the aid of the formula 

= (9-12) 

n 


If the matrix A has only one column with the elements a nl = a n , 
formula (9.12) gives the values (5 TOl = 2 Vmn a n for the elements 

n 

of the matrix B. Consequently, the product matrix is also a column 
with the elements ji ml = fi m , and 

(9.13) 

n ' ‘ ‘ 


Taking a n , Q mn , and b m instead of a n , y mn , and p m , respectively, 
we arrive at Eq. (9.8). We have thus proved the legitimacy of the 
matrix representation (9.11). • f 

Hence, the operator Q can be written in the form of the matrix 
(9.10) whose elements are evaluated by formula (9.9). These ele- 
ments depend on the choice of the “basis”, i.e. the auxiliary operator B. 
whose eigenfunctions are used for expansion of the functions <p 
and /. The coefficien ts of the exp ansion of the functions qp and f 
also depend on the choice of i?. The set of coefficients a n , the set 
of coefficients b m , and the matrix Q mn are said to be, respectively, 
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the r-representation of the function <p, the function /, and the opera- 
tor Q. If R is a coordi nate opera tor, we speak of the coordinate repre- 
sentation of the functions and operator. If R is a momentum opera- 
tor, we have a momentum representation, and so on. We must note 
that all the operators and functions in any relation always have 
to be taken in the same representation.' 

If we take Ihe eigenfuncl ions i|y‘ h 9> of (he operator Q itself as the 
functions r)); ( in formula (9.9), we obtain an operator in its own 
representation (eigenrepresentation). Since here the functions that 
are used to calculate the matrix elements by formula (9.9) satisfy 
Ihe equation (h|) n = <?„%,, the following simplification can be made: 


Qmn = I Q¥^) = I = q n&mn (9-14) 


The result obtained signifies that the matrix of an operator in its 
eigenrcpresentnt ion is diagonal, I he diagonal elements coinciding 
with the eigenvalues of the operator: 


(Qmn) 


qi oo . . . 
0^0 ... 
0 0 ?3 


(9-15) 


If the operator Q is taken in its eigenrepresentation (the functions 
<p and / must also be taken in the ^-representation), relation (9.8) 
is simplified as follows: 

, — 2 Qmn a n — _J qn^mn a n — qm a m (9- 15) 

n i* 


This result signifies that the coefficient h m is obtained from a m 
by multiplication by the relevant diagonal element of Ihe matrix 
determining the operator in its eigenrepresentation. 

Let us take the eigenfunction r)5fc n of the operator R as <p in 
Eq. (9.1): 

/ = Wk n (9-17) 

Therefore, by (9.2) and (9.5), we have a n - 5,,*. Substitution of this 
value into (9.8) yields 


— S Qmn&nh — Qmh 

n 


Consequently, with a view to (9.4), the function (9.17) can be written 
as 




m 


(9.18) 
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[we have used the superscript (r) on the matrix element to stress 
1 hat it is calculated in the r-representation]. 

Relation (9.18) can have the interpretation that | Q mh |- deter- 
mines the probability of the system whose state is described by the 
function Q^h' being in the state In other words, | Q mh |- gives 
the probability of the fact that the system as a result of the action 
described by the operator Q will pass from the slate i|'5, r> to the state 
iftjh Accordingly, Q m i t is said to be the matrix element correspond- 
ing to a transition from the state k to the state m. 

We shall set out a few definitions relating to matrices. The matrix 
A is said to be the transpose of the matrix A if the relation 

(4 n=A,m (9.19) 

is observed. 

Ifence, the transpose of a matrix is obtained from I lie initial 
one by interchanging the lows with the columns. 

The matrix A* whose elements are the complex conjugates of the 
elements of the matrix A: 

(A*)mn — (A (9.20) 

is said to be the complex conjugate of the matrix A. 

A matrix A + whose elements are determined with the aid of the 
rule 

A+ mn = (A mn )* = A* m (9.21) 

is called the Herniitian conjugate (or adjoint) of the matrix A. 
Consequently, the matrix A + is obtained from the matrix A by the 
consecutive carrying out of the operations of transposition and 
complex conjugation. Relation (9.21) is similar to relation (8.7) 
defining a Herniitian conjugate operator. 

Finally, the matrix satisfying the condition 

A m n = A* m - A + mn (9.22> 

is called sell'-adjoint or llcrmiliuu [compare with (8.9) and (8.10)1. 
Hence, in a Hcrmitian matrix, 1 he elements of (lie transpose matrix 
coincide with the complex conjugate elements of the initial matrix. 

We shall show that the definition (9.21) of a Hermitian conjugate 
matrix agrees with the definition (8.7) of a Hermitian conjugate 
operator. In accordance with (9.9), (8.7), and (8.8), we have 

Amn = ! 'i’ n A + > = I 'I’m)* = <'i’n I ^m>* = 

Consequently, taking the definition (8.7) as the initial one, we 
have arrived at the definition (9.21). 


3* 
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Lot us find the matrix expression equivalent to the scalar product 
of two functions (cp | 9>- We expamLlhese functions in the eigenfunc- 
tio ns ijfe of an operator R: 

9 = 2am9m. 9=2&n9n 

m n 

Subslitulion of these expressions into formula (7.9) yields 

<9 I 9> = \ 2 I 2 6 n 9„> = I! a* m b n (9 m | rj)„> 

m n m , n 

2 atAAnn 2^’u (9.29) 

in, n n 

Isee (7.10)1. 

In the /--representation, the functions cp and 9 are determined by 
the matrices 



To obtain expression (9.23), we must multiply the matrices A* 
and B. Indeed, according to the rule of matrix multiplication, 
we obtain 


(aX •••) 



= 2 a * b n 


n 


We have thus arrived at the formula 

<qpl9>=/l + fl (9.24) 


The Hermitian conjugate matrix in formula (9.24) corresponds to 
the complex conjugate function cp in the integrand in formula (7.7). 

Let us find a matrix expression for the mean value of the quan- 
tity Q. For this purpose, we shall expand the psi-function of the 
state being considered in the eigenfunctions of an operator R (Lm 
we shall take the psi-function in the /--representation): 9 — 2 C/dp* v 
and introduce this expansion into formula (7.14): 


(<7> = \ 2 C m 9 m I Q 2 Cn9n / = 2 CmC n (9m I <?9n> 

m n m, n 


The expression '9m I <?9„ ' * s a matrix element of the operator Q 
in the /-representation. Consequently, 

<?> = 2 c* m Q mn c n (9.25) 

m, n 


The formula obtained is the matrix analogue of formula (7.14). 
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If we take the operator Q in its eigenrepresentation (the psi- 
function too must he taken in the o-represenlation), the matrix 
elements will be Q mn — q„ 6 mn [see (9.14)1 so that formula (9.25) 
becomes 

(q) = 3 c mqn^mn c n = X c m?m c m 
m, n m 

This coincides with expression (7 ,42)ryi 1 ' — > 

Finally, let us__see how we can, .'solve 5 the equation. = qy. in 
the matrix form, i.e. how, knowing the matrix Q mn in the r-repre- 
senlation, wo can find Hie eigenvalues q„ and the eigenfunctions (in 
the /•-representation) of the quantify Q. We substitute for if (x) 
in the equation its expansion in the eigenfunctions (x) of the oper- 
ator R: 

5 c n <?\j3 n (at) = q 2 c n ifn (x) 

n n 

Scalar multiplication of this relation by (x) yields 
2 C n (If m I (?tn> = 3 2 C n (Ifm I ^n> 

n n 

The multiplier of c n on the left-hand side is Q mn — a matrix element 
of the operator Q in the r-representation, and the multiplier of c„ 
on the right-hand side is b mn . Consequently, 

3 c n Q mn = q 2 c„6 mn = qc m (9.26) 

n n 

Taking consecutively m = 1, 2, . . . in (9.26), we obtain a system 
of an infinite number of linear homogeneous equations with an infi- 
nite number of unknowns c x , c 2 , ... (the matrix Q mn is assumed 
to be given): 


q) c l + C^12 c 2 + ••• +(?im c m + ••• 

(?21 c l + ($22 — q) c 2 + • • • + $2m c m + • • • =0 

(9-27) 

Qm\ c l + $m2 c 2 + • • • + (Omm ~ ?) c m + ••• =0| 


It. was shown in Appendix VIII of Vol. 1 that a system of linear 
homogeneous equations has a non-zero solution only if the determi- 
nant of the system is zero: 


Qu- 

q Q i2 

■ ■ Qim 

Qu 

(?22 ~ q • 

• • (?2m 

Qm 1 

Q m2 

• • Qmm Q • • • 


(9.28) 
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Relation (9.28) is an equation of an i nfini tely great degree in the 
unknown q. It should be considered a s the lim it of an expression of 
the form of (9.28) written for the finite number N of rows and columns 
obtained when N ten ds to i nfinity. It is natural that Eq. (9.28) has 
a meaning only if such a limit exists. 

Equation (9.28) has an infinitely large number of roots: < 7 ,, 
</», • • •> </mi • • • • They are the values of q at which non-zero values 
of the coefficients c Jt c 2 , . . ., c n , ... are obtained that determine 
if (.r) in the /-representation (in which the Q mn 's are given). Conse- 
quently, the roots of Eq. (9.28) are the eigenvalues of the quantity Q. 

Introducing q = q x into the system (9.27) and solving it for the 
unknowns c„, let us find the set of coefficients c n that determine the 
eigenfunction of the operator Q corresponding to q — q v Introducing 
q = q 2 into (9.27), we find the set of coefficients determining the 
second eigenfunction, and so on. We shall thus solve the problem 
of finding the eigenvalues and eigenfunctions of the operator Q set 
by the matrix Q mn . 

If the matrix Q niJI is determined in its eigenrepresentation, all 
the non-diagonal elements will vanish and Eq. (9.28) will become 


<?n — q 0 ... 0 

0 Q n -q ... 0 


0 0 ... Q mm — q .. 


= 0 


The roots of this equation are evidently q t = Q u , q 2 = Q i2 , ■ ■ ■ 
. . ., q m = <? mm , . . ., so that we arrive at an already known result: 
the diagonal elements of a matrix written in its eigenrepresentation 
equal the eigenvalues of the given quantity. 

Hence, to give a diagonal form to the matrix Q mn , we must com- 
pile Eq. (9.28) and find its roots. The latter will be the elements of 
1 lie matrix after it lias been reduced to the diagonal |qrm [see (9.1. r >)]. 

Comfnuling operators have a common system of eigenfunctions 
(see the following section). Therefore, their matrices can be reduced 
simultaneously to a diagonal form. 

10. The Algebra of Operators 

Linear operators can be added and multiplied. In the following, 
to avoid repetition, we shall omit the word “linear", but shall always 
have in mind linear operators. 

The sum of the operators A and B is defined to be the operator 
C — A -j- B determined by the condition 

C<p = (A-{- B) <p = ^4(p + Z?(p 


( 10 . 1 ) 
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Substituting expression (10.1) into formula (9.9), wo gel the relation 
between the operators A, B and C in the matrix form: 

Crnn =A mn 4- B mn (10.2) 

This relation agrees with the rule of matrix addition [see Vol. i, 
formula (VI 1.25)1. 

The product of the operators .4 and B is defined to be the operator 
11 = AB determined by the condition 

nep = (AB) <p = A (By) (10.3) 

(to obtain the function ll<p, we must find the function By and then 
act on it with the operator A). By formula (9.8) 

n m „ ('I’m | AB\p n ) = (ip*, | A (B\ |)J) (10.4) 

where i|i fe is the eigenfunction of the operator R. 

Like any other function, the function B\\i„ can be expanded into 
a series in the eigenfunctions r|'?t of the same operator B, i.e. repre- 
sented in the form Bty n — c >dlV> for the coefficients c A , formula 
(7.11) gives the value c h = <r|.' h | £i|'„ ). The latter expression is the 
matrix element B hn of the operator B in the r-representation. Con- 
sequently, 

5l>n= (10-5) 

h 

Substitution of expression (10.5) into (10.4) yields 
limn = ( 'I’m M (1! = S B hn ('I’m I ^ B hnA mh 

It It k 

Finally, interchanging the places of the multipliers, we arrive at 
the formula 

l imn = >J „ (10-0) 

It 

that agrees with the rule of matrix multiplication. 

In accordance with the definition of a product of operators, by the 
square of an operator Q % is meant tjig. two-fold action of the opera - 
tor Q on a function: 

“ n Q\ -- Q «?cp) (10.7) 

The higher powers of the operator are determined in a similar way. 

Lei us find the operator that is the transpose of the product of 
the operators fl =■ .4*5. Using the definition (8.2) of a transpose 
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operator and the property (7.8) of the scalar product of two functions, 
we can write the following train of transformations: 


<<p | .AScf>) = ((Bty)* | A cp*> = (A cp* | (S\j))*>* 

= {{A cp*)* | Sip) = <ip* | S (A cp*)) = <ij p* | Siep*) 


At the same time by definition 

<cp I Hip) “ (cp* I ftcp*) 


A comparison of the relations obtained shows that 


is = i?i 


( 10 . 8 ) 


i.e. an operator that is the transpose of the product of two operators 
equals the product of the transposes of the multipliers written in the 
opposite order. 

A similar relation holds for the transposed matrices. By (10.6), 
a matrix element of the product AB of the matrices A and S equals 
(. AB) mn — 2 Ajn^Bhn- Taking advantage of relation (9.19), we can 

h 

write 

(AB) mn = (.AS) nm — 2 A nh B km = 2 A Kn B mh — 2 B mh A kn — (BA) mn 

h h h 

whence 

AB - BA (10.9) 

By formula (8.6), we have 

(AScp)* = (AB)* <p* 

At the same time 

(AB cp)* = [A (Sep)]* = A * (Sep)* = i*S*<p* 


A comparison of these expressions yields 

(AS)* = i*S* (10.10) 

Finally, let us find the operator that is the Hermitian conjugate 
to the operator AB. Treating AB as a single operator, we can write 
relation (8.5) as 


(cp | ASv])> = <«p (AB)* 1 ip) 
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But if we have in view that AEBty — A (By), we can write 
(<p | = <cpi + |Bx|>) = ((<pi + ) i? + | if) = (<pi + 5 + | tf>> 

A comparison of the two relations shows that 

{AB) + = A + B+ (10.11) 

The result obtained signifies that whereas before taking the conjugate 
the function is first acted upon by the operator B and then the result 
obtained is acted upon by the operator A, after the conjugate has 
been taken, the function is first acted upon by Ihe operator A + f 
and then the result obtained is acted upon by the operator B + . 
Consequently, conjugation changes the order in which the operators A 
and B act. This also holds for more than two multipliers. 

Let us take an operator of the form CQ, where the operator C is 
simply multiplication by the number c. By (10.11), we have {CQ)*~ 
— C + 0 + - It was shown in Sec. 8 [see (8.8)1 that if C = c, we have 
C + = C*. With a view to this circumstance, we can write the rela- 
tion 

(CQ) + ^C*Q + (10.12) 

Particularly, 

(iQ) + = - iQ + (10.13) 

Let us find the matrix that is the Hermitian conjugate of the prod- 
uct of the matrices A and B. By (9.21), we have 

(ABy mn = (AB)t m = (2 A nh B hm )* = 2 At h B* hm = 2 B^AL 

k h h 

The result obtained signifies that 

(AB) + = B + A + (10.14) 

A matrix that is the Hermitian conjugate of the product of two mat- 
rices equals the product of the Hermitian conjugate matrices taken 
in the opposite order. 

We are now in a position to explain why a Hermitian conjugate 
operator should be written at the right of the function which it acts 
on. For this end, let us turn to Eq. (9.8) describing the transforma- 
tion of the function cp into the function / under the action of the 

operator We can w'rite this equation as follows: 

&ml = 2 QmnO-ni (10.15) 

n 

The subscript “1” indicates that the matrices a and b have only one 
column each. 
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Relation (10.15) can be written as 

b = Qa (10.16) 

where b , Q, and a are the relevant matrices. Let us write a relation 
"that is the Hermitian conjugate of (10.16), using formula (10.14): 

b + ~ ( Qa) + = a + <? + (10.17) 

When taking the Hermitian conjugates of matrices, the columns 
are interchanged with the rows, and, in addition, the matrix ele- 
ments are replaced with their complex conjugates [see (9.21)1. Con- 
sequently, the matrices b + and a + have only one row each. Writing 
the matrices appearing in (10.17) as arrays, we obtain 

(5t b\ . . . b* m . . .) = (af at . . . a £ . . . ) Q *\ Qh ; y (10.18) 

Here the matrix with the elements QZi n represents the operator 0 + - 
It is not difficult to see that the correct result can be obtained 
■only if the matrix Q + in expressions (10.17) and (10.18) is at the 
Tight of the matrix a + (recall that in the multiplication of matrices, 
a row is multiplied by a column). Hence follows the rule according 
to which the operator Q + must be written at the right of the function 
which it acts on. 

The product of operators, generally speaking, is non-commuting: 

AB # BA 

This can be verified, taking the example of the operators A =?= dldx 
and B — x. Indeed, 


UB)v=4r(*v)=x&+i I 

(BA), f-z-fl J 

(10.19) 

# Operators A and B for which the condition 


AB = BA 

(10.20) 


is observed are said to be commutative, or to commute with each 
• other. If the condition (10.20) is not observed, the operators are 
said to be non-commutative. 

Operators for which 

AB - -BA (10.21) 

■are called anticommutative. 
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The operator AB — BA formed from the operators A and B 
is called \the co mmutator o f the given operators j and is designated by 
the symbol [A, B], Hence, 

[A, 5] — AB — BA (10.22) 

By (10.19), we have 



This signifies that by acting on a function cp with the operator 
[d/dx, x\, we have again obtained the same function cp. An operator 
that leaves a function unchanged is called a unit operator. Conse- 
quently, the commutator of the operators dldx and x equals a unit 
operator. 

The commutator of commuting operators is zero. 

In quantum mechanics, operators are used to depi ct physical 
quantities. Let us see how tire rules for the addition and multiplica- 
tion of operators agree with the concepts of the sum and product of 
physical quantities. 

Assume that two physical quantities Q and R can simultaneously 
have definite values. The psi-function of the state in which the 
quantity Q has the value q n , and the quantity R , the value r„, must 
satisfy two equations simultaneously: 

= M’n (10.23) 

B^n = r„i|> n (10.24) 

i.e. must be the eigenfunction of both operators. Therefore, the 
operators of two simultaneously measurable quantities have common 
eigenfunctions. Summation of Eqs. (10.23) and (10.24) yields 

(0 + R) %» = (<7>i + r n ) (10.23) 

Consequently, the eigenvalues of the operator Q + R equal t lie sums 
of the eigenvalues of the operators Q and R. Correspondingly, we 
should understand the sum of the quantities Q and R to mean the 
quantity Q 4 - R whose eigenvalues equal the sums of the eigenvalues 
of the quantities being added. 

By the product of the simultaneously measurable quantities Q 
and R is meant the quantity QR whose eigenvalues equal the prod- 
ucts of the eigenvalues of the quantities being multiplied. Accord- 
ingly, designating the operator of the product of the quantities Q 
and R by the symbol fl, we can write 


= q n r n \ J>„ 


(10 26) 




44 


QUANTUM MECHANICS 


Let. ns get cm. Eo. (10.24) wit h the operator 0 , having in view 
Eq. (10.23): 

QR% = r n <5\jj n = r n q n ty n = $ n r n ij) n (10.27) 

A comparison of the equation obtained with (10.26) yields the expres- 
sion 11 = QR agreeing with the rule (10.3) for the operator of the 
product of two quantities. 

It follows from the above that the operator Q 2 corresponds to the 
square of the quantity Q (here Q is the operator of the quantity Q). 
Similarly, the operator Q‘ corresponds to the quantity Q*. 

Acting on Eq. (10.23) with the operator R, we obtain, with ac- 
count taken of (10.24), 

ttQ'Pn = Qn^n = %’nAn 

A comparison with (10.27) allows us to conclude that QR = RQ, 
i.e. that the operators Q and R commute. 

The results obtained can be summarized as follows. If two quanti- 
ties can simultaneously have definite values, then: 

(1) their operators have common eigenfunctions, and 

(2) their operators commute. 

The statements (1) and (2) follow from each other. We have shown 
above how the statement (2) is obtained from the statement (1). 
Now we shall prove that the statement (1) follows from (2). 

Assume that the operators A and B commute. Their eigenfunctions 
satisfy the equations 

i'l4 o) = a»'l4 a) (10.28) 

BM? = K¥ n b) (10.29) 

Let us act with the operator B on Eq. (10.23) and take advantage 

of the fact that the places of A and B may be interchanged: 

SAij3< n °) = !])(?> => A [BrpM] = a n [£ij)< n o) ] 

The result obtained signifies that the function 15^’] to within 
the cons ant factor c coincides with the eigenfunction of the operator 
A belonging to the eigenvalue a n , i.e. that 

BAT = 

It follows from this equation, in turn, that oj))) 7 ’ is an eigenfunction 
of the operator B, and c = b n . Hence, any eigenfunction il/*’ of the 
operator A is also an eigenfunction of the operator B. By acting 
with the operator A on Eq. (10.29) and following the same reason- 
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ing, we arrive at the conclusion that any eigenfunction ij)}, 6 ' of the 
operator B is also an eigenfunction of the operator A . We have thus 
proved that commuting operators have a common system of eigen- 
functions. 

In concluding, we shall make a few remarks relating to the ma- 
trices depicting physical quantities. We have established above that 
the operator QR corresponds to the product of » be simultaneously 
measurable quantities Q and R. Accordingly, the matrix of the 
product of these quantities is the matrix of the operator QR, i.e. 
the matrix determined by relation (10.6): 


= (10.30) 

ft 

The result obtained signifies that the matrix of the product of two 
quantities equals the product of the matrices of the quantities being 
multiplied. Accoidingly, the matrix of the square of the quantity Q 
is determined by the formula 

{Q 2 )mn ~ S QmhQkn (10.31) 

ft 


11. The Uncertainty Relation 

If the operators A and B do not commute, the quantities correspond- ' 
ing to these operators cannot have definite values simultaneously. 
Let us try to establish the ratio between the indeterminacies of the 
values of these quantities. 

To characterize the spread of the results of measuring a quantity, 
we take the standard deviation of the results of individual measure- 
ments from the mean value of the given quantity. The deviation of an 
individual measurement from the mean value is 

A a = a — (a) 

Let us correlate the following onerator with it: 

A4 = A-<a> (11.1) 

(the operator corresponding to (a) is si mply a num ber). 

The standard (root-mean-square) deviation by definition is 
Y ((Aa) a >. Hence, the task of finding the standard deviation consists 

/N 

in determining the quantity ((A a)-). If the operator AA is correlat- 

/\ 

ed with the quantity Aa, the operator (AA) Z must be correlated with 
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the quantity (Aa) 2 (see Sec. 10). By the general rule of evaluating 
mean values, we have 

((Aa) 2 ) = j ij)* (AA) 2 i|> dV 

(11.2) 

Similarly 

<(A6) 2 > = j i|>* (A£) 2 i|><*F 

(11.3) 

Let us consider the auxiliary integral 


J (ti) = j 1 (x]AA - iAB) ^rfdV > 0 

(11.4) 


depending on the arbitrary real^parameter tp It is evident that this 
integral cannot have negativdvalues. We shall write it as follows: 


3 (t)) = j [(r]A^- iAB) i|>] [(rpG* + iAB*) i|>*J dV 

= J (r]A.4if> — iABty) + iA5*ij)*) dV 

We open the parentheses in the integrand and write the integral as 


J(T,) = n 2 j (A^|>)A^*i|>*dF + iT)j (A^) A5*<|:* dV 
— it] j (AZ?i|i) A.<4*i|)* dV ^ (A-Srp) AS*ij>*dF 


Taking advantage of the circumstance that the operators are self- 
conjugate, let us perform the transformation (8.13) in each of the 

/x - 

integrals, considering the expression of the form (AA\|?) as one of 
the functions in (8.13). In addition, let us combine the second and 
third integrals. As a result, we arrive at the formula 

■7(*l) = Il 2 { V (AA) 2 \j)dF-ir)j ij>* (A A AB — AB AA) f dV 

+ J i|5*(AB) 2 iMF>0 (11.5) 

The first and third integrals equal ((A a) 2 ) and ((At') 2 }, respectively 

/\ /\ 

[see (11.2) and (11.3)1. The commutator of the operators A A and A B 
is in the second integrand. To eliminate i — Y~ 1 ^ (11.5), let us 
designate this commutator by the symbol iK, i.e. introduce the nota- 
tion 

/X /X /\ /X /X /X 

[A A, Aj9] — AA AB-AB AA = iK 


( 11 . 6 ) 
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Let us substitute expression (11.1) for AA and a similar expression 

/x 

for A B into (ll.fi). We obtain 

(A - (a)) (B - { b » -(B- (b)) (A - <a» = iK 

Simple transformations convert the left-hand side into the commuta- 
tor of the operators A and B. Cons-quently, 

[AA, A£] = [A, B] = iK (11. 7> 

so that we can consider iK to be the commutator of the operators A 
and B. Using the notation (11.6), we can write the second term of 
formula (11.5) as 

— ir\ j ij)* (iK) \|5 dV = p j dV — p (&} 

where (k) is the mean value of the quantity depicted by the opera- 
tor if. 

With a view to everything said above, formula (11.5) can be writ- 
ten as follows: 

3 (p) - p 2 <(Au) 2 ) + p (k) -!- <(A£) 2 > > 0 (11. 8> 

Let us investigate the relation between the coefficients at which- 
a trinomial of the form ax 2 -f- fix 4 y (where a > 0) cannot have 
negative values at any values of x. For this purpose, we perform the- 
transformation 

ax 2 + pz + V = a(z + -^ r ) 2 + Y--£- 

The minimum value of this expression is y — j3 2 /'4a (it is achieved' 
at the value of x at which the expression in parentheses vanishes). 
Consequently, for the trinomial to be non-negative, the following- 
relation must hold: 

Y — > 0, or “Y>y 

Applying the result obtained to the trinomial (.11.8), we arrive 
at the condition 

<(Aa) 2 )((Ai>) 2 )> 


whence 


V ((Aa) 2 )]/ ((Ab) 2 } ^ -A|2_ 


(dl.9> 
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Relation (11.9) is called the uncertainty relation. A result we 
already know follows from it, namely, if the operators A and B 
commute, i.e. if K — 0, the quantities A and B can simultaneously 
have definite values. 

12. The Continuous Spectrum 

If the operator Q has a continuous spectrum of eigenvalues q , 
the eigenfunctions cannot be numbered. To disting uish these func- 
tions from one another, we shall label the symbol of a function with 
a subscript formed by the eigenvalue q which the given function 
corresponds to: / 

etc. 

Unlike formula (7.4), the expansion of any function 1(1 in the eigen- 
functions of an operator with a continuous spectrum has the form 
of the integral 

4 (*) = ( c (?) '} y ( x )<& (12.1) 

Integration is performed over the entire vange of values which the 
quantity Q can have. The coefficient c/q) is a function of q that 
determines the psi-function in t he o-remr esentation. 

Substituting ijy for ajj m , i|) q - for i|y and accordingly q for q m and 
q" for q n in the calculations following formula (8.13), we obtain 
the formula 

(4’?' 1 4?*) ~ j 4?'49'<fV=0 (? ^ ? ) (12.2) 

from which it follows that the eigenfunctions of a continuous spec- 
trum, like those of a discrete spectrum, are orthogonal. 

Matters are more complicated with respect to the normalization 
of the eigenfunctions of an operator having a continuous spectrum. 

For such fun ctions, the in tegral ^ dV always diverges (i.e. 

bec omes infin ite). We shall show this in Sec. 17 taking the eigen- 
functions of the momentum operator as an example. 

Functions belonging to a continuous spectrum are normalized with 
the aid of the Dirac delta function (see Appendix VIII). 

When the functions \j>„ of a discrete spectrum are normalized to 
unity, the squares of the magnitudes of the coefficients c n in the ex- 
pansion (7.4) determine the probabilities of the values q n for the 
quantity Q. We shall attempt to normalize the functions i[y so that 
the expression \c{q)\ 2 dq formed from the functions c (q) would 
determine the probability of the quantity Q having a value within 
the limits from q to q 4- dq in the state described by the function 
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(12. t). The mean value of the quantity Q will therefore be evaluat- 
ed by the formula 

<?>= j \c{q) \ z qdq (12.3) 

that is an analogue of formula (7.12). 

The sum of the probabilities of all possible values of a given 
quantity must be unity. Hence follows the condition imposed on the 
function c (g): 

]\c{q)\*dq = 1 (12.4) 

This formula is an analogue of formula (7.5). It is also an analogue 
of formula (4.2). 

For the requirement (12.4) to be observed, the functions ij), must 
satisfy definite conditions. To find these conditions, let us introduce 
the function (12.1) into the condition (4.2) for the normalization 
of the function 

j { j c* (<?') V q - dq '} { j c (q) Ijv dq") dV = 1 
Let us rewrite this expression as follows: 

J c* (q') dq' j c (q") { j dV } dq" = 1 (12.5) 

We shall show that the expression which we arrive at transforms into 
the condition (12.4) if the integral over dV in braces is replaced with 
the function 6 ( q ' — g"), i.e. if we assume that 

<*,' I wj ♦Mv dV = 6 (q'~ q") (12.6) 

This substitution reduces (12.5) to the form 

jc*(g') dq’ \c{q")b{q'-q")dq"^i 

According to the property (VIII. 2), the integral over dq" equals 
c ( q '), so that we arrive at the relation 

j c* (q')c(q’) dq' = i 

that coincides with (12.4). 

Hence, for the expression | c (q) | 2 dq to represent the probability 
in the meaning indicated above, the functions must satisfy the 
condition (12.6), i.e. must be normalized to the delta function. 

We must note that formula (12.6) also includes the property (12.2). 
Consequently, the system of functions satisfying the condition 


4 — Di»e 
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(12.6) can be called orthonormalized. Formula (12.6) is a generaliza- 
tion of formula (7.10) for a continuous spectrum. 

We can now establish how to find the function c (q). For this 
purpose, we perform scalar premultiplication of Eq. (12.1) by if,-: 

<'ly | if) = j c (g) (ijy | if,) dq 

Taking advantage of the condition (12.6), we obtain 

<%' I 'f) = j c (q) 6 (q' q) dq — C (q') 

Finally, suppressing the prime on g, we arrive at the formula 

c (?) = ('M W = j tyqtydV (12.7) 

This formula is a generalization of formula (7.11) for a continuous 
spectrum. 

Let us find the matrix form of the operator Q when the auxiliary 
operator R has a continuous spectrum (the nature of the spectrum 
of the operator Q does not matter). Here the expansion of the func- 
tions ip and / in the operator equation 

/ = Qv (12.8) 

is as follows: 

cp= j a (r') \jv dr', f = j b (r') if r ' dr' 

[see (12.1); we have designated the integration variable by r’ instead 
of r]. Substitution of these expressions into Eq. (12.8) yields 

£ b (r') if r < dr’ = j a (r') $i|v dr' 

We perform scalar multiplication of both sides of the equation by if r : 

j &(rO('M'lvMr'= j afrOOIvICtlV^dr' (12.9) 

With a view to the normalization condition (12.6), we transform the 
left-hand side oi' the equation as follows: 

j b (r') (if r | 4V> dr< = j 6 (r '■) 6 (r — r') dr' = b (r) 

Formula (12.9) can thus be written as 

6(r) = | Qr, T 'a(r')dr' (12.10) 

where 

; Qt, v = (ifr !£%'> = j if *(>i|y <W. . (12-11) 
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Formulas (12.10) and (12.11) are a generalization of formulas (9.8) 
and (9.9) for a continuous spectrum. They determine the transforma- 
tion of the function a (r) into the function b (r) under the action of 
the operator Q. 

Expression (12.11) determines the operator Q in the ^representa- 
tion. The subscripts r and r' change continuously. Notwithstanding 
this circumstance, we can formally treat each of the expressions 
Q Tt r - as a matrix element of the operator Q, and the set of all the 
values of these elements as a matrix having innumerable rows and 
columns. With such an approach, the right-hand side of expression 
(12.10) can be interpreted as the product of matrices, the subscripts 
of whose elements change continuously, owing to which summation 
is replaced with integration. 

13. Dirac Notation 

We have already noted the similarity of the expressions 

and v = 2> m e m 

m m 

The former is the expansion of a psi-function in the eigenfunctions 
of an operator, and the latter is the expression for a vector in multi- 
dimensional space in terms of the unit vectors of the coordinate 
basis and the components of the vectors along the axes. This similar- 
ity allows us to define the psi-function as a vector in what is called 
the Hilbert infinite-dimensional space. A system of orthonormal i zed 
eigenfunctions can be considered in this case as the basis chosen 
in such a space, and the quantities c m as the components of the vec- 
tor along the axes of this basis. We obtain a definite set of the com- 
ponents c m depending on the form of the basis (i.e. on the choice of 
the system of eigenfunctions, on the choice of the representation). 

This analogy gave Dirac the idea of correlating a state vector 
with each state of a system. He designated this vector by the symbol 
| ) and by the term ket. For example, the state vector | ct) is correlat- 
ed with the state described by the function i|? a (x). The subscript a 
called a state index designates a set of values of physical quantities 
or the corresponding quantum numbers that determine a state. 

To each ket vector (for example, to the vector | a)), there is made 
to correspond its conjugate bra vector designated by the symbol 
{ | (in our example it is (a I) 1 . To designate the conjugation of these 
vectors, Dirac used the same symbol “ — ” that is employed to desig- 
nate Hermitian conjugate operators. Hence, the bra and ket vectors 
are related by the expression 

(a ! = j a)* (13.1) 

1 The terms bra and ket originate from the word “bracket”. Having in view 
angular brackets ( ), the vector ( ] corresponds to the first part of the word 
bracket, i.e. bra, and the vector | ) to the last part, i.e. ket. 

4 * 
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The state ib a can evidently be characterized by either the vector 
| a) or the vector (a |. 

Dirac defined the scalar product of two state vectors to be the 
product of the bra vector of one state and the ket vector of the other 
state. This product is written as 

(a | p> (13.2) 

It is a complex number. 

The scalar product (13.2) corresponds to the scalar product of 
two psi-functions. It therefore has all the properties inherent in 
expression (7.7). Particularly, 

(a | p> = <p | a)* (13.3) 

(see (7.8)1. 

For states whose psi-functions are orthogonal, the state vectors 
are also orthogonal: 

<cc 1 p> = 0 (13.4) 

If (a 1 a) = 1, the state vector is normalized to unity. 

State vectors can be acted upon by linear operators, the result 
being new state vectors. If a ket vector is acted upon by the opera- 
tor Q, the bra vector that is the conjugate of the ket vector must be 
acted upon by the conjugate operator $ + . The action of Q on the ket 
vector produces a new ket vector. The action of Q + on the bra vector 
gives a new bra vector. In writing these operations, the operator Q 
is placed at the left of the ket vector, and the operator Q + at the 
right ol the bra vector: 

1 P> = <? I a), <p | = (a 1 <?+ 

When an operator is Hermitian, we have Q — Q+, and the above 
relations now become 

1 p> - Q 1 a), <p 1 = <aj Q (13.5) 

Before continuing to set out the algebra of state vectors, we shall 
recall some concepts from the algebra of conventional vectors. The 
vector v in n-dimensional space is determined by its projections 
v lt v.,, . . ., v n onto the coordinate axes, i.e. onto the unit vectors 
e lt e 2 , . . ., e n forming the basis of the coordinate system (these 
projections are also called the components of the vector). The projec - 
tion v m of the vector v onto the m-axis equals the scalar product of 
the vectors v and e m : 

*>» - e m v 


( 13 . 6 ) 
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The vector v is thus determined by a set of n numbers: 

<T V > e 2 v, . . e n v (13.7) 

Let us return to state vectors. We take as the basis in Hilbert space 
the set of state vectors | q m ) correlated with the complete set of 
orlhonormalized eigenfunctions of the operator Q. By analogy with 
(13.6), we can find the projection of the state vector | a) onto the 
m-th unit vector of the basis by scalar multiplication of the state 
vectors J q m ) and | a). The product is the complex number ( q m \ a). 
The set of such numbers 

<<7i I a), <? 2 I a), . . ., (q m ! a), ... (13.8) 

completely defines the vector | a), and, consequently, the function 
\)) a . Therefore, the set of numbers (13.8) is the function \j3<* in the 
^-representation. A comparison with the formula (x) = T c (q m ) X 
X \|i, m (a:) 1 allows us to conclude that 

c (<7m) “ <? m I a > (13.9) 

If the quantity q has a continuous spectrum, the set of discrete 
numbers (13.9) transforms into a continuous function 

c (q) — (q | a) (13.10) 

that, is the psi-function of the state a in the ^-representation. It is 
very convenient to designate this function in the form of {q | a), 
because it contains both the state index a and the representation 
index q. The latter indicates the variables which the psi-function 
depends on. 

If we take the vectors j x> corresponding to the eigenfunctions of 
the coordinate x as the basis, the function (13 10) will be a psi-func- 
tion in the coordinate representation, i.e. the function \jja fir). Con- 
sequently, in Dirac notation, the psi-function of the state a is writ- 
ten as 

i|) a (x) = (r (a) (13.11) 

If the energy spectrum is discrete, by (13.9) \|? a fir) in the energy 
representation will be determined by the set of coefficients 

c (E m ) = (E m 1 a) (13.12) 

Let us write the eigenfunctions in Dirac notation in the 
coordinate representation. In accordance with (13.11) 

•>b: m fir) = fir|£m> (13.13) 


1 We have designated the coefficients of the expansion by the symbol c ( q m ) 
instead of for formula (13.10) to be obtained from (13.9) by simply discard- 
ing the subscript m. 
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In the given case, the state is characterized by the energy having 
the value E m . Consequently, this value must be taken as the state 
index a. 

Examination of (13.3) shows that i})^ ( x ) = { E n ! x). Therefore, 
the property of orthonormalization of the functions is written as 

+00 

j (E n \x)(x\E m )dx = 8 nm (13.14) 

— oo 

(we are considering a one-dimensional case for simplicity, which is 
why we have substituted dx for dV). 

The psi-funotion of the state a in the /^-representation has the 
form 

c (p x ) = (p x I cc> 

A comparison of the formulas obtained with (7.11) and (12.7) 
leads to the conclusion that the product of two state vectors coincides 
with the scalar product of the relevant psi-functions, for example 

<£ , m |a) = <i])E m H) a >, <p*|a> = <i|) p j9 a > (13.15) 

Let us write a matrix element of the operator Q in the ^representa- 
tion. If the ket vector j r n > is correlated with the function 
the state vector Q | r n ) must be correlated with the function O'tn’- 
Finally, the scalar product, of the state vectors | r m ) and Q | r„> 
will correspond to the scalar product of the functions ty'm and Qtyn'- 
Therefore, the quantity (9.9) will be written in Dirac notation as 
follows: 

Qmn = <r m I Q | r n > * (13.16) 

For a Hermitian operator, this expression can be interpreted either 
as the product of the bra vector <r m | and the ket vector Q | r„), 
or as the product of the bra vector <r TO j Q and the ket vector j r„> 
(see (43.5)]. 

When there is no need to indicate the representation being used, 
expression (13. 1G) can be written in a simpler form: 

Qmn = 1 Q | n). (13.17) 

Finally, let us find the Dirac form of writing relation (9.8). Recall 
that this relation expresses the operator equation f — Qq> (see (9.1)1 
in the matrix form. Let us correlate the vector j a) with the function 
9 and the vector j p> with the function /. Now the coefficients deter- 
mined by formulas (9.5) can be written as 

a n = <r n | a), b n = <r m | p> 
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Using these expressions, and also expression (13.16) in formula 
(9.8), we obtain 

<r m |P> = S <r m |Ck„><r n |a> (13.18) 


This is exactly formula (9.8) in Dirac notation. It can be written 
in a simpler form: 

< m lP> = 2 (wi[<?|ra>(n|a> (13.19) 

n 

Formulas (13.18) and (13.19) determine the transformation of the 
vector | a) into the vector | (1) under the action of the operator Q. 


14. Transformation of Functions and Operators 
from One Representation to Another 

Let us find the general rules for transforming psi-functions and 
operators from one representation to another. These transformations 
are performed with the aid of what is called the unitary matrix S 
or the unitary operator S, and in this connection they arc said to be 
unitary transformations. 

Let us take the psi-function ij) a (x) of a state (x stands for the set 
of coordinates x , y , z, and a is the state index). We shall consider 
two different representations of this function, which we shall call 
the a-representation and ^-representation. We shall first consider 
for simplicity’s sake that the operators A and B corresponding to 
these representations have discrete spectra of the eigenvalues a n 
and b n . 

In the c-representation, the function (x) is determined by the 
set of coefficients 

j I'l^ (*)]* ia (*) dV (14.1) 

(see (7.11)], where are the eigenfunctions of the operator A. 
The numbers c ( m are the coefficients of the expansion of \(; a (x) 
in the functions (x): 

(*) = S (*) (14.2) 

m 

Similarly, \|; a (x) in the ^-representation is determined by the set 
of coefficients 

<4 6) = H' ( n 6) (*) Ko (*)> ( 14 - 3 ) 
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where (;r) are the eigenfunctions of the operator B. The numbers 
c< n b > are the coefficients of the expansion 

MV ( x ) = S (*) (14.4) 

n 

We must note that, the functions i)? K (a;), and in formulas 
(14. 1)-(14.4) are psi-functions in a coordinate representation. If 
matters were different, these functions could not be integrated over 
V (dV = dx dij dz). 

Our task is to establish t-lie rule with whose aid the set of coeffi- 
cients c<“> transforms into the set of coefficients c^. The transforma- 
tion of the components v m of the vector v along the axes of the basis 
formed by the unit vectors e m into the components v' n of the same 
vector along the axes of the basis formed by the unit vectors e' n 
is a similar problem. This transformation is known to have the form 

t>n = 2°W-’m (14.5) 

m 

where a nm = ej,e m [see Vol. 1, formulas (VI. 36) and (VI. 37)]. The 
vector v in the basis representations e m and is determined by the 
expressions 

v = Sv m and v = 2>»e« (14.6) 

m n 

A comparison of expressions (14.2) and (14.4) with (14.6) leads us 
to the conclusion that the systems of eigenfunctions and ^I4 6) 
can be treated as different bases used for the representation of the 
function 4’a ( x )i and the sets °f the coefficients c { m and c ( n b > as the 
components of this function along the axes of the relevant basis. 

To establish the rule for transition from the coefficients c™ to 
the coefficients c ( n b) , we expand each of the functions into a series 
in the functions 

^ ) = H S nm ^ (14.7) 

n 

In accordance with the general rule expressed by formula (7.11), 
the coefficients of the expansion designated by the symbol S nm are 
determined as follows: 

S nm = WP I 'lO (14.8) 

[now we can see the expediency of the sequence of the subscripts 
on 5 that we adopted in formula (14.7)]. 

Let us introduce expression (14.7) for ( x ) into formula (14.2): 

*« (*) = S s s nm v» (x) = 2 ^ 6> (*)2 s nm c^ 

m n n m 
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A comparison of the expression obtained with formula (14.4) allows- 
us to conclude that 

c< „ b) = S SnmCfi* (14.9)* 

m 

In Dirac notation, this formula is written as follows: 

= (14.10) 

m 

[see (13.15)1. 

Formula (14.9) gives the required rule for a transition from the- 
a-representation to the ^-representation. The coefficients of the 
transition determined by expression (14.8) form the matrix S with: 
an infinitely great number of rows and columns: 

S _ ( (4' ( 2 b MT' 2 Q) ) ... 


We must note that formula (14.9) is similar to formula (14.5),. 
the matrix elements S nm playing the role of the coefficients a nm 
in the transformation. In this connection, a transformation carried 
out by the matrix S is said to correspond to “rotation” in Hilbert 
space. 

The transformation (14.9) can be written symbolically as 

c< b > = ScW (14.12) 

where c (b) is a column matrix with the elements and c m is a 
similar matrix with the elements c'm. 

It is obvious that the inverse transformation (i.e. the transforma- 
tion from the ^-representation to the a-representation) is determined 
by the formula 

c <a) = g'gib) ( 14 . 13 ) 

where S' is a matrix with the elements 

^=<^10 (i4.i4) 

[compare with (14.8)1. Introducing (14.12) into (14.13), and then* 

(14.13) into (14.12), we obtain two relations: 

c W = S'Sc< a \ cM = SS’c& 

from which it follows that the product of the matrices S and S\ 
regardless of the order of the multinliers. must eaual the unit (identi- 
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~ty) matrix I [the elements of such a matrix equal 6 mn ; see Vol. 1, 
formula (VI 1. 24)1: 

S'S = I, SS' = / 

'The matrices S and S' satisfying these relations are said to be the 
inverse of each other [see Vol. 1, formula (VII.38)[. The inverse 
.matrix of S is customarily designated by the symbol S' 1 . Hence, 
the matrix S' is the matrix S' 1 . By (14.14), we have 

A comparison with (14.8) shows that. 

S;^S* mn = S+ m 

We have thus established that the matrix S transforming a psi- 
fu net ion from one representation to another has the property 

S + = S- 1 (14.15) 

'Since 5 + ^ S, the matrix S is not self-conjugate. Matrices satisfying 
the condition (14.15) are called unitary. This condition can be trans- 
formed by multiplying both sides of the equation by the matrix S. 
Hence, taking into account that S -1 S — I, we obtain 

S + S = I (14.16) 

The operator S satisfying the condition 

S + S = 1 (14.17) 

is also called unitary. 

With a view to everything said above, the formula for the expan- 
sion of the function (x) in the functions i[4 a) ( x ) can be written as 

(*) = 2 «?-><?> ( x ) = 2 S+, 1 i4 a) (*) (14.18) 

n n 

[compare with (14.7)]. 

Now let us go over to establishing the rule for the transformation 
•of operators from one representation to another. We take any opera- 
tor $. "in the e-representation, it is depicted by the matrix 

<?mn = WmWn a) > < 14 - 19 > 

•and in the 6-representation by the matrix 

^=CIW'> (14-20) 

Let us write the expansion of the functions ■v[)m > and in the 
functions tyS?’ and i]5j a) . In accordance with (14.18) 

ft l 
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Substitution of these expressions into formula (14.20) yields 

«t=<|^vri<?2 w> 

= 2 (s, + J* s* - 2 s mk <ffls+ 

k,l h, l 

First we used the property (7.9), next the rule (9.21), and, finally, 
we took into account expression (14.19). We write the result ob- 
tained as 

<><2=2X,2eSi>ss (14.21) 

k L 

The sum over l is the k, n-th matrix element of the product of the 
matrices and St n . Let us designate it by the symbol [(?< a > 1 S + ] fm . 
Hence 

<?^=2-we (a) s + ] ft „ 

k 

This expression is the m , n-th element of the product of the matrices 
S and [£K°)S + ]. Therefore, designating the matrix with the elements 
by the symbol Q (b) , we can write that 

QCVbbSQWS* (14.22) 

Formula (14.22) defines the required rule for the transition from 
the expression of the operator Q in the a-representation to the expres- 
sion of the same operator in the 6-representation. The transition is 
performed with the aid of the matrix S [see (14.11)] and its conjugate 
matrix S+. The inverse transformation has the form 

QW = S + Q< h >S (14.23) 

This formula can be obtained by premultiplying relation (14.22) 
by S + , postmultiplying it by S, and taking into account that S+S = 
= S~ X S — I 1 . It is a simple matter to see with the aid of the rule 
(9.12) that for any matrix A the relations I A — A1 = A hold. 

Hence, an operator is transformed from one representation to 
another with the aid of the unitary transformation (14.22). We know 
that when a matrix of an operator of a physical quantity is diagonal, 
the diagonal elements equal the eigenvalues of the given quantity. 
It thus follows that the task of determining the eigenvalues of any 
operator Q consists in finding the unitary transformation S that 
gives the matrix Q a diagonal form. This is done in practice as was 
shown at the end of Sec. 9. 


1 The product of matrices is associative. This signifies that ABC = A(BC) = 
— ( AB)C . 
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For each matrix relation, there is a similar operator relation. 
Consequently, by introducing the unitary operator S corresponding 
to the matrix S, we can write formula (14.9) in the form 

!);<*>> = 5 ijjM (14.24) 

where T (0) is a function in the a-representation, and ift 6 ) is the same 
function in the 6-representation. 

Formula (14.22) can be written in the operator form as follows: 

(}( 6 > = SQ (a) S + (14.25) 


where QW is the operator of the quantity Q in the a-re presentation, 
and is the operator of the same quantity in the 6-representation. 
We stress that the operators Q m and depict the same physical 
quantity Q. The same quantity will be depicted by an operator 
in any representation other than the a- and 6-representations, a 
transition to which is achieved by means of a unitary transformation. 
Consequently, not one, but a multitude of operators between which 
there are relations of the form of (14.25) correspond to every physical 
quantity. It is clear that the properties of a physical quantity (its 
realness, spectrum of possible values, and so on) cannot depend on 
the choice of the representation, i.e. should not change in the unitary 
transformation (14.25). 

Let us find theHermitian conjugate operator of the operator (14.25). 
Having in mind that an operator which is the Hermitian conjugate 
of a product of operators equals the product of the Hermitian conju- 
gate factors taken in the opposite sequence [see (10.1 1)! 1 , we can write 
that 


{Q^) + = (SQ( a >S+) + = S {Q( n) ) + S + = SQ< a) S + = 

Thus, if the operator QW is self-adjoint, i.e. <?<“> — (C? (0> ) + , the 
operator Q {b) will also be self-adjoint. Recall that the eigenvalues 
of self-adjoint operators are real. 

We shall show that the spectrum of the eigenvalues of the operator 
does not change in unitary transformations. We act on both sides 
of the equation 

<? (a) ^ 0) = g n ^ a) (14.26) 


1 Since the product includes both Q + and Q, now we are not adhering to the 
rule according to which a conjugate operator is placed at the right of the function 
which it acts on. 
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with the operator S. In addition, we substitute for the function 
ou the left-hand side the function S + Sty%' equal to it [see (14.17)]. 
The resulting equation 

SQWS+SW = q n SW 

with account taken of (14.24) and (14.25), can be written as 

<?< 6) ^ 6) = 7n^ 6) (14.27) 

Equations (14.26) and (14.27) contain the same factor q n from which 
it follows that the operators QW and Q have identical eigenvalues. 

Finally, we shall prove that h unitary transformation leaves the 
trace of the matrix Q, i.e. the sum of its diagonal elements, unchanged. 
Let us introduce the value of Q ^ obtained by formula (14.21) 
into the expression for the trace of the matrix Q < b >: 

Tr <?<*> = 2 Q%1 =22 S mh Q ( $S! m = 2 QiV 2 S{ m S mk 

m m ft, l h, l m 

The sum over m is the l, &-th element of the product of the matrices 
S + and S. Since S+S = 7 [see (14.16)1, this matrix element equals 
5;/,. Consequently, 

Tr <?< 6 > = 2 QifSik = 2 Q\V = Tr <?(“> (14.28) 

ft, i i 

Q.E.D. 

In concluding, let us see how the transition from one representa- 
tion to another is performed if the spectra of the operators A and B 
are continuous. Now instead of formulas (14.2) and (14.1), we have 


(x) = j c (a) i|5 a (x) da (14.29) 

c (a) = <ta I i|’a> = j T! (X) Ta (x) dx (14.30) 

[see (12.1) and (12.7)]. The function c (a) determines ■>]•» in the a - 
representation. Formulas (14.4) and (14.3) become 

Ta (x)= j C ( b ) i|) 6 ( X ) db (14.31) 

c(&) = (t]) 6 |if a >= j 4* (x) {x) dx (14.32) 

Expanding the function ij; a (x) in the function t|) 6 ( x)„ we get the 
expression 

Ta {x) = ^ s ( b , a) i|> 6 (x) db (14.33) 
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where 


S ( b , a) = W 6 h|> a >= j (x) i|> 0 (x) dx (14.34) 

Let us introduce expression (14.33) into formula (14.29). As a result, 
we arrive at the relation 

tfo (*) = j c (a) da j S ( 6 , a) i|> 6 (x) = j ijj 6 (x) db j S (b, a) c (a) da 

Comparing it with expression (14.31), we arrive at the conclusion 
that 


c (b) = j S (6, a) c (a) da . (14.35) 

[compare with (14.9)1. This formula gives the rule for the transition 
from the a-representation to the ^-representation for a continuous- 
spectrum. In Dirac notation, it has the form 

<6]ot> — [ (6|a)<a|a)da 
J 

Assume that the operator A has a discrete spectrum, and the oper- 
ator B , a continuous one. Now the following formula is used for the 
transition from the a-representation to the 6-representation: 

c(6) = S5(6, a m )4 fl) (14.36) 

m 


where 

S (6, a m ) = = j (x) i|£> (a) dx (14.37) 

Finally, assume that the operator A has a continuous spectrum, 
and the operator B , a discrete one. Now the formula for the transi- 
tion from the a-representation to the 6-representation is 

c ( n b) = j S (b n , a) e (a) da (14.38) 

where 


S (bn, a) = (^i 6 >lta>== f [U 1 ^ (*)]* ^<z (*) dx 


(14.39) 



Chapter III 


EIGENVALUES AND EIGENFUNCTIONS 
OF PHYSICAL QUANTITIES 


15. Operators of Physical Quantities 

Upon comparing formulas (4.3) and (4.4) with expression (7.14),. 
we arrive at the conclusion that the operator of any of the coordi- 
nates is multiplication by the given coordinate: 

x = x, y = y, z — z (15.1): 

Similarly, an operator that is to be correlated with any function of 
the coordinates, for instance with the potential energy U (x, y, z) 
also consists in multiplication by this function: 

U=U (15.2), 

On the basis of Eq. (7.3), we can establish the form of the operator 
of another physical quantity. Indeed, designating the operator of 
the total energy by the symbol H 1 , we can write the equation 

Hr j) = Er£ (15.3) 

Comparing this equation with (5.7), we find that 

»=—£; v, + u < 15 - 4 > 

This operator is called the Hamiltonian. 

We have just established that U is the p otential ene rgy operator U. 
The operator H is the operator of the total energy. By analogy with 
the classical expression H — T - f U, w>e can conclude that the- 
operator of the kinetic energ y must have the form 

T=— gpV 2 * (15.5) 

Comparing this expression with the classical relation between the 
kinetic energy T and the momentum p of a particle 



1 In quantum mechanics, the energy is always expressed in terms of the mo- 

mentum, and not of the velocity. In analytical mechanics, the energy expressed 

in terms of the momenta is called the Hamiltonian function or the Hamiltonian, 

and is designated by H (see Vol. 1, Sec. 30). 
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we can assume that the momentum operator p must be proportional 
to hV (V is the Hamiltonian operator). The minus sign in expression 
(15.5) for the kinetic energy operator can be obtained by introducing 
into p the imagin ary num b er i = V — 1 taken with either a plus or 
a minus sign. Using a limiting process to go over to classical me- 
chanics, we can show that the factor i must be taken with the minus 
•sign Consequently, 

p = — r'fiv (15.6) 

.Accordingly, the operators of the momentum components will be 

p * == ~ ih 'L' p y == ~ ih l^' Pz=~ ih jT ( 15 - 7 ) 

We have always followed the rule adopted in quantum mechanics, 
namely, the relations between operators must be similar to the relations 
between the relevant physical quantities observed in classical physics. 
This rule is a corollary of the correspondence principle mentioned 
in Sec. 2. 

Knowing the form of the operators p and r [by formulas (15.1), 
•we have r = r], we can write an expression for the operator M of 
the angular momenium. In classical mechanics, M = [rpj. Therefore, 

M - [rp] = [r, — i^vl = —ift IrVl (15.8) 

We write the vector product in the form of the determinant 

e x e y e * 

x y z 
d d d 
dx dy dz 

whence we can obtain expressions for the operators of the angular 
momentum components: 

(z±-x±), 

(15.9) 

The operator of the square of the angular momentum is deter 
mined in terms of the operators for the components: 

W = Ml + M* + M* (15.10) 

It is generally more convenient to use expressions for the operators 
of the square and components of the angular momentum in spherical 
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coordinates. According to the formulas derived in Appendix I, 
we have 

^•--“-3? (15.11) 

+ (15*12) 

The expression in brackets in formula (15.12) is the angular part 
of the Laplacian operator (or Laplaeian) laken in spherical coordi- 
nates [see Vol. 1, formula (XI. 88)1. Designating this expression by 
the symbol A# t r , we can write 

M* = „ (15.13) 

We must note that the coordinate r is not contained in any of the 
formulas (15.11)-(15.13). 

The angular momentum operator is closely related to the operator 
of an infinitely small rotation through the angle Sep. Such a rotation 
can be interpreted in two ways. First, we can consider that the 
coordinate system remains stationary, while the system of particles 
being considered rotates about the origin of coordinates; second, 
we can consider that the system of particles remains stationary, 
while the system of coordinates rotates (the system K transforms 
into the system K'). In both cases, the coordinates of the particles 
change, i.e. the transformation r -*■ r' is carried out: it is evident 
that to obtain an identical change of the coordinates, rotation in 
both cases must be performed in opposite directions. 

A change in the coordinates in rotation of the coordinate axes 
must be considered as the result of action of the coordinate transfor- 
mation operator g: 

r' — gr (15.14) 

The inverse transformation has the form 

r = g-V (15.15) 

The change in the coordinates upon rotation of the system of 

A 

particles can be interpreted as the action of the operator G : 

r' = Gr (15.16) 

It is evident that 

G =--- g- 1 (15.17) 

(The consecutive use of the operators g and G leaves the coordinates 
of the particles unchanged: Gg = 1.) 

Let us consider the change in the psi-function due to the transfor- 
mations of the coordinates (15.14) and (15.16). 
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In rotation of the system of particles (we shall consider for simplic- 
ity that the system consists of a single particle) through the infinitely 
small angle S(p, the position vector of the particle receives the incre- 
ment Sr = [5<p, r] [see Vol. 1, formula (VI. 46)], consequently, 

r' = Gr — r -f- Sr = r -f [6<p, r] (15.18) 

The relevant change in the psi-function can be treated as the action 
of the rotation operator R a : 

* (r') = R G * W (15.19) 

(the subscript G indicates that the change in the coordinates is due 
to rotation of the system of particles). With a view to (15.18), we 
can write 

if (r') — if (r -f Sr) = if (r) -f Vif (r) Sr = if (r) -f- {[S<p, r] V} if (r) 

Performing a cyclic transposition in the scalar triple product of the 
vectors in braces, we obtain 

if (r') = if (r) -f S<p [rV] if (r) 

= (1 -f 6<p [r7l) if (r) = {1 -f {UK) 6<pM}if (r) 

[see (15.8)1. A comparison with (15.19) yields 

i? 0 = 1 + -j S<pM (15.20) 

Now let us find R g — the operator of the transformation of the psi- 
function in rotation of the coordinate system through the angle Sep. 
Since rotation of the coordinate system does not change the state of 
the system, the new function of the new coordinates must have 
the same value at a given point of space as the old function of the 
old coordinates, i.e. 

if' (r') - if (r) (15.21) 

The rotation operator transforming the psi-function in rotation 
of the coordinate system is determined by the equation 

if' (*•') = fl tf if (r') 

(the designation of the argument of the function is indifferent, we 
can substitute r for r' on both sides of the equation). Hence, taking 
account of (15.21), we obtain 

if (r) = #gif (O 

With a view to (15.15), let us alter this relation as follows: 

if (r') = R r i if (r) 


(15.22) 
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A comparison with (15.19) shows that R g - 1 = R c , which agrees 
with (15.17). 

Wc can use relation (15.20) to give a more general definition of 
the angular momentum operator than (15.8). This more general 
definition is not associated with the notion of “orbital” motion and 
can therefore be extended to more involved cases, for example to 
the spin angular momentum. 

There are a few physical quantities for which operators cannot be 
obtained by using analogy with the classical formulas. These include 
quantities such as spin having no classical analogue. The operators 
of these quantities will he discussed on a later page. 


16. Rules for Commutation of Operators of Physical Quantities 

The operators of any two coordinates obviously commute 
(xy — yx = 0, etc.). Consequently, all three coordinates of a particle 
can simultaneously have definite values. The same also holds for 
the components of the momentum (o'dx • dirty — didydldx = 0). 

Let us find the commutator of the operators x = x and p x = 
— —ihdldx. For this end, let us consider the action of a commuta- 
tor on a function iji: 


[x, Pxl t = * ( — ih -fj- ) — ( — ih) (xi|>) = 

It follows from this relation that 

[x, p x ] = ih ( 16 . 1 ) 

By (11.7), the operator K in this case equals h, so that (k) = h , 
and relation (11.9) can be written as follows: 

( 16 . 2 ) 

We have arrived at the Heisenberg uncertainly relation that is 
usually written in the form of (2.1). Now we know that Ax and 
A p x in relation (2.1) signify the standard deviations of the quanti- 
ties from their mean values. 

Since x-d^ldy — 0 (xij ')tdy, the operators x and p y commute. 
Consequently, states of the particle in which x and p y have definite 
values are possible The same also holds for x and p z , y and p x , etc. 
Using the notation 

x = Xj, y x 2 , z — X3, p x — Pi t Py • Pit Pi P 0 


5 * 
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the entire set of commuting relations between the operators of the 
coordinates and the momentum components can be written as a 
single expression: 

Pm] = ib&km (16.3) 

The coordinate x and the momentum component p x are a particular 
case of the canonically conjugate quantities q and p (see Vol. 1, 
Sec. 30). The uncertainty relation 

Aq-Ap>j (16.4) 

holds for any pair of canonically conjugate quantities q and p 
provided that the operators of these quantities have been determined 
on the same set of functions. For example, for the canonically conju- 
gate variables <p and M z (<p is the azimuth angle), the relation 
Aip- AM t hi 2 holds only provided that ((A(p) s > <c n 2 . This is due 
to the fact that the operator M z is self-adjoint only on the set of 
functions ( 9 ) that are periodic with the period 2 ji. The variable 9 , 
on the other hand, is not an operator on this set of function? because 
the function 91)1 ( 9 ) does not belong to this set. 

The energy and time belong to canonically conjugate quantities. 
Consequently, the following relation holds: 

A £.Af>J- (16.5) 

This relation signifies that the determination of the energy within A E 
must, take a time interval equal at least to At ~ hi A E. Since the 
process of measuring the energy of a state of a system can occur 
within the interval At not exceeding the lifetime t of th e state, 
the energy of the state has the indeterminacy Aft 'z/ r. This quan- 
tity is known as the energy level breadth and is designated by the 
letter T. Hence, 

r~-i (16.6) 

Let us find the commutation rules for the angular momentum 
■operators with the operators of the coordinates and momenta. Tak- 
ing formula (15.9) into account, we obtain 

[M x , x}^=-ih {(y±-z-L)(x^-x(y-L-z-^)y} = 0 

It thus follows that [M x , xj = 0. A similar result is obtained for 
other operators of the angular momentum and coordinates. Hence, 

[M x , *] = 0, [M y , y] = 0, [M„ l] = 0 


(16.7) 
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Now let us act on i|* with the commutator [M x , y\: 

[M x , 

= _iH{y2^-zy^-zyp-y*^ + yz^-}= ihz ^ 

Consequently, [M x , i/J = ihz. Performing a cyclic transposition 
we obtain 

[M x , y] — ihz, [My, z] — ihx, [M z , x] — ihy (16;8) 

We must note that formulas (16.7) and (16.8) can be written as 
the single relation 

[M k , x t ]=*ihe k i m x m (16.9) 

where x x = x, x 2 = y, x^ — z, Mi — M x , etc., and e h i m is the 
Kronecker skew-symmetric symbol (see Vol. 1, expression (VI. 15)1. 

Inspection of the obtained formulas shows that a component of 
the angular momentum and the corresponding coordinate can have 
simultaneously definite values. The component M x and thecoordi- 
nate y (or z) cannot be determined simultaneously. The same holds 
for M y and the coordinate z (or x), and also for M z and the coordi- 
nate x (or y). 

Let us act on with the commutator [M x , p x ]: 


/ d 

_ Z J_\ 

Sl)3 d 

it 

_ , it) 

W dz 

dy j 

1 H 
1 

1* 

dz 

dy ) 


We have found that [M x , p x 1 = 0. The same result is also obtained 
for the other two similar commutators. Watters are different for 
commutators of the form [ M x , p y I: 




= (~^) 2 {l/ 




<? 2 \|) 




dip 

dz 


+ *2t\ 


dy dz dy 2 u dz dy dz ‘ dy 2 j 

= (-^) 2 (~ ia ir) = ih Pi^ 


The results obtained can he represented by the formula 

[M h ,p l ] = iht klm p m (16.10) 

similar to formula (16.9). 
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It is a simple matter to obtain the commutators of the angular 
momentum components with the aid of formulas (16.9) and (16.10): 

[M x , M y ] = M X M U — lil v M x = M x (zp x — xp z ) — (zp x — xp z ) M x 

=M x zp x — M X xp z — zp x M x +xp z M x 

Taking advantage of the fact that M x commutes both with x and 
with p x , let us interchange the operators M x and x in the second 
term, and also the operators p x and M x in the third term. The re- 
sult is 

[ M x . My] = M x z p x — xM x p z — zM x p x + xp z M x 

= (M x z-zM x )p x — x(M x p z — p z M x ) 

A A A A A A A A A- 

= iKe xzv yp x —xihe xz ,jPy = ih (xp y — yp x ) = ihM z 

[we have used formulas (16.9) and (16.10); e xzy — e l32 = — 1). 
Performing a cyclic transposition, we obtain 

[M x , My] = ihM z , [My, M z ] = ihM x , [M z , M x ] = ihM y 

(16.11) 

or 

[M k ,M l ]^ihz klm M m (16.12) 

Finally, let us calculate the commutator of the operators M 2 
and M x . With a view to (15.10), we have 

[M2, M x ] = (M% + Ml + Ml) M x - M x (Ml + M\ + M\) 

= M% -f M\ M x -f M\M X -Ml- M X M\ - M X M\ (16.13) 

Taking advantage of the fact that M X M V — M y M x = ihM z [see 
(16. 11)], we transform the second and fifth terms as follows: 

M\M X ~ M X Ml = MyMyM X ~M X MyMy 

= My ( M x My - ihM z ) - (MyM x +ihM z ) M v ^-ih (M v M z +M z M y ) 

Using the relation M Z M X — M X M Z =■-- ihM y , we perform a similar 
transformation of the third and sixth terms: 

M\M X - M X M\ = M Z M Z M X - M X M Z M Z 
= M z (M X M Z + ihMy) - (M Z M X - ihM v ) M z --= ih (M Z M V + M„M z ) 
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Substitution of the expressions we have transformed into formula 
(16.13) makes the right-hand side equal zero. The same result is 
obtained for the commutators of the operators M 2 with M„ and M .. 
Hence, 

[M 2 , M x ] = 0, [M 2 , M y \ = 0, [M 2 , M z ] = 0 (16.14) 

We conclude from formulas (16.11) and (16.14) that only the square 
of the vector M and one of its projections onto the coordinate axes 
can be determined simultaneously. The other two projections are 
indeterminate (except when all three components are zero). Con- 
sequently. all that we can know about the vector M is its “length” 
and the angle it makes with a certain axis. The direction of the 
vector M, however, does not lend itself to determination. 

17. Eigenfunctions of the Coordinate and Momentum Operators 

Let us find the eigenfunctions of a coordinate operator. Since x — 
— x, Eq. (7.3) has the form 

m|v = zhjv (17.1) 

where x' is a real number, and ijv — r|v (x) is the eigenfunction 
corresponding to the eigenvalue of x equal to x . Let us write rela- 
tion (VIII. 6) for the argument x — x': 

(x — x) 5 (x — x') = 0 

Rem oving the parenthe ses, we obtain x8 (x — x') — x'6 (x — x') = 
= 0, whence 

x6 (x — x') — x'S (x — x') 

A comparison with Eq. (17.1) yields 

i|V (x) = 6 (x — x') (17.2 

This is exactly the eigenfunction of the operator x corresponding 
to x = x' . The spectrum of the operator x is obviously continuous. 

Let us evaluate the scalar product oi the functions 6 (x — x') 
and 6 (x — x"). Since the function 6 (x) is real, we have 

+oo 

(8 (x— z')|6 (x— x")) = j 6 (x— x') 8 (x — x") dx 

— oo 

This integral can be reduced to the form (VIII. 2) if we assume that 
6 (x — x') = / (x) and x" — a. According to (VI 1 1. 2), such an inte- 
gral equals / (a), i.e. 6 (x" — x'). Hence, 

(8 (x — x') ! 8 (x — x")) = 8 (x" — x') 
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This signifies that the functions (17.2) are normalized to a delta 
function [see (12.6)]. 

Let us expand the function (x) (here a is a state index) in the 
eigenfunctions (17.2) of the operator x. By (12.1), we have 

-foo +oo 

4a( x ) = ^ c (x') 4*- (x) dx' = ^ c (x') 8 (x — x‘) dx' = c (x) (17.3) 

— oo — oo 

The result obtained signifies that the psi-function in the coordinate 
representation is 4a (x) itself. We can arrive at the same conclusion 
by calculating the function c (x') by formula (12.7). The substitu- 
tion of x' for q yields 

4*00 

c (x') = <4* I 4a> = J 42' (z) 4a (z) dx 

— CO 

The delta function is real, consequently 4*' = 4x' = 6 (x — x'). 
Hence, 

4-oo 

c(x')= ^ 6 (x — x') 4 a (x) dx= l[5 a (x') 


Dropping the prime on x, we arrive at the relation c (x) — 4a (x). 

In a three-dimensional case, 4a = 4a (z, y, z) = 4a O’). and 
the eigenfunctions of the operator r equal 4 r' (r) = 6 (r — r') [this 
can be established by performing calculations similar to those that 
led us to formula (17.2)]. Expanding 4* into a series in the functions 
4r't w e get a result similar to (17.3): 

4a (z, y, z) = 4a W = j c (r') 4 r < dV 

= j c (r') 6 (r — r ') dV — c (r) = c ( x , y, z) (1 7.4) 

Let us write Eq. (7.3) for the momentum operator p x = — ihdldx : 

-^17 = ^4 

The following function is a solution of this equation: 

4 = Ce m) p * x 

The spectrum of the operator p x is obviously continuous. 


( 17 . 5 ) 
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Let us attempt to normalize the function (17.5) to unity. For 
this end, we shall try to evaluate the integral 

-f oo +oo -foo 

J I Ce (i ' h)p x x \*dx= J \C\*dx=\C\ z J dx 

— oo — oo — oo 

At any value of C 0, the integral will be found to diverge (it 
becomes equal to infinity). It is therefore impossible to normalize- 
the eigenfunctions of the operator p x to unity. It was already noted 
in Sec. 12 that the result we have arrived at is general for all eigen- 
functions with a continuous spectrum. In this case, normalization, 
to the delta function is performed. 

Let us calculale the scalar product of two functions of the form, 
of (17.5): 

+00 

(Vp£ I ^pj) = [ c* exp ( — jr pix) • C exp (-j pix) dx 

— oo 

+0O ^ f 

— C*C ^ exp xj dor 

— oo 

Interchanging the roles of k and x in (VIII. 12), we obtain the for- 
mula 

+ 00 

J e ihx dx=2nb(k) (17.6). 

— oo 

According to this formula 

+ oo 

J exp ( i x) dx = 2n6 = 2rt/i6 {p" x - p' x ) (17.7> 

— oo 

[we have taken advantage of the property (VIII. 7)). Hence, 

<^Pi I !fp£> = C*C ■ 2nhb {pi — p‘ x ) 

We thus conclude that for the function (17.5) to be normalized to- 
the delta function, we must assume that | C j equals 1/(2ji h) 1 ! 2 *. 
Since the psi-function is determined to within the phase factor e ia , 
we must consider C to he real and equal to 1/(2 jiA)V 2 . 

Therefore, the eigenfunctions of the momentum operator normal- 
ized to the delta function equal 

( x) = (2jih)- l /2e (i,h) p * x 


(17.8), 
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It is not difficult to see that the eigenfunctions of the operator p 
normalized to the (three-dimensional) delta function have the form 

i|) p = (2nh)~ 3 / 2 pr (17.9) 


18. Momentum and Energy Representations 

Assume that we have the psi-function i]i a (x) of a slate a in a 
coordinate representation (in the ar-representation). Let us find the 
expression for the same function in a momentum representation 
(in the p^-representation). In this case, we must assume in formulas 
■(14.35) and (14.34) that a — x and b = p x . The result is 

+ oo 

c(Px) = [ S (p x , x) c (x) dx (18.1) 

— oo 
+ 00 

S(p x ,x)= J ^*p x 00 ^ OO d *' (18.2) 

— oo 

[we have designated the integration variable by the symbol x' to 
avoid confusing it with the variable x which S ( p x , x) depends on]. 
By (17.8), (x') = (2ji/j) - 1 /-V the function if* (x') — 

— b (x — x). Consequently, 

+°° 

S(p x ,x)=-.( 2nh)- 1 '* f e _(i/,l) p * x> 6 (x' — x) dx' — (2nh)~ l/2 VxX 

J 

— oo 

Using this expression in (18.1) and taking into account that by (17.3) 
we have c (x) = if a (x), we obtain 

+ oc 

c a (p x )~(2nh)~^ 2 ^ e~ u/h) p * x ty a (x) dx (18.3) 

— oo 

(we have used the subscript a on c to stress the circumstance that 
this function describes the same state as if a ). This result can also 
be obtained with the aid ol formula (12.7), substituting p x for q 
in it. 

Formula (18.3) is written in a three-dimensional form as follows: 

c a (p) = (2 nh)~ 3 ' 2 j «-«/»> pr if a (r) dV (18.4) 

(the integral is evaluated over the entire infinite volume). 

Formula (18.3) gives the transformation from if a (x) (i.e. the psi- 
function in the coordinate representation) to c a (p x ) (i.e. the psi- 
function in the momentum representation). The inverse transforma- 
tion (i.e. the transformation from the momentum representation 
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to the coordinate one) can be obtained by expanding ij' a (x) by the 
eigenfunctions (17.8) of the operator p x : 

+ oo 

'l’«(*) = (2n»)- 1/ 2 j c(p x )e {i,h)v * x dp x (18.5) 

— oo 

A comparison of formulas (18.5) and (18.3) leads us to the conclu- 
sion that they are in essence (within the insignificant factor h) 
direct and inverse Fourier transforms [see Vol. 1, formulas (XIV. 21) 
and (XIV. 22)). We can therefore say that the function c (p x ) is the 
Fourier image of the function i)5 a (x). 

Introducing the function ifV ( x ) — 6 (^ — x') into formula (18.3), 
we obtain the eigenfunction of the coordinate in the momentum 
representation (for a value of the coordinate equal to x'): 

+ 00 

c x' (Px) — {2nh )~ 1/2 £ e~ (,/n)PxX 8(x — x')dx 
— 00 

= (2ji^)- 1 /2e-ww*'p* (18.6) 

This formula differs from (17.8) in that p x and x have exchanged 
roles; in addition, the sign of the exponent has changed. 

Now let us take the eigenfunction of the momentum operator 
(x) corresponding to the value p x = p' x as i|: a (x). 
Substitution of this function into (18.3) yields 

+ 00 

Cp’ x (Px) = (2nh)- 1 ' 2 f exp ( --L Px xj [(2jiA)-‘/ 2 exp (-}-p x x)]dx 

— oo 

+ O0 

— (2 nh)~ l ^ exp (pi — p x ) x ~\ dx — (2nh)~ l 2nh8 (p' x — p x ) 

— oc 

[see (17.7)1. Hence, with a view to the fact that 8 ( — x) = 8 ( x ), 
we obtain 

Cp^(Px)^^(Px — Px) ( 18 - 7 ) 

[compare with (17.2)]. 

Consider the psi-function in the energy representation. Assume 
that the Hamiltonian H has a discrete spectrum of eigenvalues: 
Ei, E 2 , .... Let us designate the relevant eigenfunctions by 
^•(E), ijjtE), .... We expand rj) a (x) into a series in these functions: 

m 
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According to (14.1), the coefficients are determined by the expres- 
sion 

+ 00 

c m ) = <H'm ) l 1 ) J a>= J (*))* (*) dx (18.8> 

— OO 

The set of coefficients is the psi-function of state a in the energy 
representation. In the Dirac notation 

c nf> — (E m | a> (18.9 

(compare with (13.12)]. 

Now let us establish the form of the operators x and p x in the 
p-representation. We know [see (15.1) and (15.7)1 that in the 
^-representation these operators have the form 

x = x, p x = — ifr ~ (18.10). 

We shall proceed from formula (7.14) for the mean values of physical 
quantities. For one dimension, this formula is written as 

+ °o 

(q) — i]>* (x) (x) dx (18.11) 

— OO 

We remind our reader that when using this formula, we must take 
the psi-function and the operator in the same representation. The 
result (i.e. the value of (q)) does not depend on the form of the repre- 
sentation. 

By formula (12.3), we have 

+ 00 -f OO 

(Px) = J I c(Px)\ 2 Pxdp x = J [c (p*)]* p x c {p x ) dp x 

— 00 **- OO 

On the other hand, by formula (IS. 11), we have 

+ oo 

(Px)= j [c (Px)]* P x c (Px) dp x 

— oc 

where p r is the momentum operator in the p-representation. A com- 
parison of the last two expressions for (p v > shows that the action of 
the momentum operator in its eigenrepresentation on c ( p x ) consists 
in multiplication of c (pj by p x so that 

P* = Px (18.12) 

Similarly in a coordinate representation, x = x 
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The mean value of the coordinate x is determined in the coordinate 
representation by the formula 


+ oo 

<x) = ^ i}:* (x) anj; ( 2 ) dx 


— 00 


(18.13) 


■and in the momentum representation, by the formula 


(x) = 


+ 00 

J c* (p x )xc (p x ) dp x 

— 00 


(18.14) 


■where x is the coordinate operator in the momentum representation. 
We shall show that if we assume 


x = ih 


d 

dPx 


(18.15) 


expression (18.14) transforms into (18.13), i.e. we obtain the correct 
value of (x). 

Let us introduce expression (18.3) for c ( p x ) and expression (18.15) 
for x into (18.14): 


+ 00 +00 

<£>= J {(2^)-‘/2 J e Wh)»,»^ (g ) d gJ 

— OO — OO 


+ 00 


X ih {(2nh)- 1 / 2 ^ e“ (!/?0 p ^ T1 rj> (rj) dr]} dp x 


Recall that if>* (|) and 1 }) (t|) are psi-functions in a coordinate repre- 
sentation. To avoid confusion, we have designated the integration 
variable in the expression for c* ( p x ) by the letter E, and in the 
expression for c (p x ) by the letter rp Let us perform differentiation 
with respect to the parameter p x in the integral over the variable rj. 
As a result, the factor — ix\!h will appear, which together with ih 
gives t). Now we shall write the expression obtained as follows: 

+ 00 +00 +00 

<*>“- 3 jt j j ♦ fa) 1*1 j ex P [* -x-(5 — 1 )] d(pjh) 

— 00 —00 —00 

By (VIII. 12), the integral over the variable pjh equals 2nd (£ — T]). 
Hence, 

+ 00 +00 +00 

<*>= J (£)<*£ j ffa)Tj6(i — T])cfri= j rj>* (D £ij> (£) dl 
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which differs from expression (18.13) only in the designation of the 
integration variable (| instead of x). 

We have thus proved that the coordinate operator in the momen- 
tum representation has the form of (18.15). In the three-dimensional 
form, this operator is determined by the expression 

r = ih Vp (18.16) 

(the subscript p signifies that differentiation is performed over 
Px, p y , p z ). In the coordinate representation, 

p = v r (18.17) 

A comparison of (18.16) with (18.17) shows that when we go over 
from one of these formulas to the other, p and r exchange roles, 
as it were. In addition, these formulas differ in the sign [compare 
with (17.2) and (18.7)]. 


19. Eigenvalues and Eigenfunctions 
of the Angular Momentum Operator 

In Sec. 17, we found the eigemuuctions of the coordinate and 
momentum operators and established that these operators have 
continuous spectra of eigenvalues. The energy operator H includes 
the potential V as an addend [see (15.4)]. Therefore, the form of 
the eigenfunctions and the spectrum of the energy values depend 
on the nature of the force field in which a particle moves. In the 
following, we solve the problem of finding the eigenvalues and eigen- 
functions of the energy operator for some typical force fields. In 
the present section, we shall find the eigenvalues and eigenfunctions 
of the operator of the angular momentum projection onto a direction 
that we shall call the z-axis, and of the operator of the square of the 
angular momentum. 

We shall conduct our treatment in spherical coordinates. Let us 
write Eq. (7.3) for M z , taking (15.11) into account: 

= (19.1) 

The following function will be a solution of this equation: 

^ = Ce i ( *V h) * (19.2) 

For this function to be single-valued, the condition i[> (<p -f 2 ji) = 
= (<p) must be observed, i.e. 

e xp[j^(tp + 2 ^)] = e xp (t ~x-«p) 
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This condition will be satisfied if we assume that M. = mh, where m 
is a positive or negative integer, or zero. Consequently, M z can take 
on only discrete values: 

M z — mh (m — 0, ±1, ±2. . . .) (19.3)- 

so that the operator M z has a discrete spectrum. For reasons that 
will be revealed on a later page, m is called the magnetic quantum 
number. 

Introducing M z = mh into (19.2), we obtain the eigenfunctions- 
of the operator M z : 

\j: m = Ce im v (19.4) 


Let us normalize these functions to unity. The square of the magni- 
tude of \j: m equals |C| 2 . Consequently, 


2 it 2 a 

91>mltm>=J TmTrn d< f = ] |C | 2 d(p = 2jl \C | 2 


This expression shows that for the function (19.4) to be normalized' 
to unity, we must assume that C = (1 /]/ 2n)e ia . Omitting the phase 
factor e ia , we obtain the following expression for the normalized 
eigenfunctions: 

ij) m = (2it)“ 1/2 e imlf (19.5). 

It is not at all difficult to verify that the functions (19.5) are mutual- 
ly orthogonal so that the following condition is observed for them: 

2ji 

(19.6> 

0 


Now let us turn to the eigenvalues and eigenfunctions of the op- 
erator M 2 . Substitution of expression (15.12) for the operator into. 
Eq. (7.3) yields 



1 


sin ft 

dd V 


sin 


V d$ ) 


1 




sin 3 It dtp 


| ] = M 2 !) 1 


Dividing this equation by h 2 and transferring all terms to one side- 
of the equation, we arrive at a differential equation of spherical 
functions [see formula (II. 1)] 


1 8 

sin •& dh 



sin 2 d 


d 2 tp 

dtp 2 


at = 0 


(19.7) 


in which the parameter a = M 2 !h 2 . 
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It is shown in Appendix II that the eigenvalues of the parameter a 
ere 

«=-F- = *(* + D (* = 0,1,2,...) (19.8) 

'(see (11.37)], while the following spherical functions are the eigen- 
functions: 

w+|m| 

2 7 =- 1/ ■ • (”■ »> (*8.9) 

[see (11.35)]. 

Examination of the condition (19.8) shows that the square of the 
angular momentum has a discrete spectrum: 

m* = nn (i + 1 ) (i - o, i, 2 , . . .) (19.10) 

The quantum number 2 is known as the azimuthal (or orbital) quan- 
tum number. To each eigenvalue of the square of the angular momen- 
tum (i.e. to each value of 2 ) there correspond 22 -f- 1 different func- 
tions Y lm differing in the values of the magnetic quantum number m. 

The function (19.9) can be written as where C$ is a coeffi- 

cient depending only on ft. Hence, it is a simple matter to conclude 
that the functions Y lm satisfy Eq. (19.1), i.e. are simultaneously 
eigenfunctions of the operator M z . The functions Y lm are non-zero 
only when \m\ <1 2 [see the text following formula (11.28)]. There- 
fore, the operators M z and M 2 have non-zero eigenfunctions at 

2 = 0 , 1 , 2 t . . . 

m = -l, -2-1-1, . . ., - 1 , 0, 1, . . ., 2 - 1, 2 (19.11) 

The azimuthal quantum number 2 determines the magnitude of 
the square of the angular momentum by formula (19.10), and the 
magnetic quantum number m determines the projection of the angu- 
lar momentum onto the z-axis by formula (19.3). We must note 
that there can never be values of M 2 and M, other than (19.10) and 
(19.3). Consequently, the angular momenta of macroscopic bodies 
also obey the rules (19.10) and (19.3). True, owing to the smallness 
of h y the discreteness of the angular momenta of macroscopic bodies 
is virtually not detected, in the same way as owing to the smallness 
of the elementary charge e, the discreteness of macroscopic electric 
charges is not detected. 

In concluding, we shall give the expressions for several first 
functions Y , m determined by formula (11.35): 

y 00 = i/K^r, 

Y i0 = y 3/4xi cos ft, Fi, ± i = V 3/8xi sin Oe ±i< *’ 

Y 20 = ]/ 5/16jt (3 cos 2 ft — 1 ), Yz, ±i = + V 15/8xc sin O' cos fte ±i,p 

Yz, ± 2 ~J^ 15/32n sin 2 (19.12) 
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20. Parity 

Parity is a purely quantum-mechanical quantity having no 
classical analogue. To arrive at the concept of parity, let us consider 
the behaviour of the psi-function upon the inversion of the coordi- 
nate axes. 

Inversion consists in reversing the direction of all the axes. It 
is not difficult to see that inversion transforms a right-handed coor- 
dinate system into a left-handed one and, conversely, a left-handed 
system into a right-handed one. Inversion results in the signs of all 
the coordinates changing and, consequently, the function { x , y, z) 

transforms into i}> (— x, — y, — z). This transition cau be considered 
as a result of the action of the inversion operator P on the psi-func- 
tion: 

i (—x, —y, — z) = A|> (a-, y , z) (20.1) 

By again acting with the operator P on relation (20.1), we obtaiu 
the initial function on the left, i.e. we arrive at the relation 

T (x, y, z) = P 2 ij; (x, y, z ) 

from which it follows that the square of the operator P equals 
unity. 

To determine the eigenvalues of the inversion operator, we must 
solve the equation 

Pi (x, y, z) — P’i- (x, y, z) (20.2) 

Let vis act on this equation with the inversion operator: 

P 2 v}- ( x , y, z) = PP \ () (a-, y, z) 

Taking into account that p- — i and Ap = Pv|), we obtain 

i (x, y, z) = P 2 i ( x , y, z) 

whence it follows that P 2 — 1, i.e. P — ±1. 

Hence, the eigenvalues of the inversion operator are -j-1 and — 1. 
With a view to this circumstance, we can write Eq. (20.2) as follows: 

Pi (x, y , z) = dbi|) ( x , y, z) (20.3) 

Finally, introducing the obtained value of /h|) into (20.1), we arrive 
at the relation 

ip ( —x, —y, — z) = ±vj) (x, y, z) (20.4) 

The quantity depicted by the operator P is known as the parity. 
The result we have obtained, expressed by formulas (20.3) and 
(20.4), signifies that psi-functions of states with a definite parity 


6-0196 
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value can be divided into two classes: (1) functions i|5 (+) that do not 
change when the inversion operator acts on them, and (2) functions 
%_) that change their sign when the inversion operator acts on 
them. 

The functions t|?(+) and satisfy the relations 

^<+> = %+>, H(-) = -^(-) (20.5) 

States corresponding to the functions %+) are said to be even, and 
those corresponding to the functions are said to be odd. The 
parity of a state described by the function ij) = -f c 2 %_> is 

indeterminate. 

Let us determine the parity of a state with the azimuthal quantum 
number l. In spherical coordinates, the operation of inversion means 
the substitution of it — ft for ft and <p -4- ji for <p. The cosine of ft 
changes its sign. The change in the sign of cos ft in formula (11.35) 
leads to the appearance of the factor (— 1)'+M [recall that P t (—x) — 
— (— 1 ) l Pi (x): see (11.21)1. In addition, transforms into 

e im.(<t+n) — ^ e iny* e im<p ( _l) m e”'*<i > . We finally obtain that in 
inversion, the spherical function (19.9) is multiplied by 

(__l)i+lm|+m _ ( 

Hence, states with even Z’s have a positive parity, and states 
with odd Z’s, a negative parity. 

In addition to the parity considered above, which is determined 
by the behaviour of the psi-function describing the motion of parti- 
cles in inversion, there also exists the intrinsic parity of particles 1 . 
For example, a proton, neutron, and electron have a positive intrin- 
sic parity, their antiparticles have a negative intrinsic parity, and 
all pi-mesons (it + , it - , it 0 ) have a negative intrinsic parity. 

The parity of a system of particles is evaluated as the product of 
the intrinsic parities of the particles in a system and the parity of 
the psi-function describing the motion of the particles. 


1 Similarly, in addition to the orbital angular momentum, particles have an 
intrinsic angular momentum— a spin. 
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21. The Time Derivative of an Operator 

In classical mechanics, the finding of the time derivative of a phys- 
ical quantity is associated with consideration of the values of the 
quanlity at two close instants. In quantum mechanics, however,, 
a quantity having a definite value at a certain instant no longer 
has a definite value at the following instant. Indeed, as we noted 
in Sec. 2, a dynamical characteristic of a microobject appears only 
as a result of measurement (this is what we called, for brevity’s 
sake, the interaction of a microobject with a macroscopic body). 
A measurement, however, results in an uncontrollable change in the 
state of the microobject. Therefore, measurements of a quantity 
performed for the same system in equal time intervals yield results 
that cannot be plotted on a smooth curve, but will occupy absolutely 
chaotic positions. 

It follows from the above that in quantum mechanics the classical 
concept of the time derivative of a physical quantity loses its mean- 
ing. But this concept can be applied to the mean values of physical 

quantities. Let us determine the time derivative Q of the quantity Q 
as a quantity whose mean value equals the time derivative of the 
mean value of the quantity Q. This definition can be written analyt- 
ically as follows: 

m <«>“!<«> < 2i -d 

Let us find an expression for the operator Q (the operator of the 
time derivative of the quantity Q) satisfying the condition (21.1).. 
By formula (7.14), we have 

<?> = j dV (21.2) 

(21.3) 

Let us differentiate expression (21.2) with respect to time, assum- 
ing that both the function i|) and the operator (7 may depend explicit- 
ly on t : 

-w<^=ir J WM* 


6 * 
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If the time were not contained explicitly in V; and Q , the integral on 
the right-hand side would he simply a number whose derivative 
with respect to t is zero. If the time is contained in the integrand 
explicitly, however, it plays the role of the parameter with respect 
to which differentiation is being performed. Consequently, 

-!■<?>= \°§f-Q$dV+\r-§-*dV+ dV (21.4) 

The Schrodinger equation (5.1) can be written as 

Hy=ihljL ( 21.5) 

whence 

4r- = — a < 21 -«) 

Taking the complex conjugate expression of (21.6), we obtain 

-^ = 4 -H*r (21.7) 

Let us replace the time derivatives of the psi-funeticn in the first 
and third integrals of formula (21.4) with their expressions (21.6) 
and (21.7): 

— (?) = \ j (A*r) Qi' dV+ j yp* -22- x p dV j W (?H) dV 

( 21 . 8 ) 

Owing to the Herrflitian character, the operator ff satisfies the condi- 
tion (8.13). Therefore, 

j (//*«|'*) <?<MF = j (<?r|i) dV= j (£i|>) dV 

(the’second integral is obtained by simply transposing the cofaclors). 
Performing such a replacement in the first integral of expression 
(21.8) and then combining all three integrals into a single one, we 
obtain 

**(t (21.9) 

Finally, let us introduce expressions (21.3) and (21.9) into the 
condition (21.1): 

j V Q^dV= j r faffQ+tiL-j-QHjqdV 
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It thus follows that 

Q=^+t(hq-qh)=^+±-ih, q\ ( 21 . 10 ) 

where [H, $1 is the commutator of the operators H and Q (see formu- 
la (10.22)1. 

A glance at (21.10) shows that if the operator Q does not depend 
explicitly on the time and, in addition, commutes with the Hamilto- 
nian, we have Q = 0, and, consequently, the mean value of the 
quantity Q remains constant: (q) = const [to verify this statement, 
formulas (21.3) and (21.1) must be considered!. Quantities having 
such a property are said to be conserved. 

In Sec. 31 of Vol. 1, we obtained the following expression for the 
time derivative of the function f ( q h , p h , t) of the canonical vari- 
ables q k , p k and the time t [see formula (31.5) of Vol. 1J: 

-§=!+<*./> <2i-n> 


where 


<»./>= 2 ( 


(. 

dH 

df 

df 

dH 

{ 

dPh 

dqh 

dPh 

dqh 


is what is called the Poisson bracket for the functions f and H 
(here H is a Hamiltonian function). 

Formulas (21.10) and (21.11) are similar in appearance. For this 
reason, the expression 

{//, <?} = JL[tf, -QH] (21.12) 


is called the Poisson quantum bracket. 

Let us find an expression for the operator of the velocity of a 
particle, limiting ourselves for simplicity to one dimension. By 
(21.10), we have 

Vx = * = ^+±(Hx-xH) = -L(Hx-xH) 

(recall that x = x). Introduction of the expression for H leads to the 
formula 


x — 



h 2 a 2 

2 m 0 dx 2 


-f- U (x) J x — x £ 


n 2 a 2 | 

2 m.„ dx 2 ' 


Elementary calculations show that 


a 2 

dx 2 


(an)’) — a: 


d 2 ty 
dx 2 


2 


dip 

dx 


U(x)]} 
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Consequently, 


Hull co, 


x = ±( 

n \ 2 m 0 ) Z dx ~ 


ih d P x 

m 0 dx m Q 


V x = X — 


Px 

T7ln 


In three dimensions, we have 


( 2 1 . 1 .' 5 ) 


v = 


P 

m 0 


(21.14) 


We see that the relation between the velocity and momentum 
operators has the same form as that between these quantities them- 
selves in classical mechanics. 

Now we can find the operator of the acceleration of a particle. 
By (21.10) and (21.13), we have 


* = £ + T ^ - TiST ~ P * &) 


i 

hm. 


Hm c 




1 dU 
dx 


Hence, 


x~ 


1 dU 
m a dx 


(21.15) 


or for the three-dimensional case 


v — 


m 0 


vu 


(21.16) 


The operator equation we have obtained coincides in form with 
the equation of Newton’s second law in classical mechanics. 


22. Time Dependence of Matrix Elements 

For stationary slates, the time dependence of the psi-function is 
determined by an exponential factor [see formula (5.6)]: 

tj> n (x, z - *) = t P n (*> y. s)e- t l E nlW 
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Let us introduce this function into expression (9.9) determining 
the matrix elements of the quantity Q: 

f dV 

If the operator Q contains no time derivative, the exponent can 
be put outside the operator symbol. The result is 

Qmn(t) = eWm-B n Mt [ ( p^ ( p T1 # = e'“ mn %„ 

where 

aw— — (22.1) 

is a quantity known as the transition frequency between the states m 
and n, while 

<?mn= j <QVndV (22.2) 

is a time-independent matrix element. When the time dependence of 
the matrix elements is immaterial, only matrices with the elements 
(22.2) are considered. Particularly, we proceeded in this way in 
Sec. 9, using the letter T for the function cp„ ( x , y, z). 

Hence, 

Qmn (0 = e tu> mn l Q mn (22.3) 

Let us write expression (9.25) for the mean value of the quantity Q : 

(?>=ScW m »(f)f, (22.4) 

m, n 

(the coefficients cj, and c n determine i|>* and op of the state for which 
\q > is being calculated). 

The mean value of the quantity Q in the same state is deter- 
mined by expression (22.4) in which Q must be substituted for Q: 

<?>= 5 {Q) mn {t)c n (22.5) 

m , n 

and in the same way as for Q 

(Q)mn(t) = e^(Q) mn (22.6) 

Isee (22.3)1- 

Let us differentiate expression (22.4) with respect to t, remember- 
ing that and c„ are numbers: 

-^r <7> — 2 C ™[*5T Q mn W] c 

m, tl 


(22.7) 
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In the preceding section, we determined the derivative of a physical 
quantity with the aid of relation (21.1), i.e. assuming the quantities 
(22.5) and (22.7) to be equal. Consequently, the following equality 
must be observed: 

(Q)mn(t) = ±Q mn (t) (22.8) 

A matrix element of the quantity Q is on the left, and the time 
derivative of a matrix element of the quantity Q is on the right. 
Willi a view lo formula (22.3), we find that 

( Q)mn (0 — i®mne iu> ' nni Q mn ~ mnQmn (U 

Finally, introducing expression (22.6) for (Q) mn ( t ) into the left- 
hand side of the relation obtained and cancelling the time factor 
on both sides, we arrive at the formula 

(Q)mn ~ i^mnQmn (22.9) 

Using relation (21.1) twice, we can write that 

-■£(-*■ <<»)-&■«» < 22 -«> 

Double differentiation of expression (22.4) with account taken of 
(22.3) yields 

*^-<?>=2 W] C »= 2 &l~<» 2 mnQ m n(t)]c n (22.11) 

m, n m, n 

At the same time, 

<V> = I c* m (Q) mn (t)c n (22.12) 

m, n 

(compare with (22.4) and (22.5)]. 

By (22.10), expressions (22.11) and (22.12) equal each other. 

Hence, 

(Q)mn (t) — — tomnQmn (0 (22.13) 

or, after cancelling the time factor, 

(Q) m n=-<* 2 mnQmn (22.14) 

Formulas (22.9) and (22.14) allow us, if we know the matrix of 

the quantity Q, to find the matrices of the quantities Q and Q. Recall 
that all the calculations have been performed assuming that the 

state in which (q), (q), and < q ) were determined is stationary. 



Chapter V 


MOTION OF A PARTICLE IN FORCE FIELDS’ 


23. A Particle in a Central Force Field 

The potential energy of a particle in a centrally symmetric force- 
field depends only on the distance from the particle to the force- 
centre: U — U (r). Consequently, the Hamiltonian of the particle 
has the form 

a 2SrV" + C(r) <23.1> 

To avoid confusing the mass of a particle with the magnetic quantum 
number m, we have designated this mass by m 0 . 

Owing to the central symmetry of the force field, it is expedient 
to solve the problem in spherical coordinates. An expression for 
the Laplacian operator V 2 in spherical coordinates is given in Appen- 
dix XI of Vol. 1 [see formula (XI. 88)]. Substituting this expression 
into (23.1), we obtain 


h 2 

rjL d 


. 1 _ 

d 

2trq 

t r 2 dr 

V dr ) 

1 r 2 sin tt 



+ <23 - 2 > 


A comparison with expression (15.12) shows that the second and 
third terms in braces are identical with the operator of the square- 
of the angular momentum M 2 divided by — ?j 2 r 2 . Therefore, the 
Hamiltonian (23.2) can be written as follows: 


H = 


h* 


2m 0 r 2 


d 

dr 


) 


M 2 


2 m 0 r 2 


U(r) 


(23.3) 


H is not difficult to see that the operator (23.3) commutes both with 
the operator M 2 and with the operator M z . Indeed, the sum of the 
first and last terms of expression (23.3) is the operator Q (r, didr) 
that contains only r and dldr and does not contain the angles cp, 
nor derivatives with respect to the angles. We can thus write that. 




2ro 0 r 2 


M 2 



90 


quantum mechanics 


The operator M 2 contains only the angle ft and derivatives with 
respect to the angles ft and cp. Therefore, M 2 commutes with Q ( r , d/dr) 
and does not act on the factor 1/r 2 . It thus follows that M 2 commutes 
with the operator (23.3). 

The operator M z contains only the derivative with respect to 
the angle cp [see (15.11)]. It therefore commutes with the operator 
Q ( r , d/dr) and does not act on the factor 1/r 2 . In addition, M z is 
known to commute with the operator M 2 [see formula (16.14)]. It 
follows from this that M z also commutes with the operator (23.3). 

Hence, the operators M 2 and M z commute with the operator H 
of a particle in the field of central forces. This shows (see Sec. 10) 
that such a particle can simultaneously have definite values of the 
energy, the square of the angular momentum, and of the projection 
of this momentum onto the selected direction z. By formulas (19.3), 
(19.10), and (19.11), the square and the projection of the angular 
momentum can have the values 

M* = m (l + 1) (l = 0, 1, 2, . . .), (23.4) 

M z — mh (n. — —l, —l - f 1, . . ., —1,0, -+1, . . ., I — 1, Z) 

(23.5) 

To find the values of the energy of a particle, we must solve the 
equation 

+ < 23 - 6 > 

[see (7.3) and (23.3)]. We shall try to seek the solution of this equa- 
tion in the form of the product of two functions, one of which depends 
only on r, and the other only on the angles ft and cp: 

i|j (r, ft, cp) — R (r) • Y (ft, cp) (23.7) 

Substitution of expression (23.7) into Eq. (23. 0) yields 

We have written the symbol of the total derivative with respect 
to r because the function R depends only on r. Recall that the oper- 
ator M 2 does not contain differentiation with respect to r. 

Multiplying the relation obtained by r 2 /RY, we reduce it to the 
form 

(23.8) 

We can see that the introduction of (23.7) resulted in separation of 
the variables: the left-hand side of relation (23.8) contains only 
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the variable r, and the right-hand side only the variables ft and cp. 
Relation (23.8) must be observed at any values of the variables r, 
■ft, <p. This is possible only if the right-hand and the left-hand sides 
of the relation are separately equal to the same constant quantity C. 
Consequently, instead of Eq. (23.8) we can write two equations: 

-£tllr(r^)+r‘lE-Umii-Clt = 0 (23.9) 

WY = 2m 0 CY (23.10) 

Equation (23.10) belongs to the type of (7.3). The eigenfunctions of 
the operator M 2 , i.e. the spherical functions Y lm (f>, rp) [see (19.9)1 
are its solutions, and the quantities (19.10) are its eigenvalues. 
Therefore, the constant C must satisfy the condition 

2 m„C = (l +1) (l =-- 0 , 1 , 2, . . .) 

whence 

C = (HV2m 0 ) l (l 4 - 1) (Z = 0,1,2,...) (23.11) 

Thus, the angular part of the psi-function (23.7) coincides with 
the eigenfunctions of the square of the angular momentum. 

In accordance with the properties of the solution of Eq. (23.10), 
we shall be interested only in the solutions of Eq. (23.9) that are 
obtained at the values of C determined by formula (23,11). We 
therefore rewrite Eq. (23.9), replacing C in it with its value from 
(23.11): 

TSrl( r2 f-) + r! I £ -- !/ M |fl -1K 7 Hl + QR = 0 

We transform this equation by differentiating with respect to r the 
expression in the first parentheses and dividing the entire equation 
by H s i2m,,. The result is the following differential equation for 7? (r): 

r 2 ^- + 2r^ + ^-[E-U(r)]R-l(l + l)R = 0 (23.12) 

To solve this equation, we must set the form of the function U (r). 
Hence, the radial part of the psi-function (23.7) is determined by 
the nature of t lie force field. The angular part, of the psi-function, 
however, does not depend on the form of V (r). It is determined by 
the values of the quantum numbers l and m, i.e. by the magnitude 
of the angular momentum and of its projection onto the c-axis. 

By solving Eq. (23.12), we can find the eigenvalues of the energy E 
and the functions R corresponding to them. These functions depend 
on the quantum number l and, consequently, must be written in the 
form R] (r). Hence, the solution of Eq. (23. 0) is 

i )3 (r, ft, <p) = R, ( r ) Y lm (ft, <p) 


123.13) 
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Superposition of functions of the form of (23.13) will be the most 
general solution of Eq. (23.6): 

r|)(r, ft, <p)= S C^R^r) Y lm ($, cp) (23.14> 

l, m 

Equation (23.12) does not contain the quantum number m. Con- 
sequently, the values of E do not depend on m. This signifies that 
states with different values of m (there are altogether 21 4- 1 such, 
values) have the same energy. This phenomenon is known as degen- 
eracy. Therefore, for a particle in a central field of forces, degeneracy 
occurs with respect to 1 he quantum number in, the degree of degener- 
acy being 2/ 1. 

Degeneracy with respect to m is due to the spherical symmetry 
of the force field. Owing to this symmetry, the energy does not 
depend on the orientation of the angular momentum in space, i.e. 
on the magnitude of its projection onto an arbitrarily chosen direc- 
tion. 

It is customary practice to designate states having different values 
of the angular momentum (i.e. different values of the quantum 
number I) by Ftoman letters: 

value of l 01234567... 

symbol of state s p d. / g h i k ... 

Let us see how the radial function Rj (r) behaves near the origin 
of coordinates and at very great distances from the force centre. 
It will be more convenient to do this by writing the function as 

Ri(r)-±x(r) (23.15) 

(to make our notation simpler, we shall not w'rite the subscript l 
on 7). Substitution of expression (23.15) into (23.12) yields the 
following equation for 7 (r): 

-^-f [-^(5 — f/)--^±^-]x = 0 (23.16) 

This equation is simpler than Eq. (23.12). This justifies the repre- 
sentation of the radial function in the form of (23.15). 

We must note that Eq. (23.16) coincides formally with the Schro- 
dinger equation for the one-dimensional motion of a particle in a 
force field: 

U,(r) = U(r) + ^- lil ±$ . (23.17) 

Here the term 

h* 1(1 + 1 ) _ 

2 m 0 r- 2m 0 r 2 

can be called the centrifugal energy. 
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Let us first establish the form of the radial function at very small 
r's. Assume that the potential energy near the origin of coordinates 
behaves so that 

lim U (r) r 2 = 0 (23.18) 

r -*-0 


This condition, particularly, is observed for a particle in a Coulomb 
field, i.e. in a field of the form U =■ air. 

Examination of (23.18) reveals that U (;•) grows at a slower rate 
than 1/r 2 when r shrinks to zero. For this reason in Eq. (23.16), we 
may disregard the term 2 m n ( E — U)ih 2 in comparison with the 
term l ( l + l)/r 2 . Hence, at small r’s, the function ^ (r) is a solution 
•of the equation 


dr 2 


1(1 + 1 ) 
r 2 


x = 0 


'(23.19) 


The circumstance that the coefficients of the equation are propor- 
tional to 1 and 1/r 2 suggests the idea of trying to seek the solution 
in the form of % ~ C r \ where C is a constant and s is an integer. 
Substitution of this expression into Eq. (23.19) results in a quadratic 
equation for s: 

s (s — 1) = l (l + 1) 

The roots of this equation are 

s — l -)- 1 and s — — l 

The second root cannot be used because when s — — l we find that 
R oc r~C +1) and, consequently, at any l the function R would become 
equal to infinity at r = 0 (recall that l O 0). Hence, near the origin 
of coordinates, x ^ r I+1 , and the radial function is determined by 
the formula 

R (r) - Or 1 (23.20) 

Now let us establish the form of the radial function at very great 
r’s. If, as is usually done, the value of the potential energy at infinity 
is taken equal to zero, we have 

lim U (r) — 0 (23.21) 

r-+oc 

Therefore at large r’s, the term —2m 0 Ui!h 2 in Eq. (23.16), as well 
as the term l (l -{- 1) %/r 2 , may be disregarded in comparison with 
2 m a Ex/h 2 . The equation will now become simplified as follows: 

-0- + * 2 X = 0 (23.22) 


k 2 


2 m 0 E 
K 1 


where 


(23.23) 
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The general solution of this equation is 

y = A 1 e ihr 4 A 2 e~ ikr (23.24) 

Accordingly, the asymptotic (at r -a- oo) expression for R { r ) is 
determined by the formula 

/?«(r) = ^i-~ + i4,^ - (23.25) 

When the energy E is positive, the parameter k will be real. There- 
fore, (23.25) is a superposition of a diverging and converging spherical 
waves. If we demand that R t ( r ) be real, the function (23.25) for 
E > 0 can be written as 

R, ( r ) - l + (23.26) 

Hence, at very small r s, the asymptotic expression of the radial 
function is detennined by formula (23.20). while a* very larse 
and »t *•' by .Tbiilrh.'-i ii/ush mui 2iifc~ Cnest a-ympt ot- 

ic expressions do not depend on the form of the function V (r). It is 
only essential that this function satisfy the conditions (23.18) and 
(23.21). 

The asymptotic form of the function R (?) at very large r’s and! 
at E <1 0 will be considered in the following section. 

24. An Electron in a Coulomb Field. The Hydrogen Atom 

A Coulomb field is a central one. Therefore, all the results obtained 
in the preceding section also relate to the given problem. Limiting 
ourselves to attraction, we can write the potential energy of an 
electron as ( 



where e is the elementary charge, and Z is an integer. When Z = l r 
expression (24.1) is the potential energy of an electron in a hydrogen 
atom, when Z > 1, it is the potential energy of an electron in a 
hydrogen-like ion. We must note that the function (24.1) satisfies 
the conditions (23.18) and (23.21). 

Substitution of the function (24.1) into (23.12) yields the equation 

r2 ^ + 2r ^ + ^W-[ E + -—]*-/(* + !)* = 0 (24.2) 

(m e is the mass of an electron). To get rid of the cumbersome coef- 
ficients in this equation, it is customary practice to go over to what 
we call atomic units of physical quantities. 

In atomic units, it is assumed that m e = 1 , e = 1 , and h — 1* 
Combinations of m e , e, and % having the relevant dimension are 
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taken as the units of other quantities. For instance, the unit of length 
is the quantity 

'■•-t£t = 0.529 a (24.3) 

coinciding with the Bohr radius (the radius of the first. Bohr orbit). 
The unit of energy is 

= = 7.2 eV = 2 rydbergs 1 (24.4) 

The unit of time is 


fo 


ft* 

m e e 


r = 2. 7 i2 X 10“ 17 8 


(24.5). 


and so on. 

Let us perform the following substitutions in Eq. (24.2): 


r — r oP 


ft 2 

m e e 2 


P. 


E — E 0 e 


m e e* 

ft 2 


e 


(24.6) 


We shall take into account here that, as follows from (24.6), we have 
r (d/dr) = p (d/do) and r 2 (d 2 /dr 2 ) = p 2 (d 2 'dp 2 ). These substitutions 
yield 


P 2 


d*R 

dp 2 


■f 2p 


dR 

dp 


2 ”g - *- p - Eoe + i? - f (l + 1) /? = 0. 


Taking into account the values of r 0 and E 0 and dividing the equation 
by p 2 , we finally obtain 


dtR , 2 dR 
dp 2 p ip 



Aii+H-lfl-O 


(24.7). 


Recall that p is the distance from an electron to the force centre 
measured in the units (24.3), and t is the energy of the electron 
measured in the units (24.4). 

We must note that if in Eq. (24.2) we assumed m e , e, and h to be 
unity, and substituted p for r and e for E, we would also arrive at 
Eq. (24.7). 

We established in Sec. 23 that at very small values of r, the radial 
function is proportional to r l [see (23.20)]. Accordingly, 

R (p) oc p 1 when p-vO (24.8) 

At very large values of p, we may drop all the terms in Eq. (24.7) 
that contain p or p 2 in their denominator (owing to the standard 


1 The rydberg (Ry) is defined to be a unit of energy equal to the energy of the- 

ground state of a hydrogen atom taken with the opposite sign. 
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conditions, dR/dp must be finite; see the end of Sec. 6). Equation 
.(24.7) thus becomes simplified as follows: 


d 2 R 


dp 2 


2eR — 0 


(24.9) 


This is a well-known equation. Its solution depends on the sign 
•of the energy e. It was established in Sec. 11 of Volume 1 that when 
e > 0, the motion of a particle in a field of central forces of attraction 
is infinite, and when y <Z 0, it is finite. The same relation also holds 
in quantum mechanics. We shall be interested only in bound states of 
an electron, i.e. in finite motion. Let us therefore consider the case 
when e < 0. We shall introduce the notation 


a* 


Equation (24.9) will now be written as 


d 2 R 

dp 2 


a 2 R = 0 


( 24 . 10 ) 


The general solution of such an equation is 

R (p) = Ae~“P + Re a P 


To satisfy Ihe standard conditions (R must be finite everywhere), 
we must assume that R 0. Hence, the behaviour of R (p) at very 
great distances from the force centre is shown by the function 

R (p) = Ae~ a P (24.11) 

The function 

R (p) — e~ ap p l 2 a^p* (24.12) 

A— 0 

will behave as required both! when p ->- 0 (because of the factor p l ) 
and when p-v cc (because of the factor e~“p). We shall therefore 
seek the solution of Eq. (24.7) in the form of (24.12). We meanwhile 
leave an indefinite number of addends in the sum. We write expression 
(24.12) as follows: 

R(p) = e~ a » 2 a h p' !+l (24.13) 

Differentiation of this function with respect to p yields 

= ae~ a P 2 a A p A+J -f e-w 2 (* + *) P*** - 1 

a=o h = o 


( 24 . 14 ) 



MOTION OF A PARTICLE IN FORCE FIELDS 


97 


Repeated differentiation leads to the expression 
-^- = a 2 e~“ p 2 a hP >i+l — 2cce~ a P 2 a k 0 P h+l ~ i 

fc = 0 fc =0 

P h+l ~ 2 (24. 15) 

ft =0 

Introducing expressions (24.13)-(24.15) into Eq. (24.7) and combin- 
ing similar sums [recall that by (24.10), we have a 2 + 2e = 01, 
we obtain the following relation: 

r*p{2'2[Z-«(HI + l)] a h p h + l ~ * 

h<= 0 

+ 2 !(* + /+ l)(k + l)-l(l+ 1)1 a ft p^-2)=0 

k—0 

For the obtained relation to be observed at any values of p, the 
coefficients at all the powers of p must be zero. An identical power 
of p is obtained if in the first sum we take the term with the number A, 
and in the second sum the term with the number A: -f- 1 . Consequently, 
at any k, the following condition must be observed: 

2[Z -a(A +1 +l)]c k -f [(A +l+2)(k + l+i) - 1(1 + 1)1 a h+1 

= 0 

Hence we obtain a recurrence formula for the coefficients a h : 

a 2 [a (fc-H + 1)— Z] , 

h+i (k + l + 2)(k + l+l) — l(l + l) (24.1b) 

With the aid of this formula, knowing the value of a 0 , we can cal- 
culate a lt then a 2 , etc. The value of a 0 is determined from the con-1 
dition of normalization of the psi-function. We must, note that to 
each value of a (i.e. of the energy) there corresponds its own set of 
coefficients a ft . 

At large values of k, we may disregard Z in the numerator and 
1(1- (-1) in the denominator of formula (24.16). The recurrence 
formula now becomes 

< 24 - 17 > 

Although relation (24.17) has been obtained for large values of A, 
we shall extend it to small values. Here we shall introduce.no appre- : 
ciable error into the values of the function (24.12) at large values of 
p because when p 1 the first terms of the series introduce a negli*- 
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gibly small contribution. Using formula (24.17) to consecutively 
calculate the coefficients, we obtain the following values: 

2a _ 2a 

a i~ i_j_ 2 a o— i + j + i fl o. 

2a . (2a)* 

1 + 2+2 0,1 (1 + 2 + 1 ) (2 + 2 + 1 ) a °’ 


_ (2a)* (2 + 1)1 (2a) 

* (1 + 2 + 1) (2+2 + 1) ... (ft+2 + 1) Uo_ (2a)i« (* + 2 + 1)1 


Hence, at large values of p with a high degree of accuracy, we have 


2 a *p h ~ 


(2 + 1)1 V (2a)^« n „ 
(2a)*+i ^ (*+1 + 1)1 " 

' ft = 0 


(2 + 1)1 
(2 a) ' +1 


p-U-H) ^ 

ft— o 


(2a)ft +z+1 
(* + 2 + 1)1 


pfc + i+ 1 


Let us introduce the notation s = k + 2 + 1. Therefore, 


2 a *p 

ft— 0 


ft _ (2 + 1)1 

~ (2a)2 +1 


p-a+o 2 

s=;+i 



The Maclaurin series for the function e 2 “P has the form 


(24.18) 


3—0 

In comparison with this series, the sum (24.18) lacks the first 2 + 1 
addends that play no appreciable role at large values of p. Con- 
sequently, within the constant factor (2 -4- l)!/(2a) i+l we can write 
that 

oo 

2 «ft p* OC p-d+l>e2ap 
ft= 0 

Substitution of this expression into formula (24.12) yields 
R (p) oc e -app l p-<.l+i)e 2a P = p-^ap 

This function becomes equal to infinity when p oo. We can thus 
arrive at the following conclusion: if the number of addends in the 
sum in expression (24.12) were infinite, the function R (p) would 
not satisfy the requirement of being finite at any distance from the 
force centre. Hence, R (p) will satisfy the standard conditions only 
if the series 2 a ftP* terminates at a term with the number n T . For 
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this to occur, it is necessary that the coefficient u h with the number 
« r + 1 be zero. As a result, owing to the recurrence formula (24.16), 
all the following coefficients will also be zero. 

Assume that a Ur ^ 0, and a„ r+1 = 0. This will occur if at k = n r 
the numerator in formula (24.16) vanishes. This condition is written 
analytically as follows: 

a {n r + l + 1) -Z = 0 (24.19) 


Recalling that the constant a is associated with the energy of state 
by the relation a- — — s [see (24.10)], we obtain the energy values 
at which the psi-function satisfies the standard conditions. These 
values are 


Z a 

2n 2 


(24.20) 


where n is an integer determined by the relation 

n = n T -f l -j- 1 (24.21) 


It is called the principal quantum number. The number n r is called 
the radial quantum number. Since n r cannot be negative, the con- 
dition 

n>i +1 


must be observed. It thus follows that the maximum possible value 
of the azimuthal quantum number l at a given n is n — 1, i.e. that 

l ^ n — 1 (24.22) 


Formula (24.20) determines the energy of an electron in atomic 
units. To express the energy in ergs, we must multiply t n by E 0 — 
— m e e‘‘/h 2 [see (24.4) and (24.6) I. The result is the value 


E 


m^z^lh 2 
2 n* 


(24.23) 


coinciding with the value obtained by N. Bohr in his theory of the 
hydrogen atom. 

The energy of a particle in a Coulomb field ivas found to depend 
only on the principal quantum number n. Consequently, in a Coulomb 
field, there is degeneracy not only with respect to m, but also with 
respect to l. The latter degeneracy is a specific property of a Coulomb 
field, whereas degeneracy with respect to m, as we established in 
Sec. 23, is observed in a spherically symmetric field of any kind 
(with any dependence on r). The greater a field differs from a Coulomb 
one, the more do the energies of states with different values of l 
differ (at identical n's). 


7* 
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According to formulas (24.19) and (24.21), the parameter a can 
have discrete values: 

a n — ~ (n = i,2, ...) (24.24) 

Let us introduce this value into expression (24.12). In addition, we 
shall take account of the fact that beginning from k -- n T + 1 = 
= n — l , all the coefficients a h equal zero. As a result, we obtain 
the following expression for the radial part of the psi-function: 

^,(p) = «- 2p v" V#*p‘ (24.25) 

h~0 

(we have used the subscripts n and l on R because the expression for 
this function is determined by the values of these quantum numbers). 
The coefficients a h in formula (24.25) can be calculated by the recur- 
rence formula 

2 Z (A + I + l — n) . /f)/ 

Uh+i n ‘ (k + l + 2)(k+l + l)—l(l + l) ah (^.20) 

We obtained this formula by substituting the value (24.24) for a 
into expression (24.16). 

We must note that polynomials with coefficients satisfying formula 
(24.26) coincide to within a constant factor with what are called the 
Laguerre polynomials. We shall not stop to consider them in detail. 
The total psi-function of a hydrogen-like atom has the form 

%ilm = Rnl (p)*^im ($. ?) (24.27) 

Let us find R n i for the ground state (i.e. for the state with the 
lowest possible energy). In this state, n = 1, l -■ 0 [see (24.22)], and 
n — l — 1 = 0 so that the sum contains only one addend corre- 
sponding to k = 0. Consequently, 

R io (P) = a 0 e-^ (24.28) 

For n — 2 and l — 0, formulas (24.25) and (24.26) give the expression 


/?2o(p)~a 0 e- zp ' 2 (l--f-) (24.29) 

For n = 2 and l — 1, we obtain 

/?2i (p) = a 0 e- z P/ 2 Zp (24.30) 

and so on. 
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The coefficient a 0 in the expressions we have obtained can be found 
from the normalization condition for the psi-f unction: 

j dV — j ( RY )* ( RY ) p 1 2 sin tt dp d$ dtp = 1 
Let us write this condition as follows: 

oo 

j R 2 nl p 2 dp j Yf m Y lm sin 0 d# dcp = 1 
o 

(Die function R n i is real). The spherical functions are normalized to 
unity. We thus arrive at the normalization condition for i? nJ : 

oo 

j/?£,p 2 dp=l (24.31) 

o 

Calculations by this formula give the following values for the coef- 
ficient a 0 : 2 Z 3 / 2 for R 10 , Z 3 '' 2 /]/ 2 for /? 20 , and Z 3 / 2 /'2 ]/6 for R 2 i L - 
A volume element in spherical coordinates is determined by the 
expression dV — p 2 sin ■& dp dft d<p = p 2 dp dQ (here dQ is an element 
of a solid angle; dV is the volume cut out from a spherical layer of 
radius p and thickness dp by the solid angle dQ). The probability of 
an electron being detected within this volume is 

dPp, e, <p = 1 1 |) | 2 dF= | Y lm | 2 dQ-Rhp 2 dp (24.32) 

Integration of this probability over the angles yields 

dP p = R* nl p 2 dp 

determining the probability of detecting an electron in a spherical 
layer of thickness dp, i.e. at a distance from the nucleus ranging from 
p to p 4 dp. Accordingly, the expression RniP 2 is the density of the 
probability that the electron is at a distance p from the nucleus. 
For the ground state of a hydrogen atom (n = 1, l — 0, Z = 1), 
the function i?j 0 p 2 = a%e~ 2 P p 2 . It is not difficult to see that the 
maximum of this function is achieved when p = 1. Thus, the Bohr 
radius is the distance from the nucleus at which the probability of 
detecting the electron is the greatest in the ground state of a hydro- 
gen atom. 


1 If we introduce p = r/r B [see (24.6)] into (24.31), the factor 1/rg will appear 

in front of the integral. Accordingly, the above values of a B must be multiplied 

by (l/r 0 ) 3 / 2 . 
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Figure 24.1a shows plots of the functions /? nI we have found above 
for the states Is (n = 1, l = 0), 2s (n = 2, l — 0), and 2 p (n — 2, 
l = 1); Z has been taken equal to unity. We must note that the 
radial quantum number n r — n — l — 1 gives the number of nodes 
of the function R n i , i.e. the number of intersections of the plot of 
this function with the p-axis (except for the origin of coordinates). 
Figure 24.1b shows plots of the probability density /?nip 2 fur the 
same states. 

If we integrate expression (24.32) with respect to p from 0 to oo, 
we obtain the probability of finding the electron within the limits 

of the solid angle dQ (at any 
dist ance from the force centre). 
In view of (24.31), this prob- 
ability is 

dP«. * = I Y lm | 2 dQ 

The expression I Y lm | 2 is the 
density of the probability that 
the electron will be detected 
in a direction determined by 
the angles ft and <p. It follows 
from the form of the function 
y* ro (f>,<p) (see formula (19.9)] 
that the square of its magni- 
tude does not depend on the 
angle qp. Therefore, the den- 
sity of the probability of de- 
tecting the electron in a cer- 
tain direction is symmetric 
relative to the z-axis. 

Figure 24.2 contains polar 
diagrams characterizing the 
distribution of the probabil- 
ity depending on the angle 
ft for the s- and p-states of 
an electron. The values of 
| Yim | 2 aro determined by the 
length of the segment cut 
off by the diagram on a ray 
drawn from the origin of 
coordinates at the angle ■&. To obtain a spatial distribution of 
the probability, we must rotate the diagrams depicted in the 
figure about the z-axis. It must be noted that the form of the diagrams 
of | Y i m I 2 does not depend on the quantum number n. Moreover, 
these diagrams have the same appearance for both a Coulomb field 
and a non-Coulomb centrally symmetric field. 



5 10 p 



Fig. 24.1 
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Using formulas (19.12) and (24.28)-(24.30), we shall write several 
first psi-functions of a hydrogen-like ion: 


^100— (~ 
' r 0 


\ 3/2 

1 

) 

\ 3/2 

/n £ 
1 

) 

L\ 

A YOU 

3/2 1 

r 0 / 

8/ 

V 3/2 

1 

J 

\ 3/2 

4 YZn 

1 

) 

8 Yn ‘ 


*-' = (77) e ' l ’ sin '' > j 


To obtain the psi-functions for a hydrogen atom, we must assume 
that Z = 1 in these formulas. 

Up to now, we have treated the motion of an electron in the field 
of a stationary nucleus. Actually, however, both the electron and 



the nucleus move about the centre of mass of the system. We slials 
show that in quantum mechanics, as in classical mechanics, the 
problem of two interacting particles (the two-body problem) reducel 
to a problem of a particle moving in a central force field, the mass of 
this particle being taken equal to the reduced mass m red = 
= m l m 2 /(m l -j- m 2 ). 

In classical mechanics, the energy of a system consisting of two 
interacting particles is 

£ = _EL 1 _£l. 

2m l ' 2m t 


i-U(r) 
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Here m x and m 2 are the masses of the particles, p 2 and p 2 are their 
momenta, U ( r ) is the energy of interaction, and r is the distance 
between the particles. Accordingly, the Hamiltonian of the system 
has the form 

£r^--£v t ' + l7(r) (24.34) 

where V* = Ai is the sum of the second partial derivatives with 
respect to the coordinates of the first particle, and V 2 = A 2 is the 
sum of similar derivatives with respect to the coordinates of the 
second particle. 

Let us introduce instead of the position vectors r, and r s of the 
particles the vector r of the mutual arrangement of the particles and 
the position vector r G of the centre of mass of the system. The vectors 
we have introduced are related to rj and r 2 by the expressions 


r = r 2 -r 1 , 
or in Cartesian coordinates 


Mifi -4-”»a r a 

m l + m a 


CC — 3^2 


TTl-^Xf | Ttl 2%2 

C Wj+mj 


(24.35) 


By relations (24.35), we have 

d d dx . d dxc d . m l d 

dx x dx dx x ' Oxq dx x dx ' diQ 

d 2 / d ^ 2 / d m x d t 2 

dx% 1 dx j J — ( dx m x -\-m 2 dx G / 

d 2 2 m, d 2 , / m 1 \ 2 d 2 

dx 2 dx die ' \m x -\-m 2 ) dxfc 

Similarly 

d 0 dx . d dx c _ d m 2 £_ 

dx 2 dx dx 2 dx q dx 2 dx m 1 -\-m 2 dxc 

dx\ l dx 2 ) l dx m, -f- Sxq J 
_ d- 2 m 2 d 2 ( m 2 \2 d 2 


(24.36) 


(24.37) 


Dividing (24.36) by m x and (24.37) by m 2 and summating the 
expressions obtained, we arrive at the relation 


J_ _il _l_ _L _£L = ( J_ _L ) 92 1 9 2 

m, dx\ m 2 dx\ ( m l m 2 / dx 8 ' m 1 -\-m 2 dxf. 
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The same relations are obtained for the derivatives with respect to 
i / and z. We thus conclude that 


— V 2 + — V 2 = 

m. V l^ m. V 2 


m red 


vl- 






where m red = mim 2 /(m 1 -f- m 2 ), V? is the Laplacian operator with 
respect to the components of the vector r. and Vc is the Laplacian 
operator with respect to the components of the vector r<> 
Substitution into (24.34) yields 


// = 


h* 

2 (m 1 -j-m 2 ) 


Vt: ■ 




2m 


red 


VM U(r) 


(24.38) 


The Hamiltonian thus breaks up into the sum of two independent 
Hamiltonians, one of which contains the total mass of the system 
and the position vector of the centre of mass, and the second con- 
tains the reduced mass and the vector of the mutual arrangement 
of the particles. 

We write the Schrodinger equation: 

“ 2r £+m 7) V ^~ 2 ^ ^ (r) ^ ^ 

We shall seek its solution in the form of the product of two functions 

^ = ^C-^r 


where ipc is a function of rc, and is a function of r. Substitution 
into the equation yields 

ti2 

- 2(m 1 + ^ ) + U (r) = E ^ t 

Dividing by %:![),., we obtain 

The expression in the first braces depends only on rc, and that in 
the second braces only on r. The sum of these expressions at any 
values of rc and r must equal the constant quantity E. This is pos- 
sible only if each of the expressions equals its own constant, and the 
sum of these constants is E. Consequently, we arrive at two differen- 
tial equations: 

< 24 - 39 > 

~a^r vW ' + £,(r),|v “ £ '’ lv <24 ' 40> 


(here E c + E T = E). 

Equation (24.39) is the Schrodinger equation for a free particle 
having the mass -f- m 2 . It is evident that Ec is the kinetic energy 
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of motion of the system as a whole. Equation (24.40) differs from the 
Schrodinger equation for an electron in a central force field only in 
containing the reduced mass of the electron and the nucleus instead 
of the mass of the electron. The quantity E r is the internal energy 
of the system (atom). 

Consequently, when we take into consideration the motion of a 
nucleus, we must, write m red instead of m e in all the formulas, 
particularly in expression (24.23), for E n . Otherwise, the results we 
have obtained remain unchanged. 


25. The Harmonic Oscillator 

A harmonic oscillator is defined to bo a particle with one degree of 
freedom whose potential energy is expressed by the formula 

U(x) = ^f = JHo^fL ( 25.i) 

where m 0 is the mass of the particle, k is the quasielastic force coeffi- 
cient, _and co is the natural (classical) frequency of the oscillator equal 
to Y k/m 0 . 

The Schrodinger equation [see (5.8)1 in the given case is as follows: 

+ = 0 (25.2) 

To simplify the form of Eq. (25.2), let us go over to the dimensionless 
variable 

£ = (25.3) 

The result is the differential equation 

■sF+df-^b - 0 < 25 - 4 > 

At vpry great values of g, the quantity 2E/hu) may be disregarded 

in comparison with g 2 . Equation (25.4) is therefore simplified as 
follows: 

ip" — gb|) 0 (25.5) 

The asymptotic solutions of this equation at g -> oo have the form 
■e ±£2/2 . indeed, 

— e ± l «/2 = (ga ± i ) e ± l ‘/2 ^ g 2 e ±*./2 

so that Eq. (25.5) is satisfied. Since we are seeking finite solutions, 
the exponent with the plus sign must be discarded. 
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Hence, the solution of Eq. (25.4) behaves at | oo as e"£ 2 ( 2 . 
We shall therefore seek the solution in the form 

tl,(£) = e -W2/(£) (25.6) 

Substitution of expression (25.6) into Eq. (25.4) leads to the following 
differential equation for / (|): 

r(l)-2S/'(i) + (||-l)/(i) = 0 (25.7) 

Solutions of equations of this kind are found in Appendix III. In 
formula (III.l), the coefficient at f (|) is designated by the letter X. 
Consequently, when using the results obtained in this Appendix, 
we must have in view that. 


TC-1-* (25 - 8 > 

By formula (III. 8), the eigenvalues of the parameter X equal 2 n 
Hence follows the condition 

||-l=.-2n (* = 0,1,2,...) 

determining the possible values of the oscillator’s energy: 

£„ = »«>(* + !■) (* = 0,1,2,...) (25.9) 

We must note that the energy of a harmonic oscillator cannot be 
zero. The minimum value E 0 = Jfco/2 is said to be the zero energy. 

The Chebvshev-Hermite polynomials determined by formula 
(III. 11) 

^»(S) = (-l) n « 6, -^(e- 5 *) (* = 0, 1, 2, . . .) (25.10) 

are i ho eigenfunctions of Eq. (25.7). To obtain the eigenfunctions of 
an oscillator, we must multiply the polynomials (25.10] by the 
exponent e~^ 2 [see (25 .6) J. Hence, 

'M6)“^- s,/2 ff»(6) {25.il) 

The coefficient A n must be determined from the normalization 
condition. By formula (111.20), we have 

-foo -f- oo 

j t|>StMg = i4* J e-l'[H n (t)] 2 dt = A* n n\2 n Vn (25.12) 
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Therefore, for the functions (£) to be normalized to unity, we 
must assume that A n — [n!2 n ]/n]~U 2 , so that 

(|) = [n! 2"l/n]" 1/2 c-W2 H n (£) (25.13) 

By formula (111.19) when ti^=m, wc have 

-f oo oo 

J te* m dt = A n A m j e-VH n (t)R n (l)dZ = 0 


Consequently, the system of functions (25.13) is orthonormal. 

Only one function i[) n (£) corresponds to each value of the energy 
F. n (to each value of n). Hence, the energy levels of an oscillator are 
not degenerate. 

The eigenfunctions (25.13) are expressed in terms of the dimen- 
sionless variable l. To go over to the variable x, we must replace £ 
in accordance with (25.3). Such a substitution in the formula express- 
ing the condition of normalization of the function (25.12) yields 

+ oo 

j 11>7> (z)P dx 

— oo 

+ oo 

— [n! 2" Y it] -1 ^ e- m o^ 1 /HH n (xy~^Jh)) i V T^Jhdx^l 


From a comparison of the integrands, we obtain the following expres- 
sion for 4'n ( x): 

tn (x) = a f /2 I n! 2 n /n ]' 1/2 e -«***/2 H n {ax) (25.14) 

where 

(25.15) 

Using formulas (TII.24)-(I II .27) , we shall write expressions for 
the first four functions i|)„ ( x ): 


to (*) = cc 1/2 [ (25.16) 

ti(x) = a'/2 [2y'n]' 1/a e- a ’*V22ax (25.17) 

t 2 (*) = a‘/2 [8 1/ e-“**V2 (4a 2 z 2 — 2) (25.18) 

t 3 (x) = a'/2 [48yitr 1/2 e-« , * , /2 (8a 3 * 3 - 12az) (25.19) 
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Figure 25.1a shows plots of these functions, and Fig. 25.16, plots of 
the functions [% ( x )] 2 . The latter plots determine the density of the 
probability of detecting an oscillator at a point with the coordinate x. 



(a) (b) 


Fig. 25.1 

The points — a and -f-a indicated on the x-axis correspond to the 
maximum deflections (amplitudes) of a classical oscillator. The 
values of a are obtained from the relation E n = m 0 a 2 o> 2 /2. 

26. Solution of the Harmonic Oscillator Problem in the Matrix Form 

In quantum electrodynamics, an electromagnetic field is represent- 
ed in the form of the superposition of independent quantum oscilla- 
tors. In this connection, the harmonic oscillator problem is very 
important. We shall therefore consider its solution in the matrix 
form. Moreover, this problem was solved for the first time by 
W. Heisenberg in 1925 with the aid of the matrix method. 

The potential energy of an oscillator is determined by Iho expres- 
sion U — m 0 d) 2 x 2 /2. Let us write the equation of motion of an oscil-. 
lator in the form of (21.15). Taking into account that dUldx — 
= m 0 o) 2 x, we obtain the operator equation 

x -f- co 2 x = 0 


(26.1) 




uo 


Quantum mechanics 


This equation is identical in form with the classical equation for an 
oscillator (recall that z = z). 

Designating the functions of the stationary states of an oscillator 

(i.e. the eigenftmetions of the operator If) by the symbol ijy, [ty n = 
— 'tyn 0*01, we can write by (26.1) 

+» +oo „ +oo 

j ^rn (X + CO 2 *) i)3 n dx = [ $5,:n|) n dz + co 2 j dx = 0 

— OO — OO — oo 

• • 

The first integral is a matrix element of the acceleration, i.e. ( x) mn , 
the second integral is the matrix element of the coordinate, i.e. 
x mn . We have thus arrived at an equation of motion in the matrix 
form: 

(x)mn -f- = o (26.2) 

By formula (22.14), (zj mn = — co mnX mn - Substitution of this 
expression into (26.2) yields 

(co 2 - co*,*) * mn = 0 (26.3) 


Since the eigenfunctions of the operator H were used to calculate 
the matrix elements, we shall solve the problem in the energy repre- 
sentation. In this representation, the energy matrix is diagonal, and 
the diagonal elements of the matrix equal the eigenvalues of the 
energy. The Hamiltonian of an oscillator is 

A « 

m 0 0)2 j2 _ m 0 x* m 0 (L> 2 g» ^20 4) 

2aiQ 2 2 2 

To any operator equation there corresponds an analogous matrix 
equation. This can be verified readily by premultiplying [as we did 
in deriving Eq. (26.2)) the operator equation by postmultiplying 
it by ■»!?„, and integrating the relation obtained. The equation 

H mn = E mn ~^(x*) mn + -Zf -(* 2 ) m „ 
corresponds to Eq. (26.4). With a view to formula (10.31), we obtain 
E mn (x) mh (x) kn + 

h h 

Finally, making the substitution (*) miI = ia mn x mn [see (22.9)] and 
combining the two sums into a single one, we arrive at the following 
formula: 

Emn 2 2 (^ 2 CO m j,COft n ) X m / t X^ n 

h 


(26.5) 


MOTTOTv TO i? 


77/55 


~~TT- 




Hence, to find the eigenvalues of the energy, we must calculate 
the frequencies © mn and the matrix elements x mn . 

A glance at formula (26.3) shows that only those elements x mn 
can be non-zero for which 

(o mn *=* d=M (26.6) 

By (22.1), the “frequency of the transit ion” between the sl ates t|? m 
and ij; n is related to the energies of the states by the expression 

(Omn= - m 7 E ~ (26.7) 


Consequently, condition (26.6) signifies that only those :r mn ’s are 
non-zero that correspond to “transitions” between states with energies 
differing by h<.o. Let us number the stationary states (i.e. the functions 
rj> n and the energy values E„) so that the subscripts for the states with 
energies differing by hw differ by unity, the energies of the states 
increasing with the number n. In accordance with (26.7), this signifies 
that the numbering must be chosen so that 

®n+l, n ~ n ~ ® ( 26 . 8 ) 

Hence, only the elements a: n+1>n and x n _ l<n will be non-zero. To 
find these elements we shall use rule (16.1) for commutation of the 

A A • A 

operators x — x and p x = m 0 x, according to which [x, p x ] — 

A A A A 

— xp x — p x x = ih. Therefore, 

xx-xx=~- (26.9) 

Going over in the way indicated above from the operator relation 
(26.9) to the matrix one, we obtain 

(«)mn — ( XX) mn = 8 mn 

Particularly, when m = n, we have 

(xx) nn ~{xx) nn = ~ 

rug 

Using formula (10.30), we can write that 

2 X nh (x)hn - 2 (*)n* X kn = 
k k ° 

• 

Let us make the substitution ( x) mn = i co mn x mn fsee (22.9)]: 

* 2 ^nh^hn^hn * 2 ^nh^nh^kn ~ 

k k 





Cancelling imaginary unity and taking into account l ha L x mn — Xn„, 
because of the Hermitian nature of the matrix, we arrive at the 
formula 

2 ( * > nh x kn %hn ~ 

U k 

Finally, taking into account that co, lfe = — a hn [see (26.7)1, we obtain 

2 2 i 2 -w 

h 

In this sum, only two addends are non-zero. In one of them, k = 
= n -f- 1 and, consequently, co, !n = co n+1>n = a, and in the other 
k — n — 1 and u> hn = „ — — a [see (26.8)]. Hence, 

2 (co | x n+u „ p-a | x n . t , „ | 2 ) - (26.10) 

ni o 

Since x n . Un = 4, n -i. we have | | 2 = 1 ar n , n _ x | 2 . Making 

such a substitution in (26.10), we arrive at. the relation 

I x n+i, n P= I x n, n-i | Z + 2m(|(0 (26.11) 

Inspection of formula (26.11) shows that the squares of the magni- 
tudes of the matrix elements form an arithmetic progression with no 
upper limit. The lower limit of the progression is determined by 
the requirement that all its terms be greater than zero. The first term 
of the progression is the square of the magnitude of the matrix 
element whose smaller subscript coincides with the number of the 
ground state (the state with the lowest energy). We have meanwhile 
imposed only one restriction on the numbering of the states — we have 
arranged the psi-functions in a series of increasing numbers so that 
the condition io mn = ±<a is satisfied for a pair of functions whose 
numbers differ by unity and, in addition, so that an increase in the 
number of a state is attended by a growth in its energy E n . But we 
shall meanwhile leave the question of what number should be assigned 
to the ground state open. In principle, this number can be assumed 
to equal, say, —12 or -f-8. It is natural, however, to assign the number 
zero or unity to the ground state. It is customary practice to assign 
the number zero to it. 

With this choice of the number of the ground state, all the psi- 
functions with negative numbers will be identically equal to zero 
(no corresponding states exist). Therefore, say, 

+ oo 

*0,-1= j i[)*zcj)_ida: = 0 

— oo 

Similarly, all Z'n.n-Ps with negative values of n will be zero. 
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Introducing the values x 0t —0 into the right-hand side of 
relation (26.11), we obtain | x 10 | 2 = ft/2m 0 o). Next, introducing this 
value into the right-hand side, we obtain | x 2l | 2 = 2h/2m 0 u>, and 
so on. We thus arrive at the formula 


*».»-! I 2 = 


Zn- i, n \ ~ 


(26.12) 


Let us assume that the matrix elements are real- The correct- 

ness of this assumption will be confirmed by the fact that it will not 
lead us to any contradictions. We thus obtain the following expres- 
sion 1 from (26.12) for the matrix elements of the coordinate: 


t'n, n-1 — ■t’n- 1, n V 


(26.13) 


The matrix of the coordinate of a harmonic oscillator has the form 


*)-]/ - 


o VI o 
Vi 0 ]/2 
0 1/2 0 
0 0 1/3 


(26.14) 


By (22.9), we have ( x) mn — ico mn ;r mn . The matrix x mn is symmet- 
ric; the factor co mn in transposition of the subscripts reverses its 

sign. Therefore, ( x) mn = — (x) nm , i.e. the velocity matrix is anti- 
symmetric. With a view to (26.8) and (26.13), we obtain 

(i -i/g (26.15) 

Multiplying expression (26.15) by the mass of an oscillator m 0 , we 
can find the matrix elements of the momentum. The momentum 
matrix is as follows: 

0 -Vi 0 0 ..." 

yi 0 — V 2 0 ... 

{(p x )m n ) = iy r ^- 0 ]/2 o _ —1/3 ... (26.16) 

0 0 /3 0 ... 


1 Upon introducing negative values of n into formula (26.13), we obtain a 
non-zero imaginary quantity. This would seem to contradict the above state- 
ment that the r„, n _i’s with negative re’s equal zero. It must be remembered, how- 
ever, that expression (26.13) has been obtained from formula (26.12) which 
holds only when n > 0, so that the introduction of negative values of n into 
formula (26.13) is illegitimate. 

8-0196 
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Now let us find the matrix of the energy of an oscillator with the 
aid of formula (26.5). We shall first see what the values of E mn are 
for m=jt= n. When m — n > 2 and n — m > 2, all the addends of 
the sum (26.5) will be zero either because of the factor x mh or because 
of the factor x t: „. The same occurs when m — n = 1 and n — m = 1. 
When m — n 2, only the product x mh x kll in which m — 1 — 
= k — n - f- 1 is non-zero, but in this condition the factor in paren- 
theses is (a) 2 — « m , m _,(o n+lf „) = 0 [see (26.8)1, so that E mn = 0. 
W’e can see in a similar way that when n — m = 2, expression (26.5) 
also becomes equal to zero. All the results we have obtained could 
have been foreseen because the energy matrix in its eigenrepresenta- 
tion must be diagonal. 

Let us calculate the diagonal elements of the matrix. Assuming 
in (26.5) that m — n, we obtain 

E nn = (»*o/2) 2 (<o 2 — (o nh a> hn )i : nh x hn 

h 

= (m 0 / 2) 2 (co 2 + c4ft) xl k = m 0 ci) 2 2 xl h 

h h 

(recall that a nh = — co fen , coS* — to' 2 , x nk = x kn ). In the sum we 
have obtained, only the addends with k — n — 1 and k = n 1 are 
non-zero. Consequently, 

Enn ~ m 0® 2 [( a 'n,n-l) S "f" (-^n, n+l) Z l 

Let us introduce into this equation the values of the matrix elements 
determined by formula (26.13): 

„ , f nh . {n-r l)hl hu> , 0 , 

E ** = m ^ z L 2^7 + - 2 ^r- J = — ( 2ra + D 

The diagonal matrix elements equal the eigenvalues of the, energy 
operator. We can therefore write that 

£ n = /ko(M-y) (n-0, 1, 2, ...) (26.17) 


[compare with formula (25.9)]. The energy matrix has the form 


{E mn )^h(>> 


f ‘/ 2 

0 0 

0 ...) 

0 

3 / 2 0 

0 ... 

0 

0 6 / 2 

0 ... 

0 

0 0 

y 2 ... 

. 

• . • . 

• • • • , 


(26.18) 


To find the eigenfunctions of an oscillator, we shall take advantage 
of the circumstance that the formula 

771 


(26.19) 
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[see (10.5)] holds for any operator. Let us take as Q the operators 

(x + i(ux ) and (x — iwx). All the matrix elements of these operators 
are clearly equal to zero except those having the subscripts n — 1, n, 
and n 4-1, n. Therefore, formula (2(5.19) for these operators is 
as follows: 


(26.20) 


(x + idix) = (* + t<0X)„ n Ifn.i + (x + tCOX) n+1 , „ ^n + i 
• • • 

(x i(OX) Xp n = (X— iwx) n _ J, n tn-I + (*— iux)n+t. „ ^n+1 

To simplify writing of the expressions, we shall introduce the symbol 

P-£ (26.2D 


Hence, by formulas (26.13) and (26.15), we have 

(x+ icox) n _ 1( „ = (x)„_ J( n 4- i(ox n _ t ' n = — i l/np + iVn p = 0 
(x 4* i©x) n+li „ = iV ( n + 1) P + £ V {n-r \)$ — 2iY (^ + 1) P 


Reversing the sign in front of i in these formulas, we obtain 
(x— io>x) n _| i n = — 2t V n ?> 

(x — io)x) n+ i, n = 0 

Introducing into formulas (26.20) the expression for the velocity 

operator, i.e. x = ( — ihlm 0 ) dldx and the found values of the matrix 
elements, we arrive at the differential equations 

[“(•£) -37+ ,26 - 22 > 

(26 ' 23) 

Equation (26.23) can be used to find the function i|-> 0 . Since T-i 0, 
we obtain the equation 

(v)'S !l+cda: ' l ' o==0 


Writing this equation in the form 


to _ rn 0 (Q 

to » 


we easily obtain the expression 

%-Aex p(-^!) 


(26.24) 


s* 
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that coincides with (25.16). Taking into consideration the value of 
the Poisson integral 

4-00 

f e~ yx ' dx = ]/ n/y 

J 

— oo 

we can see that the constant A has the same value as in formula 
(25.15). 

Equation (26.22) can be used as a recurrence formula. For this 
purpose, we can rewrite it as follows: 

*»«■ “TubtT (■ - i + 1 /¥■ 1 ) ♦> 

Finally, going over to the dimensionless variable £ — x ]/ m ( ,iolh 
[see (25.3^] and decreasing the numbers of the functions by unity 
(i.e. replacing n with n — 1), we obtain the formula 

= ~y^(~~fi + ^ ^ n ~ i 

that can be represented in the form 

= ~y^ eV/2 i («- |V2 ^n- 1 ) (26.25) 

Substituting the value (26.22) for i|i 0 into this formula, we can find 
-vp!, then \j/ 2 , and so on. 

The eigenfunctions were found to be real. Therefore, the matrix 
elements x n> n _ x = j n _i dx — j ij ) n xty n . x dx will also be real. 
This confirms the correctness of our assumption that x ntn ^ is real. 


27. Annihilation and Creation Operators 

The problem of a harmonic oscillator can be solved very elegantly 

by introducing the adjoint operators a and a + determined with the 
aid of the following relations: 






y m 0 flM 


Px 


) 


(27.1) 


The adjoint character of these operators follows from the circumstance 
that the operators x and p x are self-adjoint. Consequently, x + = x, 
and pi = p x . In addition, ( ip x )+ — ~ipi [see (10.13)]. 
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The form of the operators (27.1) is greatly simplified if we introduce 
instead of the coordinate x the dimensionless variable £ determined 
by the relation £ = x]/m 0 co/^ [see (25.3)]. Making this substitution 
in expressions (27.1) and taking into account that 

p x = ~ih ~ — —i%Y m 0 a/h ~ 


we arrive at the formulas 



(27.2) 

(27.3) 


As applied to the operators designated by the letter a (lower-case), 
we shall treat the sign of an adjoint operator simply as a super- 
script allowing us to distinguish the operators (27.2) and (27.3). In 
this connection, we shall not adhere to the rule according to which 
an adjoint operator is written at the right of the function on which 
it acts. Accordingly, we shall write the condition for these operators 
to be adjoint in the form 


<cp | aij}> = (a + tp|ij;) (27.4) 

[see (8.4)1, and not in the form of (8.5). 

We shall show below' that by acting on the psi-functions of a 

harmonic oscillator, the operator a transforms the function \|) n into 

^n-l- 

(27.5) 

that is, diminishes the energy of an oscillator, as it were, by a “quan- 
tum”^©. It is therefore called the annihilation operator. The operator 

a* transforms the function \j; n into i[; n+1 : 

a+y Pn = V n-\-\ *|>n+l (27.6) 

i.e. increases, as it were, the oscillator energy by ha, and in this 
connection it is called the creation operator 1 . 

Let us find the commutator of the operators a and a + : 

[a, a*] — aa + — a + a = V 2 [(£ + d/d® (£ - d/d® - (£ - did® (l + did®) 

= V* [(£ 2 + 0/dl • £ — | • d/c 71 - OVd®) 

— d 2 — did\ ■ 1+ 1 ■ d/d\ ~ dVd¥)] = m\ • I - i • d/d\ = i (27.7) 

1 We shall disclose the meaning of the terms “creation operator” and “an- 
nihilation operator” completely when dealing with second quantization (see 
Sec. 50). 
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(compare with the commutator of the operators d/dx and x, p. 43). 
The commutator thus equals unity: 


[a, a + ] = aa+ — a + a = 1 


(27.8) 


Substituting plus for minus in the brackets of expression (27.7), 
we find that 


aa + + a*a = i 2 - 


d 1 


dl 2 

It is not difficult to see that the operator we have obtained is pro- 
portional to the Hamiltonian of an oscillator expressed in terms of 
the variable £. Indeed, 


H 


_ Pi 


m^drx 1 


K 1 <?* 


2m„ 


2 m 0 dx 2 


m 0 co s x J 

2 


Making the substitution £ = we arrive at the expression 


fj ha> I iz 3 2 \ 


from which it follows that 


H = ^-(aa + + a + a) 


(27.9) 


Taking into account the commutation rule (27.8), we can write 
the Hamiltonian as 


H — aa + — y) 


(27.10) 


or as 


H = tUsx[a*a-\-~) (27.11) 

In accordance with the meaning of the Hamiltonian, we have 

HxW = (27.12) 

where is the eigenfunction of the oscillator, and E n is its energy. 
Let us attempt to act with the operator H on the function ai|: n ob- 
tained as a result of the action of the operator a on the function i|i n . 
Taking the Hamiltonian in the form of (27.10), we obtain 

^(ai() n ) = ft(o^aa + — y) (a\J> n ) = £co (aa^-y 


= aSa)[(a + a-j--y) — l] ’K 
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We have given the expression this form to allow us to write, using 
formula (27.11), 

H (aty n ) — a (H — hco) yp n ~a(H^ n )~ /hoat(> n 
Finally, performing the substitution (27.12), we arrive at the relation 

H (ai|>„) = a (£„t) — /Iwa'K = E n a$ n — hua\ 
from which we obtain the equation 

H Mb.) = {En — M M„) 

The result we have arrived at signifies that the function a%, is 
the eigenfunction i]) m of an oscillator corresponding to the eigen- 
value of the energy E m — E n — h co. Having numbered the states 
of the oscillator in the order of the growth in their energy and assum- 
ing that there are no other allowed energy values between E n and E m , 
we must assume that m = n — 1. As a result, we find that 

ai|i n = Cty,-!, £„-! = E n — /uo (27.13) 

The coefficient C must be determined so that the functions and 
are normalized to unity. We have thus proved the correctness 

of the statement that the action of the operator a transforms the 
function if,, into _j [see (27.5)]. 

Now let us attempt to act with the operator H on the function 
a + i[v We shall take the operator in the form of (27.11): 

H (a + i|3 n ) = ha ( a + a + y ) (a + ip n ) = a + Hw [ ( °- a * — y ) + 1 ] 

= a + {H + Ha) i] = a + (£„ + hw) i}'„ = (E„ + M (a + if n ) 

The result obtained signifies that 

G + f„ = C>„ + 1 , E„ + l = E„ -f fho (27.14) 

We have thus proved the .statement contained in formula (27. (i). 

Let us evaluate a diagonal matrix element of the operator H, 
taking this operator in the form of (27.11): 

Hnn = ^ | (a + a + y) = Ha) Wn ! Mn)> 

+ 00 

+ -y-Olb. I f„> = fao<ai|.' n | = j’ | aif* | 2 d£-(--y- 
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[see formulas (10.3) and (27.4)]. We have thus arrived at the relation 

+ oo 

E n ~H nn — hto j | I* <$+-¥■ (27.15) 

— oo 

inspection of which shows that the energy of an oscillator cannot be 
less than Tuo / 2. 

Let us assign the subscript n — 0 to the state with the lowest energy. 
The function corresponding to it will he \|i„. There are no stales with 
a lower energy. Hence, for all negative k' s. the functions <]/, = 0. 
Particularly, also identically equals zero. Let us write Eq. (27.13) 
for n — 0: 

~~ Criv, sr 0 (27.16) 

Substitution of the value (27.16) for znf 0 into (27.15) yields the 
value fto>/2 for E 0 — H 00 . We have established that the interval 
between adjacent levels is ha. Consequently, 

£n=(» + 4)to» (27-17) 

A comparison of expressions (27.15) and (27.17) leads us to the 
conclusion that 

-f oo 

j | ai|? n | 2 d% = n 

— oo 

Replacing, according to (27.13), at|' n with Cr]) n _j, we obtain the rela- 
tion 

+ oo 

I Cl* { IV, \ 2 d\ = n 

— oo 

If we assume that r|' n -i is normalized to unity, we obtain a value 
equal to \ n for | C |. Owing to the arbitrary nature of the phase 
factor, we assume that C equals ]/ n. Substitution of this value into 
(27.13) leads to formula (27.5). 

To find the value of the coefficient C' in formula (27.14), let us 

introduce into the expression for H nn the operator H in the form of 
(27.10): 

H nn = hw <^nl( aa + — y) = ha <\j) n | a(a*\ f n )> — 

= /ico (a + i]5 n I a + \ p n )—~ 



Hence, 


T w 

H nn = H(a j | a + if n l 2 d| — 


A comparison of this expression with (27.17) yields 


T ^ 

j I a + ^n I 2 dl = n + \ 


whence with a view to (27.14), we have 


\C' | 2 j |i|) n+1 | 2 4 = «+l 


Consequently, we obtain the value Y n -f 1 for the constant C r 
in formula (27.14), and we arrive at relation (27.6). 

Introducing expression (27.2) for a into Eq. (27.16), we obtain 
the following differential equation: 

^ + W , = 0. or £=-i 

The solution of this equation is 

4'o = Ae~ «V2 


From the normalization condition 


j |^ 0 | 2 ^=MI 2 j C-S*dg»|il|*y 5 = l 


we find that A — n' 1 / 4 (we drop the factor of the form e ia ). Hence, 

\j? 0 = n - V4e-s*/2 

[compare with i[' 0 (|) obtained from formula (25.12) when n 0]. 
The other functions can he obtained from ib 0 by the consecutive 

action of the operator a*. From (27.6), w’e obtain the formula 

1+1 = 7 =^ 

V » + i 
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with the aid£of which we find that 

1 i 

Tj), = O + \|) 0 = -7= t 

™ l/O-t-1 T0 Y 1 ! 

1 1 


** = »*♦. = 7= «*(«*«- Tfy («*) ! *. 


f~- “FS ( “* ,n ' t ” 


The procedure we have used to find the functions %|) n coincides in 
essence with the method used to determine in Sec. 26. Notwithstand- 
ing their similarity, however, we have considered it expedient to 
set out both methods. 




Chapter VI 


PERTURBATION THEORY 


28. Introduction 

An exact solution of Schrodinger’s equation is possible only for 
a small number of very simple force fields. Most problems in quan- 
tum mechanics allow only an approximate solution. We often find, 
however, that real physical systems do not differ very greatly from 
idealized systems allowing an exact solution. In these cases, the 
approximate solution of the problem on the eigenfunctions and 
eigenvalues consists in finding corrections to the exact solution of 
the idealized problem. The general method of calculating these 
corrections is known as the perturbation theory. 

Hence, the perturbation theory is one of the ways of approximately 
solving quantum-mechanical problems. It is used when the deviation 
of the system being considered from the system allowing an exact 
solution can be represented as a small correction (perturbation) to the 
Hamiltonian of the unperturbed system. 

The corrections to the eigenfunctions and eigenvalues are repre- 
sented as the sum of quantities of different orders of smallness, next 
the corrections of the same order of smallness as the perturbation are 
evaluated, then the corrections that are quadratic with respect to the 
perturbation, and so on. Consequently, the method of the pertur- 
bation theory is in essence a method of successive approximations. 

The perturbation theory is divided into stationary and non-sta- 
tionary theory. The former (also called the perturbation theory for 
stationary states) deals with time-independent perturbations. The 
non-stationary theory (also called the variation method) deals with 
systems whose Hamiltonian depends explicitly on the time. 

29. Time-Independent Perturbations 

In this section, we shall set out the fundamentals of the pertur- 
bation theory for stationary problems with a discrete energy spectrum. 
For the states of a physical system being considered to be stationary, 

its Hamiltonian H must not contain the time explicitly. 

The perturbation theory can be used to solve a given problem if 

the Hamiltonian H allows breaking up into two terms: 

H = H 0 + V 


( 29 . 1 ) 
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where // 0 is 1 he Hamiltonian of the problem allowing an exact solu- 
tion, and f 7 is a small correction known as the perturbation operator 
(the exact meaning of the definition “small" will he revealed in the 

following). We shall call the operator H n an unperturbed Hamilto- 
nian. By our assumption, both terms do not depend explicitly on the 
time. 

The eigenfunctions of the operator will be designated by the 
symbol \j'h 0> , and its eigenvalues, by the symbol E\"\ These eigen- 
values are assumed to he non-degenerate. The following relation 
holds: 

(29.2) 

We shall designate the eigenfunctions and eigenvalues of the oper- 
ator H by i|- n and E r , respectively. With a view to (29.1), we can 
write that 

(H 0 V) Mp n = E,^ n (29.3) 

According to our assumption, Eq. (29.2) has an exact solution, 
whereas Eq. (29.3) does not allow an exact solution. We shall seek 
an approximate solution of Eq. (29.3) in the form of the series 

E n ~E i n 0) + AE ( n i) + AE i n 2) +... (29.4) 

'Ih - ^°> + A^> + Aijf > + . . . (29.5) 

where A E^ 1 ’ and At|'n’ are corrections of the same order of smallness 
as the perturbation, A En’ and At|:)f are quadratic with respect to the 
perturbation, etc. 

Let us expand the function x|i n in the eigenfunctions i|;), 0) of the 
unperturbed operator //„: 

i = (n=l, 2, ...) (29.6) ‘ 

ft 

The task of finding the functions (29.5) consists in determining the 
coefficients c nh . We shall also seek the approximate values of these 
coefficients in the form of the series 

c nh — c n°h + A Cnh + Ac\jh + • • • ( 29 . 7 ) 

Substitution of expression (29.7) into formula (29.6) yields 

tn = S « 0) + S A« 0) + V A +... (29.8) 

ft ft ft 

1 It must be borne in mind that the quantities c nh cannot be treated as ele- 
ments of a square matrix. The set of coefticients c nh forms a multitude of column 
matrices differing from one another in the values of n. 
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In the zero approximation, we have if> n = ' [see (29.5)1. To obtain 

this result, we must assume that — 8 nft . Therefore, the series 
(29.7) is as follows: 

c nh — ^nh + ACnk + Ac^fc* -f- . . . (29.9) 


To make the order of each approximation more obvious, we in- 
troduce the notation 

V = IW (29.10) 


where W is an operator of the same order of magnitude as H 0 , and \ 
is a small dimensionless parameter. With such notation, the expres- 
sions containing \ to the first power will be of the same order of 
smallness as the perturbation; the expressions containing >. 2 will 
be quadratic with respect to the perturbation, etc. In the final 

formulas, we shall pass over from the auxiliary operator H to the 

perturbation operator V, replacing aIL with V. 

Accordingly, let us write the series (29.fi) and (29.9) in the form 

E n = E ( n 0) + lEi i) + WE < ? ) + ... (29.11) 

Cnfc = + IcW + wtik + ... (29.12) 


where E^, E ( *\ ... are quantities of the same order as E™ , and 
c'nL r -nk are quantities of the order of unity. 

The substitution of the series (29.12) into formula (29.6) leads to 
the expression 



(29.13) 


[compare with (29.5)]. 

The introduction of expression (29.10) instead of the operator V 
gives Eq. (29.3) the form 


(H 0 + XW)q n =E n % (29.14) 

Let us substitute into this equation expressions (29.11) and (29.13) 
for E n and i|) H . We obtain 


(II 0 + W) («|4 0) + X S CnM 0> + W 2 Cnk 

h h 


'Vft 0) +...) 


= (E < n 0) + lE i n ) + VE l n 2) + ...) 

h h 
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Opening the parentheses, we collect together terms of the same order 
of smallness: 

Ho ^n 0) + >■ (2 C<V/U 0) + ^^ 0> ) 

A 

+ w (2 c%h 0 ^ 0) + J cSl? w^) + . . . 

= £2W>+\ (^ 0) 2 c!3tot 0, + ^ 0) ) 

+ ^ (*<°> 2 SM 0) + W 2 W + ^ 2) *< 0) ) + . . . 

A A 

Let us substitute, in accordance with (29.2), J £’| 0>- v)?i 0) for expressions 

of the kind J^o a l ; / 0> ( as a result of which the first terms will cancel 
out), and then perform scalar multiplication of both sides of the 
equation by 

x (2 O|4 0> 1 4 0) > + O|i 0) i ^ 0) >) 

h 

+ W2<$4 0) << 0) l ^ 0) > + 2 c<J> i w^>) +... 

A A 

- si (A m 2 <&> ’ i <’> + it 11 >>) 

A 

+ x* ( E < 0) 2 (<> I *i 0) > + ^ !> 2 c&> «ii 0> I t|4 0) > 

A A 

+ ^ 2) O|4 0) |< ) ))+... (29.15) 

The expression 

W mk = (< 1 H>^ 0) ) (29.16) 


is a matrix element of the operator W in the “.EW-representation”. 
Using the notation (29.16) and f aking into account that | rj'l 0> ) = 
= 6 r<1 we give formula (29.15) the form 


* (2 4,V4 0) 6m A + W mn ) + v (2 cSWm* + 2 + . . . 

A A A 

= M^° ) 2^ ) 6 mft + ^ 1) 6 m n) 


+ W (^ 0) 2 cg/6»k + E^ 2 +^ 2) 6mn) +••• 

A A 
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In the sums containing 6 mft , only the addend with k — m is non- 
zero. Hence, 

X (<&X 0) + w mn ) + V 5 cMw mk ) + . . . 

h 

= X ( ETc & + Ep8 mn ) + W + E ( n ^ + ^ 2> 6mn) +••• 

(29.17) 

Equating the coefficients of identical powers of X on the left- 
hand and right-hand sides of Eq. (29.17), we obtain a series of alge- 
braic equations: 


W mn - ( E ( n °> - £%>) c<*> + £<,’ '6 nm (29. 18) 

S C%W mk = (£<, 0) - £^) + En^nm (29.19) 


Assuming in Eq. (29.18) that m = «, we find that 

E ( n = (29.20) 

whence it follows that in the first approximation 

E n = E™ + XE l n l > = E™ + XW nn = E ( „ 0) + V nn (29.21) 

(see (29.11) and (29.10)]. We must note that the first-order correction 
to ET equal to 

A E“> = V nn = | (29.22) 

is exactly the mean value of the perturbation in the state described 
by the unperturbed function rJ:J, 0> . 

Assuming in (29.18) that m =jt= n, we arrive at the relation W mn = 
= (En* — Em) c'nmi from which 

(29 - 23> 

Consequently, in the first approximation 

c nm = c nm + Xc ( n m — - _( 0) (m n) (29.24) 

^ n m 

This formula gives the values of all the coefficients c nm except c nn . 
The latter coefficient must be chosen so that the function is 
normalized to within the terms of the order of X. 

Substitution of (29.24) into expression (29.6) yields 
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(the prime on the sum symbol indicates that only addends for which 
■m =#= n are taken). Let us calculate the scalar square of the function 
(29.25), representing F mn in the form V mn — XW mn : 


<*, I'M 2’ | 

m n m 

+ >•2 

< 29 - 26 > 


m. k 


The first term in the expression we have obtained is equal to 
<c„n< #> I CnnO = C* n Cr, n (Xn‘ ! 4n 0) > = C*nC nn = I C nn | 2 . The SeC- 
ond term can be transformed to 



w hn 

K u> -K 0) 


<^ 0) 


1 4 0) > 


Since in summation the value k — n is excluded, all the addends of 
the last sum vanish (because of §„>,)• Similarly, we can show that the 
sum ^ hr expression (29.26) also vanishes. 

m 

We want to normalize the function r|5„ to within terms of the order 
of X. We may therefore disregard the term in (29.26) that is pro- 
portional to X 2 . We thus arrive at the conclusion that with the 
required accuracy, <r|: n | i|i n > — | c nn | 2 . Consequently, for the function 
\j) n to be normalized, the magnitude of c nn must equal unity: | c nn | 2 = 
= 1. Since Hie psi-function is determined to within an arbitrary 
phase factor, we can assume 1 that c nn = 1. We must note that in 
accordance with (29.12), the equality of c nn to unity signifies that 

Cnn = 0 (29.27) 

Assuming in (29.25) that c n „ =1, we obtain the final expression 
for ' n ike first approximation: 

*»-♦?'+ 2 ’ <’ ( 29 - 28 > 

m £ ' n t ' m 


1 We assume that e nn = e ia . Then, multiplying \j) n by the phase factor e ta , 
we make c nn equal unity. 
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Hence, in the first approximation, the eigenvalues and eigen- 
functions of the operator (29.1) are calculated by formulas (29.21) 
and (29.28). 

Let us go over to finding the energy in the second approximation. 
Assuming in Eq. (29.19) that m — n, we find that 

S^ ) ^ = £< 1) ci» , + £i 2) 

ft 

whence 


/?< 2) = - sm + c'"w nn + v: Ww 

ft 


nh 


(we have separated the term with h = n from the sum). But c), 1 ,} — 0 
[see (29.27)]. Therefore, 


E 


( 2 ) 

n 



nk 


Substitution of the value (29.23) for yields 



W nh W h n 

£ n 0) -4°) 


By (29.11), the correction to the energy quadratic with respect 
to the perturbation is 

A i?( 2 > — — V ' & w nh) 0*w hn ) _ VI ' VnhVhn _ VI ' I Vnh \ 2 

aa n — A - 2j £ (0)_f(0) Li p(0)_p(0) Li £ (0)_ff(0) 

n A ^ n ft ^ n ^ ; 


(owing to the Hermitian nature, 

A^ 2) = S' 


V hn — HJ5 ft ). Consequently, 


I 2 


£i 0) -£L 0) 


(29.29) 


[we have used the letter m instead of k for the dummy index to make 
the notation in formulas (29.28) and (29.29) coincide]. By adding 
the correction found to expression (29.21), we determine the energy 
in the second approximation: 

£. = £!. ,> +r.»-ry (29-30) 

771 71 m 


The energy of the ground state is minimum. Therefore, if the 
subscript n takes on a value corresponding to the ground state, in 
all the terms of expression (29.29) E'n < ■/?«• H thus follows that 
a second-order correction to the energy of the ground state is always 
negative. 

We shall not calculate the psi-functions in the second approxima- 
tion because it is customary practice to evaluate the energy in the 
second approximation, and the psi-functions in the first approxi- 
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mation. It is sometimes necessary, however, to resort to approxi- 
mations of higher orders. 

The above method can lead to a correct result if the series of 
successive approximations will he converging 1 . A necessary con- 
dition for convergence is the smallness of each higher-order correc- 
tion in comparison with the preceding one. It is not difficult to 
conclude from formula (29.30) that for AE „ ' to be much smaller than 
A En\ the inequality 


I V nm | « | ET - E<" | (29.31) 

must hold for all m n. Consequently, a condition for perturbation 
theory applicability is the requirement that the non-diagonal elements 
of the matrix 1 be small in comparison with the differences of the 
relevant values of the unperturbed energy. 

When degeneracy is present, the same energy value is realized in 
several different states, for instance, in the n-th and m-th ones 
[F^n — Em \ • Therefore, infinitely large terms appear in formulas 
(29.28) and (29.30). Consequently, the method of calculation set out 
in this section cannot be used when degeneracy is present. 

Let us consider as an illustration to the method of calculation 
treated above the perturbation of the energy levels of a harmonic 
oscillator when a small addend quadratic in x is imparted to the 
potential energy. This example, in particular, is interesting in that 
it allows us to obtain exact values of the energy in a perturbation 
problem and compare them with the approximate values obtained by 
the method of the perturbation theory. 

Recall that the levels of an oscillator are not degenerate so that all 
the formulas of the present section hold. In the example being con- 
sidered 

A h d 2 , ax 8 , „ 

h ^'2^s^+-t ( a=m ° “) 

V = ~ (6<a), 

En } = ( n + — ) ftco 

(see Sec. 25). 

The matrix elements V nm can be written as 

F nm = x(* 2 )nm = - ( 9.32) 

ft 


1 Sometimes, the first approximations of the perturbation theory also give 

good results when the series diverges. 




PERTURBATION THEORY 


131 


[see formula (10.31)]. We established in Sec. 26 that only those 
matrix elements x nm are non-zero whose subscripts differ by unity, 
and x„ n . , -- ~ V nh/2m 0 (>) [see (26.14) and (26.12)]. Hence, 

only those addends in (29.32) will be non-zero in which k satisfies one 
of the following relations: 

k — n 4- 1 — m 1 , k — n -f 1 — m — 1 , 

k =- n — 1 in -j- 1 , k -• n — 1 - m — 1 

The first and fourth relations are realized when m — />, the second 
when 7>i — n -j- 2, and the third when m —■ n — 2. Hence, only the 
following three matrix elements are non-zero: 

v n , n - 2 = ( b/2 ) x, u 2 = a F « (72 — 1) 

V n, n~ (6/2) (x n< n "T" x n, n+l^-n + l, n) ~ a (^77 -j* 1) 

V n . n+2 = (6/2) »+!*» + !. n+2 = « V (« + !)(»+ 2) 


where a — (b/2) (h/2m 0 co) — hat (b'-ta). 

The substitution of these values of the matrix elements into 
formulas (29.22) and (29.29) gives the following value of the energy 
[recall that E \ f - E%> ----- (n - m) Hoy]: 


E n = ( m + 4') /“° + a ( 2 ” + 1) 


a 2 n (re — 1) a 2 (n -j- 1) (n -j-2) 
2/ico 2 / 2(0 


Introduction of the value of a and transformation yield 

E n + 

At the same time, the Hamiltonian 


(29.33) 


H = ff 0 + V-- 


2 m 0 dx 1 


(a + b)x°- 


describes an oscillator having the frequency a/ -- |/ (a b)!/n„, 
so that the exact value of the energy of the "perturbed" system is 


J --("+T)n / v’(" + Tl*/(^)( 1 +-r) 

= (n + 4-) # “ / 7 + T 


Expanding this expression in powers of the small quantity b/a, we 
arrive at the formula 


E n = ( n + T )^ 0) ( 1 + i “ 8 ^' + 


b 3 

16a 3 
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A comparison with (29.33) shows that the value of the energy ob- 
tained by the method of the perturbation theory is the expansion of 
the exact, expression for the energy in powers of bin. taken to within 
the terms of the second order of smallness. 


30. Case of Two Close Levels 


When among the eigenvalues of the operator H 0 there is at least, 
one' value of Em close to AD", 'he condition (29.31) is not obeyed, 
the corrections to if'})" and A})” calculated by formulas (29.28) anil 
(29.29) are large, and these formulas cannot be used. If the number 
of levels Em' close to A}?’ is not large, however, it is possible to change 
the method of calculations so as to prevent the appearance of large 
corrections. We shall show this on the example of two close levels. 

Assume that the levels E [° ’ and A} 01 are close to each other, and 
all the other levels are far from them. In this case, the contribution 
of the function if™’ to the first-order correction to the function if} 01 
will be large [see (29.28)]. The contribution of the function to 
the correction to i|' 2 0) will also be large. It is therefore expedient 
already in the zero approximation to seek the solution in the form 

ij) — ax J)} 01 -j- (30.1) 


Introducing this value into the equation Atf = Ai}> (where H = 

A A 

— IT 0 V), we obtain 

aHx J> ( i 0) + bH^P = aAi)> ( , 0) + bE^ 

We perform scalar multiplication of this relation first by and 
then by \J) ( 2 0> . As a result, we obtain two equations: 

all i, -j- ft// 12 aE, (illzi ~\-bH 2i bE (30.2) 

where 


limn - OlT I lhn 0) ) - I // o^) + I V^ 0) > = A ( n 0) 6 mn + F mn 

(30.3) 

We transform Eqs. (30.2) as follows: 

(H u E) a + If i2 b =•-- 0 | (30 4) 

H tl a -f (//.> 2 — E) b~0f 1 ‘ 

For this system to have non-zero solutions, its determinant must be 
zero. Hence we obtain a quadratic equation for E : 

(H ii - E) (H n — E) — H lt H n ** 0, or 
A 2 - (ff n -j- H 22 ) A + - H l% H u ) - 0 
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The roots of this equation are 

£1 = j l(ffu + h 22 ) + V (//u-// 2 2) 2 +4| // 12 p ] ) 

t , ( 30 - 5 > 

E t =--\[(H n + H n ) -V (Hu- H 22 Y + 4 1 H n |»] J 

(owing to the Hermitian nature, //,, — // 2 *). 

Let us investigate expression (30.5) in two limiting cases. 

1. We assume that 

I H tl - ff.,, | » | //,., | (30.0) 

In accordance with (30.3), this signiiies that 

I (E[ 0) + V n ) ~ (E? -j- V ti ) | « | A™ - | » ! Vja | 

i.e. the condition (29.31) for the applicability of the conventional 
perturbation theory treated in Sec. 29 is observed. In the roughest 
approximation, we may drop 4 | H t2 | 2 in the radical in (30.5). 
The result is 

E t = H u = E\ 0) + V iU E 2 = H 22 = 4 0) + V 22 


i.e. the values of the energy in the first approximation of the con- 
ventional perturbation theory. In a less rough approximation, i.e. 
employing the formula ]/ 1 -f- x « 1 +i/2 (x <c 1), we obtain 


El = 4 [ (Hu + H n ) + (Hu- H 22 ) + 

=-* 
= 1 

— tt; 
__ 

II 

t’(0) i T/ I 1 I 2 

E 1 + + — E™ 

(30.7) 

where E“> = E% + V nn . 


Similarly 


v ;?(°) it/ i 1 T 2 i I 2 

E 2 E 2 + •'22+ £ ,„_ j ga, 

(30.8) 


The found values of E x and E 2 virt ually coincide with those obtained 
in the second order by the formulas of the conventional perturbation 
theory. A distinction is that the denominator contains the difference 
of the energies of the first approximation instead of the zero one and, 
in addition, that the terms with m > 2 are absent. By assumption, 
however, all other levels are far from E[ 0> and E[ 0) so that their 
contribution to the sum may he disregarded. 

2. We assume that 

\Hn-H n \<\H u \ (30.9) 

In this case to within the terms of the first order of smallness, we 
have 

Ei, a ± { i h 12 i + ( g ^ - ~ 7 y } 
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Let us investigate the relation between the difference of the energy 
values determined by formulas (30.5) and the difference H n — H 2V 
For this purpose, we assume that 

H n = II 0 + yx, //,, = H 0 - yx ( 30 . 10 ) 

where y is a constant coefficient, and x is an independent variable. 
Consequently, 

H u -H„ = 2yx, II n 4 - H ti = 2 H 0 

The relevant substitutions in formulas (30.5) yield 

E, = H,+ V lyW+\H a \\ E 2 = H 0 -Viy^+ \ H a | 2 ( 30 . 11 ) 

Figure 30.1 shows plots of the functions (30.11) (solid lines) and of 
the functions (30.10) (dashed lines) for a fixed value of | fl 12 |. The 

difference of the ordinates of 
the solid and the closest dashed 
line gives the second-order cor- 
rection to the energy values. We 
must note that second-order cor- 
rections always increase the dis- 
tance between levels. In l his 
connection, we sometimes speak 
of the “repulsion of levels", un- 
derstanding this to signify the 
increase in the distance between 
two close levels appearing be- 
cause of account being taken in 
the Hamiltonian of the terms 
that were dropped in the more 
simplified problem. 

A glance at Fig. 30.1 shows 
that even when the difference 
II u — -II i-i vanishes, there is a difference between E x and E 2 equal 
to 2 \II 12 | - 2 | V 12 |. 

Let us find the psi-functions corresponding to the energy values E x 
and E 2 . For this purpose, we must determine the values of the coeffi- 
cients a and b in formula (30.1). By the first 1 of equations (30. A), 
we have 

H it 

b E-H n 


1 The same result is obtained if we express the ratio alb from the second 

equation. 



0 * 
Fig. 30.1 
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Introducing E x and E 2 determined by expressions (30.5) into this 
equation, we obtain two values ol the ratio alb: 

(2L) ~ (30 121 

U/i.2 (H ll -H ii ){-l±Yl + [2H 12 l(H ll -H 22 )]*} ‘ 1 

The plus sign in front of the radical corresponds to the subscript 1 
on alb , and the minus sign to the subscript 2. If we introduce the 
notation 

tan 2a = -.r — (30.13) 

"ll — o 2 2 

formula (30.12) becomes 

/ a \ _ tan 2a 

V b )i,2~ —i±]/ r 1 + tan 2 2a 

Simplification of this expression with the aid of trigonometric 
transformations yields 

(l)i = cota » (y) 2 =-tana (30.14) 

For the function (30.1) to be normalized, the relation 

a 2 4- 6* = 1 (30.15) 

must be satisfied. It is evident that the conditions (30.14) and 
(30.15) will be satisfied if we assume that 

a 1 — cos a, = sin a; a 2 = — sin a, b 2 — cos a 

Substituting these values into formula (30.1), we obtain normalized 
psi-functions corresponding to the energy values E x and E„: 

\j)i = i|?)°> cos a 4- \|?<°) sin a 

i|? 2 — — if) 05 sin a 4- t|4 0) cos a 

By (30.13), when inequality (30.0) holds, we have Ian 2a 0, and, 
consequently, i|', -- if) 01 and i|? 2 ----- 4’ 1 2 0> , i.e. the new functions coin- 
cide with the initial ones. When inequality (30.9) holds, we have 
tan 2a « oo, i.e. a = jt/4 and, consequently, the functions'll?) 0 ’ and 
i|)) 0> are contained in 1I4 and i|? 2 with the same weight. 

It follows from what has been said above that among the energy 
values 

E u E t , E , ••>, E'», . . . 

none will be close to one another. Hence, these values and the func- 
tions 

Ti. Tf. < #> . • • • 


I 


(30.16) 
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corresponding to them can be used as the zero approximation in 
evaluating the psi-functions in the first, approximation and the cor- 
rections to the energies in the second approximation by formulas 
(29.28) and (29.29). 

The same procedure can be used if E , — E«, i.e. if there is a doubly 
degenerate level with the functions if 1 ',®’ and . All the formulas 
of this section hold if by in them we understand if}® 1 and by \f l 2 °\ 
the function if^’. 


31. Degenerate Case 


Tile method set. out in the preceding section is also used when all 
the levels arc degenerate, the degree of degeneracy exceeding two. 

Assume that the unperturbed level E™' has a degeneracy equal to 
s„ l (different levels may have different degeneracies). This signifies 
that the energy F-n' is realized in s„ different states described by the 
functions 


e> 


11,(0) 
i n2 ’ 


1 ’ Tn 2 



(31.1) 


We shall designate the system of functions (31.1) by the symbol if}, 0 * 
(A; = 0, 1, . . . , .<?„) and consider it as the initial one in the present 
problem. A drawback of these functions is that they change very 
greatly under the influence of a small perturbation [because of the 
zeros appearing in the denominator of formula (29.28)]. 

Owing to the superposition principle, instead of the functions 
(31.1), we can take any s„ independent linear combinations of these 
functions, i.e. s n expressions of the form 

Ifni - 2 (i = 1,2,..., S B ) (31.2) 

A=1 

[compare with (30.1)1. Let us attempt to choose these expressions so 
that the values of the perturbed energy corresponding to them do 
not coincide 2 . The set of functions (31.2) satisfying this requirement 
is said to he regular. Regular functions are characterized by a small 
change under the influence of a small perturbation. 

The initial functions (31.1) belong to the energy value En' and 
therefore satisfy the equation 


(k = 1 , 2, . . . , S n ) (31.3) 

where H a is the unperturbed Hamiltonian. The regular functions 
(31.2) also belong to the energy value and satisfy the similar 
equation 

(i = 1, 2, . . . , s n ) (31.4) 


1 To simplify our notation, we shall not always write the subscript n on s. 
* All the s n functions (31.2), like the functions (31.1), satistfy the equation 
so that the unperturbed values of the energy coincide for them. 
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We must note that the failure of the energy of the state to 
depend on the subscript i can be considered as degeneracy with re- 
spect to the “quantum number” i. 

One of the problems we are confronted with is to find the regular 
functions of the zero approximation, i.e. such values of the coeffi- 
cients c'ni h at which the functions (31.2) will change only slightly 
under the action of a perturbation. In the absence of degeneracy, 
such a problem did not appear — the initial functions (see Sec. 29) 
were regular and could be taken as the zero approximation. 

The first step which we can undertake is to find the functions of 
the zero approximation [i.e. the regular functions and the first- 
order corrections A to the energy values E\?' . For this purpose, 
let us introduce into the Schrodinger equation written for the opera- 
tor H H 0 4- V the psi-functions in the zero approximation and 
the energy values taken in the first approximation. The result is the 
relation 

(H 0 + V) v|4 0 / = (ET + A E%>) (i - 1,2,..., s n ) 

that with a view to (31.4) is simplified as follows: 

= M'n l M>»* (* = 1» 2, . . . , s n ) (31.5) 

Introducing expression (31.2) for into (31.5), we obtain the 
equation 

1 

Z 1 Af'P'c; 0 ,^;^ (1 - 1, 2 S n ) 

*=1 A =1 

Scalar multiplication of both sides of this equation by the initial 
function [the ro-tli function of the set (31.1)] yields 

S | v 

A <=1 

- t A EZ'cSk | ij® 

A =1 

(i, m = 1 , 2, . . ., s n ) 

The functions are assumed to be normalized: A|® 1 1 ^) = 
Consequently, flic relation obtained cun be written as 

2 c^V nm , nft = t AE2>c£t k 6 mh (i,m = i,2 t ...,s n ) (31.6) 

*«=1 A — 1 

where 


Vnm.nh = I (m, k = 1, 2, . . S n ) 


(31.7) 
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is the matrix element of the perturbation operator calculated with 
the aid of the initial functions (31.1). 

Transferring all the terms of relation (31.6) to the left-hand side 
■of the equation, we obtain a set of s 2 n equations: 

2 (V nm , nh -f)m h AEn 4^ = 0 (<, /n = l, 2 s n ) (31.8) 

/t=i 

differing from one another in the values of the subscripts i and m. 
Selecting all the equations with an identical value of the subscript i 
from this set (i = const, m — 1,2,..., s n ), we obtain a system of 
x n linear homogeneous equations in s„ unknowns (i ~ const, 
k - 1,2,..., s n ). These unknowns are the coefficients in expression 
(31.2) for xpnl with a given value of i. Consequently, solving such a 
system, we find the regular function By solving all the s n sys- 
tems (for i = 1, 2, . . ., s„), we find all the s n functions \[)k°’ ( / — 
= 1,2,..., s n ). 

Let us fix i and write s n equations of the form of (31.8) (for m = 
= 1,2,..., s„) in the extended form: 

(V nl, n 1 — AL'n') Cnh -f F nli nZ CnYz + • • • + I, ns c nij == 0 

v n2 , ni c'n°il + (V n2 , n2 - AE2>) c ® 2 + . . . + F nZ , ns E n °u = 0 (31 .9) 


Vns, nEnil 


F ns, 7i2 c n°i2 + • • • + (F„ 


-AE?)c% s = 0 


For the system of linear homogeneous equations to have non-zero 
solutions, the determinant of the system must be zero: 


V nUni -AE^ V nl , n2 
Vn2 ,»1 V n2 , n2 -AE<" 


^ns, nl F nSi nZ 


Eni, ns 
V n2 , ns 


= 0 


V A E ay 

r ns. ns 


(31.10) 


Evaluating the determinant, we obtain an algebraic equation of the 
.s n -th degree in the unknown A E£\ This equation is called secular 1 . 

The secular equation has, generally speaking, s n different real 
roots: AEnl (i — 1, 2, . . ., s n ). In a particular case, some of the 
roots may be multiple. In the absence of multiple roots, the unper- 
turbed s n -fold degenerate level E'n ' splits under the action of the 
perturbation V into s„ non-coinciding sublevels 


E% = ET 4 AE { nl (i = 1, 2, . . ., s n ) (31.11) 


Hence, the perturbation removes the degeneracy with respect to the 
“quantum number” i [see the text following formula (31.4)1. When 
the secular equation has multiple roots, the degeneracy will be 
removed partially. 


1 The name has been taken from celestial mechanics. 
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Using in (31.9) the value of A E^ equal to A E“i (i = 1), we 
obtain a system of equations having non-zero solutions c ( nik (where 
k — 1,2,..., s n ). The substitution of these values into (31.2) yields 
the function o|i) 1 0 i > — the function of a perturbed state having the energy 
Eh°i in the zero approximation. By introducing consecutively A 
A etc. into (31.9), we obtain the remaining functions . 

Having determined in the way described above Ihe zero-approxima- 
tion regular functions we can go over to finding the form of the 
psi-f unctions in the first approximation. 

We must note first of all that the matrix F nm nh calculated with 
the aid of regular functions [see (31 .7)] will be diagonal. Indeed, 

regular functions satisfy Eq. (31.5), i.e. TA )>{ 3 { = A ^;, 1 ^^, 1 • Con- 
sequently, 


V 


nm, nk 


: (*) nm 


| A£M> = AE^5 n 


m , nk 


(31.12) 


whence it follows that the off-diagonal matrix elements are zero, 
while the diagonal ones are the relevant first-order corrections to 
the energy levels: 

AEnm — V nm> nm (m = 1, 2, . . ., s n ) (31.13) 


The determinant (31.10) in this case becomes 

(T 7 ni, ~ A EX') (F„, n2 - A EX>) . . • (V ns , ns - AE\n = 0 

Now we shall follow the procedure adopted in Sec. 29. We shall 
reduce the evaluation of the functions t[‘/ ni to finding the coefficients 
of the expansion of these functions in the regular zero-approximation 
functions t|4p: 

»J-ni= S c -ii,ftP^AP (n = l, 2, ..., i = l, 2, ...,s„) (31.14) 

hp 

[compare with (29.6)]. In this sum, the subscript k takes on the values 
1, 2, . . ., n, . . ., and the subscript p at the given k— the values 

1,2,.. ., s h . The total number of addends is s 1 -|- s 2 • + s n 4- 

We shall represent the eigenvalues of the energy and the coeffi- 
cients c nixhJ , in the form of series similar to (29.11) and (29.12): 

Eni— Eni + kEni -f- k 2 E^ni + • • • (31.15) 

c ni,kp~ &ni, hp + kc^i, hp + k 2 C„. \] *p + . . . (31.16) 

The Kronecker delta is non-zero provided that n — k and i = p. 

We next introduce expression (31.15) for E ni and (31.14) for i[j ni 
[in the latter we must replace the coefficients with the series (31.16)] 

into the Schrodinger equation for the operator H — H 0 -f V = 
— f/„ -f- kW, then multiply the relation obtained by etc. 
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It is evident from what has been said above that the formulas 
which we shall arrive at will differ from those obtained in Sec. 29 
only in that the double subscript ni will appear instead of the sub- 
script n, the subscript kp instead of k, and ml instead of m. Particular- 
ly, the substitution of ni for n in (29.21) leads to the equation 

Eni =" Kl + Vnt,ni (31.17) 

that coincides with (31.13). The requirement thati}’ ni be normalized 
to within the terms of the order of X leads to the condition 

clli. ni= 0 (31.18) 

[see (29.27)]. 

Let us write the analogues of formulas (29.18) and (29.19): 

W m B< = + (31-19) 

2 <47. k„W ml , hp = {E^ - eW) C$1 ml + E^ciW ml + E%6 n t. ml (31-20) 

Ap 

Assuming in formula (31.19) that m # n, we obtain 

C ni, ml = ^ 0 ,^ 0 , ( m # n ) (31.21) 

[compare with (29.23)]. Now let us write (31.20) for m = n and 
l = 5 ^ i: 

2 4V, ApW'nl. AP = E^C { nl n l (31.22) 

Ap 

[owing to degeneracy, E„l — E p \ ]• 

By (31.13), we have E„l — W ni<ni [recall that A £ 0 ) = XE^ and 

F = XW ]. Let us perform such a substitution in (31.22) and, in 
addition, separate from the sum over the subscripts k and p the 
addends in which k — n: 

2 c nV, npW n i _ np + 2 c nV, Ap^nl. A p = ^ ni, ni c ni, nl 

P Ap 

(A^n) 

The matrix W n i <np , like the matrix F n [ nF , is diagonal [see (31.12)]. 
Therefore in the sum over p , only one addend is non-zero (in which 
p— l), and it equals ckV, n /FFn/, ni- With a view to this circumstance, 
we can write that 

Ji.) t V c <>) W , v 

Cn '- nl ~ Wni.m-Wnt.nl ^ C «*. Ap"' ni. ftp 

hp 

(h=£n) 
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Finally, substituting for c„i, hp its value following from (31.21), we 
obtain the formula 


.(i) 

Cni.nl- Wni. 


if — tv nl, nf 


hp 

(ft r-n ) 


hpWkp, ni 
E (0)__ E (0) 
a ni ^hv 


(i¥=l) (31.23) 


Formulas (31.21) and (31.23) give the values of all the coefficients 
Cni, mi except c\ jV, nil l> ut we know the latter to be zero [see (31. 18)]. We 
can thus write an expression for the psi-function in the first approxi- 
mation: 




fmi, ni 


£(0)_ 1?(0) 
ml »* ml 
( mpn ) 




+ 2 


i 

(.If i) 


1 

V ni, ni — V nl. nl 


■ 2 

kp 

(h-tn) 


V nl, h pVkp, ni 

£«)>__ p(0) 

^kV 


♦S’ 


(31.24) 


[compare with (29.28)]. 

Let us find the correction to the energy in the second approxima- 
tion. To do this, we shall use relation (31.20), assuming in it that 
m — n and l — i: 


2 c nV, kpWni. ftp = EniC^] ni + E% (31.25) 

hp 


Hence, with a view to (31.18), we find that 


( 2 )_ v Ji) 


L'm — 


-(*.1 W V „(1) ur 

Pm, np 1 ' n i, np “r t nt 1 hp tv ni, ftp 

P ftp 

(ft=/n) 


[we have broken up the sum on the left in (31.25) into two sums]. 
All the addends of the first sum are zero: when p = i because of 
Cm, n i » an( i when p =£=i because of the diagonal nature of the matrix 
Wni, np- Therefore, introducing the values (31.21) for the coefficients 
ch'i, h/> into the second sum, we obtain the following formula for the 
correction to the energy in the second approximation: 


A r?(2) 1 ? z7(2) VI V ni, kpVhp, ni 

aljni — ^ ^ni — Z, p(0)_ p(0) 
h/i i l 'hp 

(ft hn) 


(31.26) 


32. Examples of Application of the Stationary Perturbation Theory 

We shall consider the Zeeman effect for a particle having no spin 
and the Stark effect for a hydrogen atom as examples of stationary 
perturbation theory application. 

Let us begin with the Zeeman effect. Consider a particle differing 
from an electron only in that it has no spin. Let the particle move 




142 


QUANTUM MECHANICS 


in the Coulomb field of an atomic nucleus. The Hamiltonian of the 
particle thus has the form 


fl 


o 




(32.1) 


It was found in Sec. 24 dial (lie eigenvalues of such an operator arc- 
determined by expression (24.23), while the eigenfunctions have 
the form 

'I’nlm ^nl (r)-Ylm (<>, <f) 

[see (24.27)]. 

Let us find how the values of the energy will change if we act on 
the nucleus-particle system with the homogeneous constant magnetic 
field B. For this purpose, we must know the expression of the Hamil- 
tonian for a charged particle moving in an electromagnetic field. 
It was established in Sec. 70 of Vol. 1 that the Hamiltonian function 
for a particle having the charge e (and not — e, as our particle has) 
is determined by the expression 


ff -i( p ~4 A ) 2 +" » < 32 - 2 > 


where P is the generalized momentum of the particle, and A and <p 
are the sector and the scalar potentials of the field at the point where 
the particle is [see Vol. 1, formula (70.12)]. 

The same operator — ihV is associated with the generalized momen- 
tum P as with the conventional momentum p. We therefore write p 

instead of P. In the coordinate representation, the operator A = A 
is associated with the vector potential, as with any other position 
function. Accordingly, the Hamiltonian is determined by the expres- 
sion 

A )“+^ < 32 - 3 > 


Opening the parentheses, we obtain 


IT - 


2m e 


2m,.c 


pA- 


2 m K c 


Ap 


e* 

2 m e c 2 


AM ecp (32.4) 


It is not difficult to find that the commutator of the operators p 
and A is 

[p, A] --- pA — Ap —ih ¥ A (32.5) 


Consequently, replacing pA with Ap — iftVA, we can write (32.4) as 

k = -db ^ i a p + ihvA + 2^ A2 + e * (32 - 6) 
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Recall that this expression of the Hamiltonian lias been obtained 
for a particle having the charge e. We are considering the motion of 
a particle having the charge — e. For such a particle, the Hamiltonian 
must he written as follows: 


// = 


2 m f 


P“ 


m e c 


Ap-f t/iV A 


2m e c 


t A 2 — eq ) 


(32, 1} 


It was showni in Sec. 47 of Vol. 1 that the vector potential of a 
homogeneous constant field B directed along the c-axis can he repre- 
sented by the formulas 

A x =-±By, A y = \Bx, = 0 (32. 8> 


Let us determine the form of Ihe Hamiltonian (32.7) for the given 
case. It is not difficult to see that for a potential with the components- 
(32.8), we liave VA — 0. Consequently, the third term in (32.7) 
vanishes. Further, by (32.8) 

Ap= —■^-By-p x + -^-Bx-p v ^-^B(xp y — yp x )^Y BA ' I z x B 

(32.9) 

[see (15.11)], 

A ! = |5 2 (iHp 2 )OCB 2 (32.10> 


If we limit ourselves to a consideration of weak fields, in formula 
(32.7) the fourth term proportional to B- may be disregarded in 
comparison with the second term proportional to B. 

Dropping the third and fourth terms in formula (32.7), and also 
replacing cp with its value for the field of a nucleus, we arrive at the 
following expression: 



771 gC 


Ap H 0 



(32.11) 


[see (32.1)]. Hence, the Hamiltonian broke up into the sum of the 
unperturbed Hamiltonian 7/ 0 and the perturbation operator 


V = — — Ap = 

m e c 




(32.12) 


[we have taken advantage of relation (32.9)]. 

The energy values for the unperturbed slates are determined by 
formula (24.23), and the eigenfunctions TnYmt by formula (24 .27), 

n- 1 

2 (2 ( -i- 1) — n" functions differing in the values of the quantum 
1=0 

numbers l and m (there is degeneracy with respect to l and m) corre- 
sponding to the «'th energy value. 
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When there is degeneracy, the corrections to the energy in the 
first approximation are found from the solution of the secular equation 
(31.10). These corrections cannot be calculated directly by formulas 
(31.13) and (31.12) with the aid of the functions (24.27) because these 
functions may be “irregular” [recall that the functions in formula 
(31.12) are assumed to be “regular”]. 

To compile a secular equation, we must know the matrix elements 

Vnlm, nl'm' = <«n| (32.13) 

It was established in Sec. 23 that the operator (32.1) commutes with 
the operator M z . Therefore, the functions t|'n/m are simultaneously 
the eigenfunctions of the operator M z , i.e. satisfy the equation 

AMnim = mWnim 

Consequently, F^rm' = ( eB/2m e c ) M = (e!J!2m e c) m/bfnrm-- 
Substitution of this expression into (32.13) yields 

Fji/ m , nl'm' ~ 2m e c nl'm' (32.14) 

Hence, at any value of n , the matrix F is diagonal. This signifies 
[see the text preceding formula (31.12)] that with respect to the per- 
turbation (32.12), the functions (24.27) are “regular”. In this case, 
the corrections to the energy in the first approximation equal the 
diagonal matrix elements (32.14), i.e. 

A Eftm = Bm = p B Bm (32 . 1 5) 

where p B i* the Bohr magneton. 

We have established that when a magnetic field acts on an atom 
(with a spinless electron), the energy of the atom becomes dependent 
on the quantum number m (which is why it is called the magnetic 
quantum number). The magnetic field thus removes the degeneracy 
with respect 1o m. But since the correction to the energy does not 
depend on the quantum number f, the degeneracy with respect to l 
remains so that in the given case the perturbation removes the dege- 
neracy only partially. 

Now let us consider the Stark effect. Assume that a hydrogen 
atom is acted upon by a weak constant and homogeneous electric 
field of strength E directed along the z-axis. The potential of this 
field is <|> — E" — Er cos 0. Consequently, the perturbation 

operator has the form 


V ~ eEr cos if 


(32.16) 
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The matrix elements of the operator (32.15) evaluated with the aid 
of the functions (24.27) are as follows: 

Vnlm . nl'm' = {^nlm^Er COS 

oo 

— eE j YimYi'm’ cos’d sill'd d§ dy j R nl R n yr -r 2 dr (32.17) 

o 

The ground state is not degenerate. Hence, the function i]j 100 is 
regular and by (31.13) land also by (29.22)], we have 

A E[ u = V 100i 100 = (i]? 100 | eEr cos fi/ioo) 

Substituting for i|i 100 in this equation its value from (24.33), we 
obtain (Z = 1) 

A2?j 1> = -^ 3 - j e-^/^eEr cos dr 2 sin# dr di) dq> 

2n n 

Since j dq> j cos d sin & d# — 0, we find that AE[ 1 ' = 0. Conse- 
o o 

quently, for the ground state of a hydrogen atom, the first-order 
Stark effect is absent. 

The first excited state of a hydrogen atom (n = 2) is four-fold 
degenerate — the following functions correspond to the energy E a 
[see (24.33)]: 


%00 “'^V'25 e ~ r/2r i 2 ~^) } 


^211 — 
^lO — 

lj>21-l = 


rjjAg Yn 

1 


— e -7 '/2 r o re iq> sin ■d 


r^* 4 /St 
1 

' r„A 8 Yn 


e -r/2r„ r cog ft 


-r/2 r o j-g — if gin 


(32.18) 


Of the lfi matrix elements Zim, n'm’ that can be obtained with the 
aid of the functions (32.18), only the two corresponding to l V 
and m = m are non-zero. This can be seen by direct verification. But 
this result also ensues from the following considerations. It was shown 
in Sec. 20 that the parity 0 f the function Y lm (0, cp) coincides wi lb that 
of the quantum number l — this signifies that when we substitute 
n — •& for ■O' and <p 4- n for cp, the function Y Jm is multiplied by 
(— 1)'. The radial function R n [ (r) is even (in inversion, r does not 
change). The function cos O’ is odd. Consequently, the parity of the 


10-0196 
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integrand in (32.17) is l -)- V -f 1. Integration of an odd function of 
the angles over d(l = sin ft dft dq> within the limits of the round 
solid angle An yields zero. The integral is thus non-zero only foi 
even values of l -f- l' -b 1, i.e. for l =5^ l'. Further, when m m', 
expression (32.17) contains the factor 

2 n 

j dtp = 0 

0 

Hence, only the elements F 20 o, 210 an( l F 210i200 are non-zero. They 
have the value 


F 2 oo, 210 — F 2t0i 200 

00 Jl 

= ■ ■ f f r r / r »— (2 — 1 cos fteEr cos 0-2jir 2 sin 0 dr d$ 

r a 0 32n J J r 0 ( r 0 ) 


0 0 


— — 3eEr a 


(32.19) 


We must note that in the given case the matrix V is not diagonal 
so that the functions (32.18) are not regular with respect to the per- 
turbation (32.16) [recall that with respect to the perturbation (32.12) 
they were regular]. 

Having chosen the sequence of the subscripts: 200, 210, 211, 21-1, 
we write the secular equation [see (31.10)] 

0-A£ — 3eEr 0 0 0 

— 3eEr 0 0 — AE 0 0 

0 0 0— A E 0 

0 0 0 0 — AT? 



Expanding the determinant, we obtain 

(-AE) 2 [(—AE)" - (-3 eErtf] = 0 
The roots of this equation are: 

AEx = 3eEr 0 , A E 2 = -3 eEr 0 , A E 3 = AE t = 0 (32.20) 


Having taken AE U we obtain a system of equations for deter- 
mining the coefficients c 2im Isee (31.9)]: 

— 3eEr 0 -c l — 3dFr 0 -c 2 = 0 

— 3tEr 0 -c t — 3 eEr 0 'C z = 0 

— 3eEr 0 -c 3 — 0 

— 3eEr 0 • c 4 = 0 


(32.21) 
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Hence, c j = — c 2 , and c 3 — c k — 0. Consequently, the following 
function corresponds to the level E„ + AE l in the zero approxi- 
mation: 

= C (^200 'talo) — y 2 ('i’zoo Tslo) 

= ^5W'''' 2 ''f 2 “^ <1 + cosa, J <32 ' 22 > 

Forming a system similar to (32.21) for AE 2 = —3 eEr 0 , we find 
that Cj — c 2 , and c 3 = c 4 = 0. Consequently, the following function 
corresponds to the level E 0 -i- A E 2 : 

= 7f + ^ io) = 7 | yWn e ~ r/2r ° [ 2 “ W (1 ~ cos d) ] 

(32.23) 

Introduction of the value A E = 0 into the system (31.9) yields 
Ci = c 2 = 0; the other coefficients remain indeterminate. We can 
therefore assume that ■ » ? * 

'Ps = ''Pan* 'p4 ' 'P 21-1 (32.24) 

The set of functions (32.22)-(32.24) forms a regular system of zero- 
approximation functions when the perturbation operator has the 
form of (32. 1C). With the aid of these functions, the first-approxima- 
tion corrections to the energies can be calculated by formula (31 .13). 
Substituting, for example, the function (32.22) into this formula, we 
obtain 

o o 

X r cos ft ■ 2 nr 2 sin ftdr dft — 3eEr 0 
which coincides with AE X from (32.20). It is not difficult to see that 
Ap 3 ! = (ip* I TAp 4 > = 0 

where and i|: 4 are determined by formulas (32.24). This result also 
agrees with (32.20). 

Summarizing, we can say that of the four degenerate states corre- 
sponding to n — 2, in the first approximation two states do not change 
under the action of a weak electric field. The other two states de- 
scribed by the functions (32.22) and (32.23) acquire the additional 
energy 3eEr 0 and —3eEr 0 . This can be interpreted to signify that a 
hydrogen atom in the first excited state behaves like a dipole having 
the moment 3er 0 and capable of orienting itself parallel to the field 
(one state), antiparallel to the field (one state), and normally .to the 
field (two states). 
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33. Time-Dependent Perturbations 

Assume that the perturbation operator V depends on the time 
explicitly. Consequently, the Hamiltonian of the problem being 
considered 

r H = H 0 + V(i) (33.1) 

also contains the time explicitly. In this case, we cannot speak about 
.corrections to the eigenvalues of the energy of the unperturbed stales 
because stationary perturbed states (i.o. states with a constant 
energy) do not exist. Our task will therefore consist in approximately 
evaluating the psi-functions of the perturbed states. 

For this purpose, we assume that originally (at l <C 0) the system 
being considered was in one of the stationary states described by the 

function r)^ 0 ' of the unperturbed operator H 0 [this signifies that 

V (t) =s 0 when t < 0], At the instant t = 0, a weak perturbation 
begins to act on the system. Owing to the smallness of this pertur- 
bation, we can consider that the psi-function of the perturbed state 
changes only slightly with time. 

The psi-functions of the unperturbed system, with a view to their 
time dependence, are as follows: 

Vn (*, t ) = ^ (X) e (n = 1, 2, . . .) (33.2) 

[see (5.0); by x is meant the set of coordinates of the particles in the 
system]. Recall that the functions i|4 0 ’ (x) satisfy the equation 

U Q fn (X) = AVIC (X) 

and the functions oj'u (x, <)— the equation 

(X, t) = ih WlplL (33.3) 

Unlike Sec. 32, now only unperturbed slates are stationary ones 
(i.e. states with a definite energy). Hence, there is no need to use the 
superscript “(0)” on the energy values. 

Since a perturbed stale is not stationary, its psi-function cannot 
be represented in a form similar to (33.2) Rut. owing to the complete- 
ness of the system of functions (33.2) , the function (x, t) can for 
any instant be expanded into a series in these functions, i.e. written 
in the form 

* (*> 0 = 2 Cn* (0 *|>r (x, t) = 2 c nh ( t ) w (X) e-WW (33.4) 

h k 

where the coefficients c nh ( t ) depend only on t. If, as we assumed, 
the system was originally in the stationary state ( x , t), at the 
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instant t — 0 the condition ( x , 0) = tJ 4 0> (.r, 0) must be observed. 

By (33.4), this condition will be satisfied if 

c n * (0) = Kk (33.5) 

The function i}5 (x, t) is a solution of the equation 

[# o+ V (f)] * (x, t) = ih (33.6) 

Let us introduce the expression (33.4) for i[> (x, t) into Eq. (33.6): 

[Hq + V ( t )] 2 c nh (t) *i #> (x, t) = ih 4r 2 c nh (*) K’ (*, t) 

h h 

The time is not contained explicitly in //„, and is contained as a 

parameter in V ( t ). Consequently, the operators H 0 and V ( t ) do not 
act on the coefficients c nh (t). Thei’efore, the equation we have ob- 
tained can be transformed as follows: 


2 c nk (0 H (x, t) + S C nh ( t ) V ( t ) ^k 0> (x, *) 

h h 

= 2 (0 ih - ~ dr - + ih 2 -^r- ^ 0> (*. 0 

h h 

Owing to (33.3), the first sum on the left-hand and right-hand sides 
of the equation can be dropped. We multiply the remaining equation 
scalarly by (x, t ): 

Sc nft (l)«>(x, t)\V (l)>fe #l (x, t)) 

k 

= ih «(*, t)|i|>r(x, o) 

k 

Finally, introducing the notation 

V m * ( t ) = (x, l ) 1 V (l) i|-r (x, <)> (33.7) 

and having in view that (rj)^ (x, t ) | ^ 0) (x, t)} =-- 6 mft , we can 
write 


^i£^W. = 2F mft (0^(0 (33.8) 

h 
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We must note that the perturbation matrix element determined 
by formula (33.7) can be written as follows: 

V mh (t) = (Vm (*) e~ Wh)E ^ | V (f) W (x) e ~ wn)E *'> 

— e (i/h) (E m -E ft )(<^( 0 ) (x) ,y W (x)> = v mh ( t ) (33.9) 

where 

= (33.10) 

(33.11) 

Using the notations (33.10) and (33.11), we can write 

V mk {t) = v mh {t)e ia m^ (33.12) 

Let us return to Eq. (33.8). We shall seek its solution in the form 

c nm (t) = c ( Z (t) + Xtfm ( t ) + WcZ (*) + ••• 

If we take the unperturbed function \|4 l < ” (x, t) as the zero approxi- 
mation, we have ( l ) = 5 nm [see (33.5)]. Consequently, 

c„m (0 = G nm + (t) + WcZ (t)+... 

= S nm + AcZ(t) + Ac%] n (t)+... (33.13) 

We shall write the matrix elements V mk (t) as %W mh ( t ). Equation 
(33.8) will therefore be written as follows: ( 

ihl + ihX 2 +... 

= * 2 W mh ( t ) 8 nh + X 2 2 W mh ( t ) c% «)+... 

- h k 

Equating the coefficients of identical powers of X, we obtain a series 
of equations 

ih dc ™.p- = W mn (ty (33.14) 

in = 2 W mh (t) c& ( t ) (33.15) 

h 


1 2 
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Integration of these equations yields the following values for the 
corrections to the coefficients ( t ) = 6 nm 

t t 

A Cnm = tenm= j V mn (t) dt = j- j V mn (t) <? lo W dt (33.16) 

0 0 

t 

— 1 2 j V mk (t')Ac“l(t')dt' 

h o 

t r 

= ( — jr) 2 2 ( v mh (n { J v hn (o *'} <**' 

ft 0 0 

= ( -t) 2 S 1 *«* «') { j v hn (?) e^.df) d? (33.17) 

ft 0 0 


(to avoid confusion, we have designated the integration variable in 
one case by t' , and in the other by t" instead of t). Recall that n in 
these formulas signifies the index of the initial, unperturbed state. 

Introducing the corrections evaluated in this way into formula 
(33.13), we find the expansion coefficients c nm (f) and, consequently, 
the perturbed function (33.4) itself. Hence, solution of the problem 
consists in finding the matrix elements (33.7) and in calculating the 
integrals (33.16), (33.17), etc. 

Therefore, with account taken of formulas (33.5), (33.16), and 
(33.17), we have 

t 

Cnm it) = 6nm ~ X J y mn (*') * *“'»**‘' dt ' 

0 

+ (~x) 2 S j "m* (Oe 1<W ' {j v kn (?)e io ^’d?}d? + ... 

ft 0) 0 

(33.18) 

Assume that at the instant x the perturbation stops its action. 
Beginning from this instant, the coefficients of the expansion take 
on the constant values c nh (x). Consequently, when t > x, the state rj) 
of the system will be a superposition of the stationary states 

f-ScnftWK (*) 

h 

{see (33.4)]. In this case, the probability P nm of the system being in 
a stationary state with the energy E m is determined by the square 
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of the magnitude of the coefficient c nm (t). If we limit ourselves to 
the first approximation, by (33.18) we have 


c nm (t) = — ■ i- j v mn ( t ) dt (m # n) (33.19) 

o 

Accordingly 

T 

Pnm^ |CnmtT)l 2 = -p-| j »w» (0 <^W dt | 2 (m n) (33.20) 

0 


Expression (33.20) determines the probability of transition of a 
system from the stationary state i |) ( n (a:) to the stationary state 
(x) ( m =?= n) during the time of action of a perturbation. 

We must note that the expression we have obtained for P nm holds 
only if the matrix elements V mn ( l ) and the perturbation time x are 
sufficiently small for the corrections Ac nm (x) to be small in com- 
parison with unity. 

If V (0) = V (x) — 0 [accordingly, v mn (0) and v mn (x) are also zero] 
formula (33.20) can be transformed by taking the integral by parts: 


j v mn (t) * “ mn< dt 

o 


1_ 

*®mn 


Vmn it) e iU>mnt 


1 

iG>mn 


j ilgZL dt 
0 


The first term vanishes upon substitution of the integration limits. 
We can therefore write that 


*•«*! 


*r 

0 


(33.21) 


Up 1o now, we have considered the very simple case when the 

operator H 0 has a discrete spectrum of eigenvalues. Accordingly, 
expression (33.20) gives the probability of a transition between 
states belonging to a discrete spectrum. Of great interest is a tran- 
sition from a state belonging to a discrete spectrum to one belonging 
to a continuous spectrum. Such transitions are possible when the 

sped rum of the operator //„ contains both discrete and continuous 
regions. In this case instead of (33.4), we obtain the formula 

xp (x, t) = 2 c h ( t ) ij)* 0 ' (x, t) -j- j c v ( t ) \py 0> (x, t ) dv (33.22) 
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where the index v characterizes the state belonging to the continuous 
part of the spectrum [see (12.1)]. After introduction of this expression 
into Eq. (33.6) and simplifications, we arrive at the relation 

2 c * (*) V W (*. t)+ \c v ( t ) V C (X, t) dv 

A 

= m 2 tr (*, t) + m j tic (*, *) dv (33.231 

k 

Performing scalar multiplication of (33.23) by (x, t) and 
taking into account that owing to the orthogonal nature of I he, eigen- 
functions bl'm' 1 4v 0> ) =0, we obtain an analogue of Kq. (33.8): 

in = 2 Vmk (t) c h ( t ) + \ V mv (t) C V ( t ) dv (33.24) 

A 

where 


Fmv (t) = (ar, t) | VW (*, *)> 


(33.25) 


while V mh (l) is determined by formula (33.7). Representing in 
(33.24) the required coefficients in the form 

W=^nA + XCfc 1 ’ ( t ) + X 2 Cfc 1 (t) -f- . . . 


C v ( t ) — XC ( t ) + X 2 Cv * (t) + . . . 


(33.26) 


(we assume that np (x, 0) — (x, 0), therefore all C ( t ) =s 0] r 

and next equating the coefficients at identical powers of X, we arrive 
at equations similar to (33.14) and (33.15): 

mn (0 (33.27) 

= 2) w mh ( t ) C ( f ) + j TE mv (t) C ( t ) dt (33.28) 


•fc dc m 

lh ~ir^ w r, 


in dc ™ 
in dt 


(W mn — V mn IK, etc.). Their solutions have the form 

t t 

AC = XC = - 4 j V mn (t) dt = - ± j u mn (i) «*“«»* * (33.29) 

o o 

A C = X 2 C 

* t 

= -t{ 2 J ^mAW C (<) dt + j dv j V mv (t) C (t) dt) (33.30) 

A0 0 


[compare with (33.16) and (33.17)]. 
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By multiplying (33.23) scalarly by (x, t) and performing 
similar calculations 1 , we arrive at the equations 

dc a) 

m-£- = W V ' n (t) (33.31) 

de w r 

ih "5T= S (l) 4° ( t ) + j W w . v {t) c? ( t ) dv (33.32) 

h 


where 

WVn (t) = (x, f) | # (0 t|4 0> (x, f)> (33.33) 

WV v (f) = <^> (x, t) | # (0 t|4 0> (x, f)) (33.34) 

Solving Eq. (33.31), we find the coefficient c v * in the first approxi- 
mation: 

c v > == Ac”’ = XCv-* 

t t 

= ~T l E v'n (t) di = — £■ J l^v'n (0 e to v'n‘ (33.35) 
0 0 

where 

n V 'n (*) = (x) | V {t) t|4 # ’ (x)>; co V '„ = (£ v - — E n )/h (33.36) 

Formula (33.20) determines the probability of the transition from 
the definite state n to the definite state m. Unlike this, for transitions 
into a continuous spectrum, we must consider the probability of a 
transition from the state n into one of the states belonging to the 
interval from v to v + dv. The expression for this probability is 
(we have discarded the prime on v) 

T 

dP nv = | c v | a dv = -jjr | j y vn (<) e ia vn* dt | 2 dv (33.37) 
o 

, We shall consider two limiting cases of the behaviour of the per- 
turbation V ( t ): (1) the case when the perturbation, having appeared 
«t the instant t = 0, slowly grows from zero to a certain value, and 
then slowly diminishes to zero at the moment t = t. During the 

entire interval from 0 to x, the derivative dV!dt is very small. Such 
a perturbation is said to be adiabatic; (2) the case of a very rapid, 


1 In performing these calculations, we must take into account that 

<^v #,> (z, t) (x, t)) — 6 (v' — v) [see (12.6)]. 
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“sudden’, switching on of the interaction. Having grown in a very 
short interval At from zero to a certain value, the perturbation then 
changes adiabatically and by the instant t — x vanishes adiabatical- 

ly. In this case, the derivative dV/dt is very large in the interval from 
0 to At, and is very small all the other time. 

We shall consider that the eigenvalues of the unperturbed operator 
are discrete and not degenerate. To assess the probabilities of a 
transition, we shall use formula (33.21). Assume that 


dv m n 

dt 


hbfinn 


(33.38) 


(the adiabatic change in the perturbation). During the time x, the 
exponential factor in (33.21) performs many oscillations. Therefore, 
the comparatively slowly changing factor dv mn !dt may be put outside 
the integral, taking a mean value within the interval [0, x] for it. 
We may thus state that 


P 


nm 


dv„ 




dt 


dv. 


j j e i<>>mnt dt 
o 

. i“W/2 -t(0 mn T/2. 


(* 




dt 


l(0 mn 


4 

dv mn 


dt 


i r»2 


sin- 


2 


Taking the condition (33.38) into account, we find that P nm 1. 
This signifies that a system, which before a perturbation satisfying 
the condition (33.38) begins to act was in the non-degenerate state 
Tn , remains in this state after the perturbation stops acting. 

When a perturbation begins to act suddenly, the contribution to 
the integral (33.21) will be appreciable only during the time Af 
needed to switch on the perturbation. We shall consider this time 
to be much smaller than l/o> mn . All the other time, the perturbation 
changes adiabatically so that it cannot make an appreciable contri- 
bution to the probability of a transition, as was established above. 
During the very small time At, the exponential factor changes slightly 
(co mn At <c 1), therefore it can be put outside.the integral and assumed 
to equal unity. The result is 


At 

■II- 


dVmr 

dt 


■dt\ 


hWm. 


\v mn m\ 2 (33.39) 


It is obvious that v mn (At) is determined by the magnitude of the 
suddenly switched on perturbation. 
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34. Perturbations Varying Harmonically with Time 

Let a perturbation within the interval 0 ^ t ^ x have the form 

V (t) — V (e iat + = -j V cos ©* (34.1) 


and when t < 0 and l > t, it is zero. Here V is an operator not 
containing the time explicitly. 

Consider a transition from a discrete spectrum to a continuous 
one occurring under I lie influence of such a perturbation. In this 
case, the matrix element F v „ (/) [equal to t he product of K and 
expression (33.33)] can be written as 

F vn (t) = (x) e~ < - i/h)E '> t | y (e ia >< + e~ iat ) i|i<<» ( x ) e -0/ft)E„t> 


= <4't 0) ( x ) I (*)> e ' “ vn< (e i<ot + e~ iu>t ) 

= F vn [e <( ®v«+®)* + e «®vn-«)‘j (34.2) 

where V vn is simply a number, and co V n = — E n )/h. 

Integration of expression (34.2) with respect to time yields 


T t i(m vn +co)T_j e i( “vn _(,, l T _j ] 

^ ^vtj (0 dt = F vn | i((o vn + <o) i(w V n — W) ) (34.3) 

0 

The result obtained indicates that there is an especially high prob- 
ability of transitions to states that are within the interval from v 

to v -f dv for which © vn « ©, i.e. 

ft© vn — E v — E n « Ha) (34.4) 

For this condition to be observed, 
the perturbation frequency © must 
satisfy the requirement 

hu> > E x — E n (34.5) 

where E x is the boundary between 
l lie discrete and the continuous re- 
gions of the spectrum (Fig. 34.1). We 
shall assume in the following that the condition (34.5) holds. We 
must note that, as follows from Fig. 34.1, we have © vn > 0. 

At a frequency © close to © vn (© st © vn ), the second term in 
(34.3) will be much larger than the first one. We therefore drop the 
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first term, and (34.3) becomes 

j r,. W dt » F„„ “P [‘ <“•» - “> t] 

0 

exp 1 i (co vn — a) t/ 2 ] — exp [ — i (co vn — to) t/ 2 ] 

2 i ( 0 ) vn — u )/2 

-V exD \ i (a col - T 1 sin [Km - a>) x/ 2 ] 

- K vn exp t<ttvn ®; 2 J (co vn — co )/2 

Squaring the magnitude of this expression and introducing it into 
(33.37), we obtain 


dP — — 

ur nv — 


dv — xrl Tv. IU (I. X) dv (34.6) 


where £ = | (v) = (co vn — <o)/2 is the argument, and t is a para- 
meter ( dP nv is a function of v). 

Figure 34.2 depicts the function 

f(h *r) Si^EL. (34.7) 

contained in (34.6). A glance at the figure shows that the probability 
is the highest for the transitions for which the values of | = 



= (co vn — o>)/2 = (E v — E n — h(x>)/2h are confined within the limits 
of ~±1/t, i.e. the magnitude of the difference between E v and 
E n -j- ha does not exceed —ft/x: 

E v — (A’n + ^co) ^ 


(34.8) 
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The indeterminacy of the energy of the final state also satisfies this 
condition 

A E y - — (34.9) 

{compare with (10.5)]. 

Examination of (34.9) reveals that when t oo, we have A E v -> 0 
so that only transitions to a state with a quite definite energy E v >, 
satisfying the condition 

E v . - E n = JUo (34.10) 

have a non-zero probability. 

We can arrive at the same result in a different way. Let us write 
expression (34.6) in the form 


dP n v = ^-|F vn |2F(5, r)nxdv 


where 


f(l. = 

(34.11) 

We shall show that 


hm F (5, t) = lim = 6 (5) 

T-*-oo T-+oo 3lT £ 

(34.12) 


Indeed, since lim (sin- a/a”) = 1, when 5 = 0 expression (34.12) 

a->-0 

equals t/ji, i.e. in the limit expands to infinity. Further, at any 
5^0, the limit (34.12) is zero. Finally, 

— oo — oo 


Hence, expression (34.12) has all the properties of a 6-function. 
Consequently, at very large values of t, formula (34.6) can be written 
as 


d/>nv = -£-|F Vn |2 6(- 


co V n — co 


2 n 


)xdv 

6 ( E »- E ^r h(0 ) rdx 


= -f L ! y v„l z 8(E v -E n -fi(o)Tdv (34.13) 


[we have taken advantage of the property (VI 11.7)]. 
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Integration of (34.13) over v yields the probability of the system 
passing from the rc-th discrete state to one of the states of the con- 
tinuous spectrum: 

P = j dP nv = ^L j |F vn p6(£ v -£ n -/z< n )Tdv 

= -| L |F v . n |2g v .T (34.14) 

Here g v > is the degree of degeneracy of the level with the energy E v - 
satisfying the condition (34.10). We have thus again arrived at the 
conclusion that when t — co, only transitions to states with the 
energy E v - that satisfies the condition (34.10) have a non-zero 
probability. 

The formulas we have obtained hold when the changes in the 
initial function t{4 0) are relatively small. For this requirement to be 
obeyed, the total probability of a transition, i.e. the quantity 
(34.14), must be much smaller than unity: 

-^-|F v <„| 2 gv'T< 1 (34.15) 

Since the left-hand side of this inequality is proportional to t, the 
time of action of the perturbation must not be too great. The limita- 
tion of t leads, in accordance with (34.9), to the interval A E v being- 
finite. 

By (34.13), dP nv is proportional to the time x of action of the 
perturbation. Therefore, dividing expression (34.13) by x, we obtain 
the probability of a transition to a state within the interval from 
v to v + dv in unit time: 

dP n v I A(=l = I F V" 1 1 2 6 ( £ V — E * ~ *“) dV < 34 ' 16> 

The index v characterizing the states of the continuous spectrum 
includes a set of parameters among which may be the energy E 
of a state. Several states differing in the values of other parameters 
may correspond to the same value of E. Therefore, to the interval dE 
of energy values there corresponds the interval of the values of the 
index v equal to 

dv = g ( E ) dE (34.17) 

where g (E) is a function known as the density of states. Introducing 
(34.17) into (34.10) and substituting E for v accordingly, we obtain 

dP nE U-i = V En \ z S(E—E n —h(o)g ( E ) dE (34.18) 

Integration over E yields the total probability of a transition 

i>U<=i =i£L|F E ,„| 2 g(£') (34.19) 
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where E' satisfies the same condition as E v > in (34.10) [compare with 
(34.14)]. 

The results we have obtained cannot be applied to transitions 
between the states of a discrete spectrum because in the resonance 
case (i.e. when co = co nm ) the corrections to i|4 0) become large and 
the conditions of applicability of the derived formulas are violated. 
Therefore, a different approach is needed in solving problems on 
transitions in a discrete spectrum under the influence of a pertur- 
bation of the form of (34.1). 

We shall proceed from the exact equation (33.8) for the coefficients 

£jn (t) 

ih 1 = 2 V mh ( t ) c* (t) (34.20) 

h 

A 

Substitution into (33.7) of expression (34.1) for V ( t ) results in a 
value of V mh ( t ) differing from (34.2) only in containing the indices 
mk instead of \n. Introducing this value into (34.20), we arrive at 
the equation 

ih = 2 v mh C h ( t ) (34.21) 

k 

The greatest role in this equation is played by the terms that oscillate 
with the lowest of the frequencies. This can be understood by turn- 
ing to formula (34.3): the largest term in this formula is the one 
with the smaller denominator, i.e. the term oscillating with the 
lower frequency. We must note that in (34.3) all the co vtl ’s are greater 
than zero. Formula (34.21), on the other hand, contains terms with 
both positive and negative values of w mft . 

Let us choose from the entire set of unperturbed states two states 
m and n for which co mn = ( E m — E n )/H differs from w by the very 
small quantity e: 

co mn - a) 'm , = e (34.22) 

We must note that when the levels are not spaced equally, this 
choice can be made, generally speaking, in a single way. 

In accordance with the above, the coefficients c m ( t ) and c n ( t ) will 
change the most noticeably with time. It is exactly the equations 
(34.21) written for these coefficients that will contain a very slowly 
oscillating term. The variation of the other coefficients with time 
may be disregarded. 

Assume that E m > E n , so that co m „ > 0. It is evident that a> nm — 
— — tomn < 0. Consequently, in Eq. (34.21) written for c m , we must 
retain only the term with the exponential e^ 0>mn ~ a ^‘ = e iei on the 
right. In Eq. (34.21), written for c n , on the other hand, we must retain 
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the term with the exponential e** 8 ™!#)! = e~ iEt [(© nm -(-©) = 
— — (— w nm — ©) = — (©mn — co)l- We thus arrive at the fol- 
lowing system of equations of the form of (34.21): 


ih dc ™ { [t) . 

a t 

= V mn e iEt c n ( t ) 

(34.23) 

a dCn J l) = 

at 

W„ m r i£, c m ( t ) 

(34.24) 


ih dc ^ t ~ « 0 (for all I's not equal to m and n) 

To find the coefficients c m (t) and c n ( t ), we must solve the system 
of two differential equations (34.23) and (34.24). Let us intrpduce 
instead of c n ( t ) the auxiliary function 

Un (i t ) = e™c n (; t ) (34.25) 

Differentiation of this function yields 

c n ( t ) = [u n (l) — ieu n ( t )] e~ iet (34.26) 

With a view to (34.25) and (34.26), Eqs. (34.23) and (34.24) acquire 
the form 

ihc m = V mn u n 
ih lu n —ieu n 1 = V nm c n 

We can delete the function c m (t) from these equations by prelim- 
inarily diSerentiating the second equation with respect to t. As a 
result, we obtain the following differential equation for u n ( t ): 

'u n — isit-n + - 1 - 2 u n =0 (34.27) 

(owing to the Hermitian nature of the operator E, the relation V nm — 
= V^n holds). 

Solving Eq. (34.27) by introducing u n = e iU , we obtain two 
values for X: 

^i = -f + co 0 , K = <o 0 (© 0 =/4 + i%^) (34.28) 

Consequently, the general solution of Eq. (34.27) has the form 

u n ( t ) = Ae iX ** + Be a ’* 

In accordance with (34.25), we have 

c„ (t) = e~ i£t u n (t) = Ae ia >* + Be~ ia » l (34.29) 

where 

ctj — e === ©q — (e/2), o &2 =s c — * ^2 ^ ©o -I- (e/2) (34.30) 


11-0196 
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Introducing the derivative of the function (34.29) into the left-hand 
side of Eq. (34.24), we obtain the following expression for c m ( t ): 

c m (f)= (a 2 5c- iaii — a,Ae <a «') (34.31) 

V nm 

We have thus obtained the formulas (34.29) and (34.31) for the 
coefficients c m {t) and c„(t). The constants A and B are determined 
from the condition of normalization and the initial conditions. 

Assume that at the instant when the perturbation begins to act 
(j,e. when t = 0), the system is in the state Then at the instant t, 
the psi-function of the system will be [see (34.4)]: 

H?(*. t) = c n (t)W(x, t) + c m (t)Mf<°Hx, t) = (Ae^^Be-i «><)* <« 

- [h. :\\ M ) (a 


From the initial condition T (*, 0) = f n 0> (x, 0), we obtain the 
following relations: 

A + B = 1, a 2 B — a t A = 0 

From these relations, with a view to (34.30), we find that 

\ — g 2 B = — — 

2w 0 ’ ° 2o„ 

Replacing a, and a 2 with their values from (34.30), and also taking 
into account that a x a 2 — — e 2 /4 = | V mn l 2 /^ 2 — V mn V nm /h , 

we can write 

*(*’*)= 1ST [( ®°+t) ei( “°- E/2)t + (<*>•— r) e_i(to0+t/2)t ] ^ 0) 

_j_ [ e -i(ft>o-e/2 )t gi(M 0 +e/2)«j ^(0) 

2 Ao)q 

= e-^/2[cos(o 0 f-+-^-sin(o 0 t] i|4°> 

— e^et /2 lVm A - sin (dot •i|:< 0) (34.32) 

n(Oo 

It is not difficult to see that the sum of the squares of the magnitudes 
of the coefficients at Tn’ and i]C equals unity. . 

The square of the magnitude of the coefficient at ij ) m is 

I C„(!) I* 5in ’“»‘ - Tjlf (1 _C<>S 2 "“‘ ) (34 ' 33) 

Consequents, the probability of the fact that the system at the 
instant t will be in the state r|C (x, t) varies with the frequency 2©» 
within the limits from zero to | V mn | 2 /ft 2 tt>o- Recall that [see (34. 2o) 
and (34.22)] 

(D 0 =|/ ^-+ 1 (£ m -E n -M 2 + 4 1 V mn l 2 
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In exact resonance (i.e. when e = 0), we have = i V 'Ifr 
and (34.33) becomes 0 1 mn 1 ’ 

I c m (t) |2 = i-[l — cos - 1 ^. mn 1 (34.34) 

Examination of (34.34) shows that the system periodically passes 
from the state n to the state m and back. The frequency of this tran- 
sition grows with increasing ] V mn |, i.e. when the perturbation 
becomes more intensive. 

We must stress the circumstance that all the results obtained hold 
only if at the instant when the periodic perturbation begins to act, 
the system is on one of the levels F,„ or snl i = f v i n ir the rondllion 

li'A.'/V) 

It can be shown that if a discrete spectrum is equidistant (as, for 
instance, in a harmonic oscillator), when condition (34.22) is ob- 
served, the system will pass to higher and higher levels. This corre- 
sponds to the buildup of a classical oscillator under the action of an 
external force varying with the resonance frequency. 


35. Transitions in a Continuous Spectrum 

Assuming in formula (34.1) that co = 0, we obtain the perturbation 
operator V that does not contain the time explicitly [it is equivalent 
to 2V in (34.1)]. Accordingly, the expression (34.2) for the matrix 
elements will be 

V vn (t) = Fv n e i6> v"‘ (35.1) 

Integration of a matrix element over t yields 


j V vn ( t)dt = V Vn 


e * <l, vn T — ! 


i(i) v n 




io> vn T /2 sin (co vn T/2) 

Wvn/2 


And , further, 


dPnv ==-jj2- | F Vn 


sin 2 (<o vn t/2) 

(0>vn/2) 2 


dv 


(35.2) 


By analogy with (34.16), we can write that 

dPny I A<=1 = -^-i ^v n 1 2 S ( -^ ) = 2£L I V vn \H(E V -E n ) dv (35.3) 


A glance at (35.3) shows that a time-independent perturbation 
may cause transitions only between degenerate states. The levels 
of a continuous spectrum are always degenerate (for instance, for a- 
free particle the energy E is realized in a multitude of states differing 
in the direction of the momentum p). For this reason, the action of 


ti* 
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a constant perturbation is of interest mainly as applied to the states 
of a continuous spectrum. Having this in view, let us rewrite (35.3) 
as follows: 

dP v 0 v U«=i = x- 1 F vv 0 1 2 6 (E v -E Vo ) dv (35.4) 

Here v n is the index of the initial state which we now assume to belong 
to a continuous spectrum, and v is the index of the final stale. 
We write by analogy with (34.17) that 

dx = -^dE = g(E)dE (35.5) 

Let us perform such a replacement in (35.4) after which we shall 
integrate over E. The result is the total probability of a transition 
from the state v 0 to other states having the same energy E: 

^Ja<=i=xI F Evo Pg(£) (35.6) 

Let the role of the index v be played by the momentum p of a 
particle. Hence 

dv = dp x dp y dp 2 — p 2 dp dQ — pm 0 dQ dE — g ( E ) dE 

where dQ is a solid angle element, and E = p 2 l2m 0 is the energy of 
the final states of the particle. Substitution of the found value of 
g ( E ) into (34. G) yields 

P I ai=i = -jr - 1 T PPl) \ 2 pm 0 dQ (35.7) 

This formula gives the probability of the fact that a particle having 
the momentum p 0 fwill pass in unit time to one of the states, the 
directions of whose momenta are within the solid angle dQ. 


36. Potential Energy as a Perturbation 

Let us consider the case when the potential energy of a particle 
in an external field can be dealt with as a perturbation. Here the 
unperturbed Schrodinger equation is an equation of the freely moving 
particle: 

— 2^" V 2 <]> (0) = £ ( 0 V°) (36.1) 

If we introduce the notation 

7.9 2m n E (0) p 2 /OC? Q\ 
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( p is the momentum of the particle), Eq. (36.1) can be given the 
form 


(V 2 + k~) = 0 


(36.3) 


A plane wave is the solution of this equation, namely, 

\|;<°> = (36.4) 

(k = plfr). 

Adding the perturbation operator V, whose role is played by the 
potential energy C. to the operator H t — — in Eq. 

(36.1), we obtain the equation 

(-iSr^+^b^ .(36.5) 

To find the psi-function in the first approximation, we introduce 
Tj, = ^(0> + A^ 1 ) and E = £<°> into (36.5): 

(— ^-V 2 + C/) (\jjt°> 4- At|) (1) ) — E w (ij/to) -f At):* 1 )) (36.6) 

Opening the parentheses and taking into account (36.1), we obtain 

— V 2 Ai^ 1 > + E7i|>«» -f U Ap 1 > = E m Aijd 1 ) 


Owing to the smallness of the quantities U and Aijd 1 ), we may dis- 
regard their product. The equation remaining after this has been 
done can be reduced to the following form with the aid of relation 

/Dd 0 \ - 


V 2 Aih (1) (r) + k 2 Aip<‘> (r ) = ^-U (r) i|>o ( r ) (36.7) 


Let us leave this equation for a while and turn to the d’Alembert 
equation for the scalar potential tp (r, t) produced by charges of the 
density p (r, t), known from electrodynamics: 

V 2 <P(r, t)-±-^±=- 4np(r, t) (36.8) 

The retarded potential 

9 (r, t) = J - p(r> ’ l ~ R/c) dV' (36.9) 

is the solution of this equation. We have introduced the notation 

/f=|r-r'| (36.10) 

[see Vol. 1, formulas (76.1) and (76.11)]. 

Consider the case when the charge density at each point varies 
according to a harmonic law: 

P (i*, t) = Po M e~ ia>t 


(36.11) 
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Formula (36.9) in this case becomes 

dV’ = <p 0 (r)«-*«‘ (36.12) 

where 

<Po W = J Po (r ’ ) ‘ i - - dV' (36.13) 

Introducing the functions (36.12) and (36.11) into (36.8) and can- 
celling the factor e~ iat in all terms, we obtain a differential equation 
for q> 0 (r): 

V 2 cp 0 (r)+-Jcp 0 (r)== — 4np 0 (r) (36.14) 

The function (36.13) is a solution of this equation. 

Equation (36.7) which we are interested in is similar to Eq. (36.14). 
Consequently, its solution can be obtained by replacing in formula 
(36.13) ale with k and p 0 (r') with — (m 0 l2nh 2 ) U (r') a|5<°>(r') = 
= — (m 0 /2nh 2 ) V (r') e i,ir ' cosd [see (36.4); ■ft is the angle between 
the vectors k and r'j. As a result, we obtain 

Al|) (1) (r) == §jrr\ __^_C/( r ') e ift(r'oosO+|r-r'|) d y' (36.15) 

[we have replaced R with | r — r'|; see (36.10)]. Recall that this 
function is a first-order correction to the unperturbed functions 
(r) due to the perturbation V = U (r). 

Let us find the conditions in which the potential U (r) can be 
considered as a perturbation. We shall proceed from the fact that 
the condition for the applicability of the perturbation theory con- 
sists in the requirement | Ai|; (1) | <C |i|i< 0) |. Since the magnitude of 
the unperturbed function (36.4) is unity, we arrive at the condition 
| A4’ <1, l <C 1, i-e. 

| J -| 7 "- r — U ( r ') e iA(r ' cosd+ l r-r 'l> dV' | 1 (36.16) 

Let the function U (r) noticeably differ from zero only when /• ^ a 
(the wavy line signifies that we are dealing not with exact values, 
but with the orders of magnitude of the relevant quantities). Hence, 
the main contribution to expression (36.16) is made by the part of 
the integral that relates to the volume of radius a. It thus follows 
that A\[) (1) diminishes with r so that if the condition (36.16) is 
observed at r = 0, it will be observed at any r. The condition (36.16) 
can thus be replaced with the condition 

■^r| j -^tf(rOe‘*W*+iMF'|<l (36.17) 

r'^a 
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Let us assess the integral in two limiting cases: 

1. At such small energies that ka < 1. Accordingly, 




m 0 a * 


(36.18) 


(we have dropped the unimportant factor two in the denominator). 
2. At such great energies that ka 1. Accordingly, 




m 0 a 2 


(36.19) 


We must note that the expression ti 2 lm 0 a 2 gives the order of magni- 
tude of the kinetic energy that, in accordance with the uncertainty 
relation, a particle confined in a volume with a radius of the order of 
a would have (the momentum of such a particle would be of the order 
of h/a). It can also be shown that this expression equals the minimum 
depth of a spherical potential well of radius a at which a bound state 
of a particle with a discrete energy level appears. 

In the first case, the exponential factor in the integrand in the 
entire region of integration virtually equals unity so that (36.17) 
transforms into 


,«» I f U(T')dV' 
2 iifi 2 I J r' 

r'k^a 


m Q 

2nfi* 


IW I 

r'^a 



m 0 

2nh 2 


| (U) | 2na 2 <l 


where (U) is the value of the potential energy averaged over the 
region of radius a. The inequality obtained leads to the condition 

i (U) j « ~~~z~ (36.20) 

Remember that this condition must be observed for energies satisfy- 
ing relation (36.18). 

In the second case, the exponential factor in (36.17) varies very 
rapidly and in integration over the region r' ^ a it completes many 
cycles of change. Consequently, we replace the comparatively slowly 
varying factor U (r') with its mean value {U) and put it outside the 
integral. As a result, the condition (36.17) becomes 

| <C7> 1 1 j e ift '-'( C0Sfl + 1 )sinfi'd#r'dr'|<l (36.21) 

r'<a 


(we have substituted 2 n sin ft dft r'~ dr' for dV’ and cancelled 2 zi in 
the numerator and denominator; here ft is the angle between the 
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vectors k and r' measured from the fixed vector k). Evaluation of the 
integral yields 



e iftr'(cosd+l) gjjj § dft 


=15 <«*“'• -i>*"= 4- 

n 


r e 2iha_ i 

I. 2 ik 



a 

ik 


(we have disregarded the first term in the brackets because by our 
condition k is very large). 

Introducing the found value of the integral into inequality (36.21), 
we obtain 


whence 

I I «-=rr (36.22) 

We remind our reader that the function U must satisfy this con- 
dition at energy values determined by relation (36.19). We must 
note that the condition (36.22) is weaker than (36.20). Indeed, the 
right-hand side of (36.22) is ka times larger than the right-hand side 
of (36.20), and in case 2 the product ka is very large. Hence, if U 
can be considered as a perturbation at low energies of a particle, 
this is also possible at high energies. 

The condition (36.22) can be represented in the form 

| <£/>!«-£■ (36.23) 


where v — hk/m 0 = plm 0 is the velocity of a particle. 

For a Coulomb field, the potential V = a!r diminishes so slowly 
that we cannot introduce the concept of the effective radius a of the 
region of interaction. Taking arbitrarily a certain quantity a, let us 
find the value of the Coulomb potential averaged over a sphere of 
radius a: 


a 



Hence, the product (U) a does not depend on the choice of a and 
equals a. The condition (36.23) for a Coulomb field can thus be 
written as 


CC hv 


(36.24) 


Particularly, if the potential is set up by a nucleus having the charge 
Ze, while the particle has the charge e, the condition (36.24) is as 
follows: 


Ze 2 hv 


(36.25) 


Chapter VII 

THE QUASICLASSICAL APPROXIMATION: 


37. The Classical Limit 

The behaviour of microobjects quite often differs only slightly 
from the classical behaviour. An example is the motion of an electron 
in a cathode-ray tube. In such cases, an approximate method of 
solving quantum-mechanical problems known as the quasiclassical 
approximation 1 is helpful. This method is based on the expansion of 
a psi-function in powers of ft and the dropping of the terms of higher- 
degrees of smallness relative to ft. 

In the same way as we write a complex number in the form pe ia 
(l> is the modulus, and a is the phase or argument of the number),. 
we can write the psi-function of a particle as 

ij; (r, t) = cp (r, t, ft) exp {if (r, t, ft)} (37. 1> 

To emphasize the circumstance that the psi-furiction may include ft,, 
we have introduced this constant into tp and / as a parameter. 
Let us transform the function (37.1) as follows: 

(r, t) = exp {i [/ (r, i, ft) — i In cp (r, t, ft)]} 

Finally, designating the function in brackets by (1/ft) S (r, t, ft), we- 
obtain 

iKr, t) = exp j-j- £ (r, t, ft)} (37.2)- 

When considering a quasiclassical approximation, it, is very con- 
venient to represent the psi-function in the form of (37.2). In the 
following, we shall write the designation of the function S as S (r, t) t . 
dropping the parameter ft. 

Introducing the function (37.2) into the Schrodinger equation. 
(5.1), we obtain 


JiL 

2 m 0 


y2 e (i/h)S _f_ (7 e (i/R)S = ifr JL e ii/h)S 


1 It is also known as the Wentzel-Kramers-Brillouin (WKB) approximation^ 
or the WKB method. 
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Performing differentiation 1 and cancelling the common factor e^^ s , 
we arrive at an equation for the function S (r, t) 

< 37 ' 3 > 

Performing the formal limiting process % -*■ 0 in (37.3), we obtain 
the equation 

that coincides with the Hamilton-Jacobi equation known) from 
■classical mechanics [see Vol. 1, formula (32.15)]. It is exactly this 
•circumstance that is had in mind when the equations of quantum 
mechanics are said to transform into those of classical mechanics at 
h-> 0. 

But we are interested in the quasiclassical case when the quantum 
effects, although very small, are nevertheless non-zero. For this 
reason, we must investigate Eq. (37.3). To simplify our task, we shall 
write it for stationary states and, in addition, limit ourselves to a 
treatment of one-dimensional motions. The time enters the psi- 
function of stationary states through the factor e-(*/&)Et. Therefore, 
the function S (r, l) in (37.2) has the following form for stationary 
states: 

S (r, t) — S (r) - Et (37.4) 


Substitution of (37.4) into Eq. (37.3) leads to the following equation 
for the function S (r): 


1 

2m 0 

(VS) 2 - 

ift 
2 m 0 

v 2 s + 

U — E 

(37.5) 

■or for one dimension 






"2^7 ( 

dS \2 
, c U ) 

1h 

2'f‘v 

d*S ^ 
dx* ‘ 

-U = E 

(37.6) 


Bv S in (37.6) and in all the following formulas is meant the function 
S\x). 

Let us attempt to find the solution of Eq. (37.6) in the form of the 
series 

S — S 0 + — Si 4- j S 2 + . . . (37.7) 


1 (Ve fc/) = y (ehik^1) = eht [A* (V/)* +fcV*/] (here k is a constant). 
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where the quantities S 0 , S lf S«, etc. no longer contain h. Substitution 
into (37.6) yields 



i r 

dS Q 

. n 

*s , , 

dS, 1 


2 m 0 L 

dx 

r i 

dx 1 

l i ) dx + • • • J 

ih 

f d*S B 

, A 

d 2 S t 

. i (A 

l 2 * S * 1 1 1 , 

2m 0 

L dx * 

+ i 

dx 2 

+ l i 

) dx 2 + • • • J + 1 


We open the parentheses and brackets, writing only the terms con- 
taining h!i to a power not higher than Ihe first: 


1 / dS o 1 2 dS o 

2 m 0 ^ dx / ' 2 m„ dx i dx 


ih d*S o 

2 m 0 dx* 


... + U — E 


Equating the coefficients at identical powers of h, we obtain a 
series of equations 



= E 


o dS 0 dS ! | d-S o « 

dx dx dx 2 


(37.9) 


The lirst equation is a one-dimensional Hamilton-Jacobi equation 
for contracted action [see Vol. 1, Eq. (32.16)]. Solution of this equation 
relative to dSJdx yields 

^ = ±V2m 0 [E-U(x)) = ±p(x) (37.10) 

where 

p x = V2m 0 [E-U (x)) (37.11) 

When E > U, the quantity p (x) is real, when E < U, it is imagi- 
nary. In the latter case, we shall designate it by i [ p ( x ) |. 
Integration of Eq. (37.10) yields 


Sq^) — ± j p (x) dx (37.12) 


(the choice of the lower integration limit will be treated below). 
Differentiating (37.10) with respect to x, we find that 


*S o _ dp 

dx * ^ dx 


(37.13) 


Let us solve the second of Eqs. (37.9) relative to dSJdx and intro- 
duce into the result the values of the derivatives of S 0 with respect 
to x from (37.10) and (37.13). We obtain the differential equation 

dS , 1 dp 
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Integration of (37.14) yields the function hr): 

S t (x) — — ~ In jo-f- const (37.15) 

Hence, with an accuracy to within the terms of the order of h/i, 
the function (37.7) becomes 

X 

S (x) — ± j p (a;) dx — In p -f const' (37.16) 

*0 

To take into account both signs in (37.16), we shall write the 
expression for the psi-function in the form of two addends: 

X 

i)i (x) — A exp i|" p (x) dx — -j j In p + const' J | 

•*0 

X 

+ 5 exp j-j [ ~ j P ( x ) dx—^-j In p + const' Jj 
*0 

Introducing the notation C t = j4e< i / h ) con8 t', C 2 = //e( i / fi ) const ' ) we 
obtain the following expressions for the psi-function: 

X 

^ {x) = c '-yW) exv ("H p{x)dx ) 

x o 

X 

+ ex P {-T J p (*) ( E> u ) (37.17) 

*0 

x 

* w ~ c ‘ ~ pTiT ” p (-1 1 IpWI^} 

•Vo 

X 

+ c\ - V ±- exp { — i j \p (X) 1 dx) {ECU) (37.18) 

*0 

We can now see that only the values of the coefficients C and C' 
depend on the choice of the lower integration limit; the nature of the 
psi-functions does not depend on this choice. 

The two solutions obtained differ appreciably from each other. 
When a particle travels in the classically allowed region (E > U, the 
momentum is real), the psi-function has an oscillating character, 
whereas in motion that cannot be realized from the classical viewpoint 
{ECU, the momentum is imaginary), the psi-function is the sum 
of two exponents. 
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At points where E — U, known as turning points, the momentum 
vanishes, and expressions (37.17) and (37.18) lose their meaning. 
Consequently, the method we have developed cannot be applied near 
the turning points. The behaviour of the psi-functions near the 
turning points, however, must be known to determine the coefficients 
Ci, C 2 , C' and C 2 in the expressions for the psi-functions, i.e. to 
“link” the psi-functions at the turning point. It is evident from the 
above that the lower integration limit in (37.17) and (37.18) must be 
chosen so that the interval [,r 0 , x] in which integration is being per- 
formed contains no turning points. 

We must note that the factor 1 /]/ p OC 1/]/ v in the expressions for 
the psi-functions has a simple meaning. Owing to this factor, the 
probability of a particle being within the interval from x to x 4 - dx 
equal to | \p (x) | 2 dx is mainly proportional to dx/v = dt, i.e. to the 
time interval during which a “classical” particle is within dx. 

Let us establish the conditions of applicability of the quasiclassical 
approximation. The role of the quantum effects is characterized by 
the relative magnitude of the term (—ihl2m 0 ) y 2 S in Eq. (37.5) 
(when this term vanishes, we obtain a purely classical equation). 
We must therefore take the requirement that the magnitude of this 
term be much smaller than the first term in (37.5) as the condition 
for the quasiclassical character, i.e. 

n | v 2 s |< (vsr- 


For one dimension, this inequality is 

*|S|«(£T < 37 - 19 ) 


The derivative of the action with respect to the coordinate gives the 
component of the momentum corresponding to this coordinate [see 
Vol. 1, formula (32.6); this also follows from (37.12)]. Consequently, 
(37.19) signifies that the following relation must be observed: 


n 



Examination of (37.11) shows that 


(37.20) 


'dp m 0 dU 

dx p dx 


Substitution of this expression into (37.20) leads to the condition of 
the applicability of the quasiclassical approximation 


hm 0 



(37.21) 


Hence, the quasiclassical approximation holds for sufficiently rapid 
particles (a large value of p) moving in a field that does not vary too 
much from point to point (a small value of dU!dx). 
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The condition (37.20) can be expressed in terms of the de Broglie 
wavelength. For this purpose, we replace p in accordance with the 
equation X = hip 1 . The result is 



(37.22) 


or 

The left-hand side of the last inequality is the change in k occurring 
when a particle moves over the distance Az = k. Consequently, the 
condition for the quasiclassical character can be formulated as the 
requirement that the change in the wavelength over the length k be 
much smaller than k itself. 

From condition (37.21), it is easy to gauge the distance to the 
turning point over which we may still use the quasiclassical approxi- 
mation. Let the coordinate of the turning point be a. At this point,, 
the potential energy equals the total energy: U (a) = E. Let us ex- 
pand the potential energy into a series in the vicinity of the point a 
and take only the first two terms 

U{x) = U{u)+^{x-a) = E + ^L{x-a) 


Introducing this expansion into (37.11), we obtain 


p 2 — 2 m 0 


dU 

dx 


\x — a\ 


Finally, deleting | dU/dx | from this expression and from (37.21), 
we arrive at the relation t 


\x—a [> 


h 

2 p(x) 


% (x) X ( x ) 

2 — 4jx 


(37.23) 


where % (a:) is the de Broglie wavelength which a particle has at the 
point £„. This relation determines the distance | x — a\ to the turn- 
ing point at which the quasiclassical approximation still holds. 


38. Boundary Conditions at a Turning Point 

Figure 38.1 shows a turning point with the coordinate x = a. To the 
left of the hatched region, the psi-function is determined by expres- 
sion (37.18) (we designate it by r^), and to the right, by expression 
(37.17) (we designate it by i^). To link these two functions into a 


1 The quantity X is 1/2 ji of the de] Broglie wavelength X determined by the 

relation X = 2nhlp. 
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single one, i.e. to establish the relations between the coefficients 
Ci, C 2 and C[, C', we must know how the psi-function behaves in 
the hatched region. In this region, the quasiclassical approximation 
cannot be applied, therefore, we shall have to find an approximate 
solution of the exact Schrodinger equation for it. This solution will 
be used as an intermediate unit in linking the functions ^ and \|> 2 . 
This task is facilitated by the fact that owing to the relative smallness 
of the size of the hatched region, the potential energy in this region 
can be considered to vary linearly 
with x. u(x) l 

Hence, we expand U ( x ) into a 
series, taking only the zero- and 
first-order terms: 

U {x) = U ( a)+U ' (a) ( x-a ) (38.1) 

Having in view that U (a) — E 
and —U' (a) equals the force F x 
acting on a particle, we can write 
(38.1) as 

U (x) = E - F x .(x — a) (38.2) 

We must note that in the vicini- 
ty of the point x = a, the force 
F y > 0 (see Fig. 38.1). For simplification, we shall drop the sub- 
script “x" on F in the following. 

From (38.2), we obtain 

E - U (z) == F-{x -a) (38.3) 

Introducing this value of E — U ( x ) into the Schrodinger equation 
(5.8), we have 

+ (38.4) 



Let us pass from the variable z to a new variable £ associated with x 
by the relation 

PI = x — a (38.5) 


We choose the constant [i so that the coefficients at d'-ijVa'I 2 and 
at |\j) in the equation obtained become the same. Substitution of 
(38.5) into (38.4) yields 


1 c7 2 rp 




We find from the condition 1/p 2 = 2m 0 F[ J >lh 2 that we must take 

h* x 1/3 
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At the right-hand boundary of the hatched region, the functions 
(37.17) and (38.17) must coincide. If x 0 = a, this occurs provided 
that 

c 'i-4re in/ 4 > - 4- e_i5t/4 ( 38 - 19 ) 

as a result of which (37.17) transforms into (38.17). 

Formulas (38.18) and (38.19) determine the boundary conditions at 
a turning point of the type depicted in Fig. 38.1. 



Hence, the functions of a quasiclassical approximation in the 
region of their applicability have the form of (38.15) to the left of 
x — a and of (38.17) to the right of x = a. 



(a) (b) 


Fig. 38.3 

The same reasoning for a turning point of the type depicted in 
Fig. 38.2 gives the following formulas for the functions of a quasiclas- 
sical approximation: 

X 

iJ)(x) = T p4==rexp {-- i | |/>(*)|<te} (x>b,E<U) (38.20) 

X 

V? (X) = - yg_ sin { - X i P (*> dx + f} (x<b,E>U) (38.21) 

Let us summarize the rules for linking functions at the boundaries 
of a potential well (Fig. 38.3a) or a potential hump (Fig. 38.35): 
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to the left of a 


il>= : 


to the right of a 


2 V Ip(z)1 


A 

exp {t 1 dx } 


} (38.22) 


*'7k il "{'f!'’ w,t+ T) 

to I lie left of b 

= — 4L=-sin { — 4- \ p(x) dx — 4-) 
VpW X h i 4 j 

n 

to the right of b 


(38.23) 


We must note that, say, the function determined by expression 
(38.22) contains only one arbitrary constant, A [the same holds with 
respect to the function determined by expression (38.23)]. Conse- 
quently, it cannot be a general solution of a second-order differential 
equation as the Schrodinger equation is. A general solution can be 
obtained in the form of the sum of two linearly independent solutions. 
The method of linking functions with the aid of the asymptotic 
expressions for the Airy function allows us to find only one of such 
solutions. To find the second one, we have to invent other methods. 

To find the second solution, we need a relation which we shall 
now derive. Let % ( x ) and ij) 2 (x) be two non-coinciding solutions of 
the Schrodinger equation. Each of them satisfies the equation 
i|/' -j- (2 m 0 /h 2 ) ( E — U )\ |i = 0, or r|/'A|i = (2 m 0 /h 2 ) (U — E). We 
can therefore write 


1 1 2m 0 iTT r., 

dx* “ tp 2 dx* ~ h* 

whence 

^2 _ Q 


Reducing this expression to a common denominator and dropping 
the latter because it is not identical to zero, we obtain 


or 


^>2 — ^2= (1^1- 'Ih'K)' = 0 
T1T2 — ~ C0DSt 


This is just the relation we need. 


(38.24) 



180 


QUANTUM MECHANICS 


Let us take the function (38.22) as % and attempt to construct the 
function ip 2 that is linearly independent of % and that together 
with ip! would satisfy relation (38.24). We can therefore be confident 
that ip 2 is a solution of the Schrddinger equation and, consequently, 
can be used to obtain a general solution. It is natural to take the 
following function for I he expression to the loft of a that is inde- 
pendent of (38.22): 

X 

\p = -jy===- exp { — -j- j |p(z)| dx} (x < a) (38.25) 

a 

(the functions e x and e~ x are linearly independent). In the same 
way, it is natural to take the following function for the expression 
to the right of a: 

X 

\p -- ■ y A —= ^ sin | — j p(x) dx - f a | (x>a) (38.20) 

where a= 5 ^= — n/4. Let us verify whether the function (38.22), con- 
sidered as ip, , and the function ip 2 , determined by expressions (38.25) 
and (38.26), satisfy relation (38.24). We have: 
to the left of a 

-h-iTTi ?r“ p [ tJ lpl *J}{T7FT exp [-xj 

a a 

-{TFt5T Mp [vf 

a 

x v{TVW e%v i^Tr\ < 3fU7 > 

to *the right of a 

w (y% si " [t J /> 81 + t]} {77 sin [ - t 5 p iz+ “]} 

u a 

“{y^- sin [Tl^^ + T]}i{yj sin [-T J pdx + a\) 

a a 

-^sin(a + -=-) (38.28) 

Hence, for the functions being considered, relation (38.24) is 
observed both to the left and to the right of the point a. Since we are 
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considering the psi-f unction of the same state to the left and to the 
right, the constants (38.27) and (38.28) must be identical. It thus 
follows that 

~j - = A"sin (a + y) 

It is the simplest lo satisfy this condition by assuming that 

A" = ~ and cc = ^- (38.29) 

Consequently, the solution linearly independent of (38.22) has the 
form 

X 

rl) = y^4=pexp {-- j |p(x)| dx} (Z<fl) (38.30) 

X 

^ = sin { T j p dx + t} ( x > a ) (38.31) 

a 

Similar reasoning gives the following formulas for the function 
linearly independent of (38.23): 

2 yrmr exp d J \ p{x) \ dx } {x>b) (38 - 32) 

b 

* = 2^ ' Sin l P {X) ^ + t} - < b) (38 ‘ 33) 

Hence, the general solution of the Schrodinger equation in the 
quasiclassical approximation has the form: 
to the left of a 

.X* 

-li4'exp |^ — y | /> (a:) | da: J } (. x<.a ) (38.34) 

a 

to the right of a 

] p^ dx +T] 

+ 4-si„[-XJ ,(*)* + -!]} (x>») (3S.35) 
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to the left of b 

^”775r{ Bsi, '[“Tlp (I) * i T] 

X 

+ sin [-i- p (x) dx^~y^ (x< b) (38.3(5) 


* = 


to the right of b 
1 


2 /|p(.r)| 


{^exp[ --j- j \p(x)\ dxj 

b 

x 

+ B'exp [ |/?(t)| cfzjj (x>b) (38.37) 


The function (38.35), like the function (38.36), is the superposition 
of two plane waves running in opposite directions [compare with 
formulas (5.13) and (5.14)]. Let us set out these waves, expressing 
the sines in terms of exponents. After simple transformations, we 
obtain 




1 

Yp(x) 



[t 5 p {x) dx \ 


X 

+ C 2 exp[ --j- j p ( x)dx j } 

a 


(38.38) 


where 


6’, --- 


2Ae i ”l l '-A'e- in l k 

4i 


/Te'”/ 4 —2Ae~ in, ' k 
4 i 


(38.39) 


The factor of Cj in (38.38) is a wave running to the right along the 
x-axis, and the factor of C, is a wave running to the left along this 
axis. It is not difficult to understand this by assuming that p (,r) — 
= const . Now the first factor becomes e ihx (k — p/h), and the second 
becomes e~ 2hx [compare with formula (5.13)]. 

It is quite simple to verify that when 


A' =- —2iA 


(38.40) 
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the coefficient C. 2 vanishes, and the coefficient C 3 becomes equal to 
Ae~ in ! k . In this case, the quasiclassical psi-function to the right of 
the point x — a has the form 


* = Ae ~ im exp & J p {x) 

a 

= i4w° xp < 38 - 4i » 


i.e. is a wave running to the right along the x-axis. 

Substitution of t lie value (38.40) for A' into formula (38.34) leads 
to the following expression for the psi-function to the left of the point 
x = a: 


* = 


2/ |p(*)| 


{ exp [t I dx ] 


X 

— 2iexp[— J |p(s)| d*]} 

a 


(38.42) 


Expressing the sines in terms of the exponentials in formula 
(38.36), we can write the psi-function to the left of the point x - b as 


* = 



\ 4i 


exp 



, 2 Be inlll -B'e- in l k 
T* 4 i 


X 

exp [~T S P fr) 4 *®]} 

b 


T7T& i {W ~ iB ’ ] exp i l [t 1 p (x) dx + t]} 


K2«+i«').x P {-i[J- ( pU),h - A]J} <:«.«) 

b 

The first term in this formula corresponds to the wave running from 
the left to the right, and the second, to the wave running from the 
right to the left. 
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39. Bohr-Sommerfeld Quantization Rule 

Consider the motion of a particle in a potential well (Fig. 39.1) in 
the quasiclassical approximation. We shall assume that apart from 
this potential well, there are no allowed regions of motion of the 
particle. Wo designate the total energy of the particle by E n . 

We can represent the psi-function of the particle within the con- 
fines of the well in two ways [see (38.22) and (38.23)1: 

t= T7jbr sin {"H p(i),ii +T} ) 

; i (39.i) 

' |,= -7^r si " (t I* <*>*+■?-} 

(in the second expression, we have gotten rid of the minus in front 
of the integral by interchanging the integration limits). Both expres- 
sions must have the same value at every point of the interval [a, b ]. 



Fig. 39.1 


This requirement sets the relations between the coefficients A and B, 
and also between the arguments of the sine in botli formulas. We 

choose the last relation so that it includes the integral j p dx evalu- 
ated within the limits from a to b. For this purpose, we use the for- 
mula 1 sin a=( — l) n sin [(«. -f- 1) n — a]. According to this formula, 
both expressions (39.1) will coincide if we assume that B — ( — l) n A 
and 

b 

j p (x) dx= nh {n — 0, 1, 2, ...) (39.2) 

a 

[since within the limits of the well p (x) > 0 and b > a, the integral 
(39.2) can have only positive non-zero values]. 

1 The simplest way of verifying the correctness of this formula is to consider 
the cases n = 0, +1, +2, etc. using a “trigonometric circle”. 
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We must therefore take the expression 

{x) = sin J p {x) dx + t} ( 39 - 3 )- 

as the, qiinsiclasRir.nl psi -ft m cl ion describing the behaviour of a par- 
ticle in a potential well. The index n on i|i (x) indicates 1 that the- 
argument of the sine varies from ji/4 at the point a to [(« -j- 1/2) n -j- 
-j- ji/4] at the point b, i.e. receives an increment equal to ( n -f- 1/2) ji- 
lt is not difficult to see that here the sine becomes equal to zero nr 
times. Consequently, the function i|5 n has n nodes. 

Let x 0 and x 0 + /Ax be the coordinates of adjacent points at whiclt 
ij; n (x) vanishes. The phases of the sine at these points differ by ix- 
Consequently, 

Xil + Ax 

« = X J P{x) dx ~ j~P(x)Ax 

whence we have Ax « it [h/p (x)] — jt). (x). Therefore, the distance- 
between adjacent zeros of the psi-function has the order of magnitude 
of the de Broglie wavelength. We established in Sec. 37 that the- 
formulas of the quasiclassical approximation hold beginning with 
distances from a turning point of the order of several de Broglie 
wavelengths Isee inequality (37.23)]. At the same time, when n ~ 10,. 
the middle of a potential well is at this distance from the points a 
and b. It thus follows that formula (39.3) holds only for very large 
n' s, and the results obtained with the aid of the quasiclassical 
approximation will be more accurate when n grows. 

Let us determine the coefficient A in formula (39.3) from the con- 
dition of normalization. The psi-function diminishes rapidly to the 
left of the point a and to the right of the point b. For this reason, the 
contribution of these intervals to the normalizing integral may be 
disregarded. The normalization condition will thus be as follows:. 

j |iMz)| 2 dx = A* J7£j-sin*{-jj- j p(x')dx' f -J-} = 1 ( 39 . 4 ) 

a ti a 

Since the square of the sine oscillates very rapidly in the interval 
[a, b] (n is very large), it may be replaced with the mean value equal 
to 1/2. As a result, the condition (39.4) becomes 

i> 

il f .. d ±.- = 1 (39.5)- 

2 J PW 

a 

1 Now it is clear why we used the symbol E n lor the total energy (see Hg. 39.1). 

The index underlines that we have in view the energy of a particle in the state ty n . 
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Let us transform the integral in (39.5) as follows: 


b b b 

C dr 1 r dx 1 I* ^ 1 ^ n 

P (r) m 0 J v (x) m 0 J 2 m 0 ~ m 0 co 

a a a 


(39.6) 


where x is the period of motion 1 of a classical particle in the potential 
well (the time needed for a “round trip” between the points a and b), 
and co is the cyclic frequency of a classical particle. The introduction 
of (39.6) into (39.5) leads to the following value of the coefficient A : 

A y 2 ^ ( 39 . 7 ) 


Hence, the normalized quasiclassical psi-function for a particle in 
a potential well is determined by the formula 


<*) = V -itw sin {t J p <*> dx + t} < 39 * * - 8 > 


[we have inserted (39.7) into (39.3) and taken into account that 
p = m 0 v]. In connection with the fact that the frequency depends 

on the energy of the state 
[through p(x) and the integration 
limits; see (39.6) and Fig. 39.1] 
we have used the subscript n 
on co. 

The motion of a classical par- 
ticle in the conditions being 
considered is depicted on a phase 
plane by a closed curve that is 
symmetric relative to the cr-axis 
(Fig. 39.2). This curve is known 
as a phase trajectory. Its shape 
depends on the form of U (x). 
if within the confines of the entire well U (x) OC x 2 , the phase 
trajectory has the shape of an ellipse. We must note that p x in 
Fig. 39.2 stands for the. projection of the momentum onto the 
./-axis, whereas / 1 (x) in the integral of (39.8) stands for the mag- 
nitude <d the momentum at. the point x . 

I he area enclosed by the phase trajectory is 



S ^ p x dx - 2 j f> {x) dx (39.9) 

a 


1 A classical particle having a non -zero total energy will perform oscillating 

aaolioa heiwi on the points « and h when it is in u potential well. 
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With a view to formula (39.2), we find that 

<§ p x dx -- ( n 4- -y ) 2nh («.■■■■= 0, 1, 2,...) (39.10) 


Relation (39.10) determines the stationary states of a particle in 
the qnasiclassical case. It corresponds to the Bohr-Sommerfeld 
quantization rule in the old quantum theory (in this theory the 
addend 1/2 was absent at n). 

Inspection of formulas (39.9) and (39.10) reveals that upon a tran- 
sition from the re-th to the (n -(- l)th state, the area enclosed by the 
phase trajectory grows by 2 jt h (see Fig. 39.2). By (39.9), for Ibis' 
purpose, it is necessary that the values of the function p ( x ) (i.e. the 
difference E — U) increase, or that the integration interval [a, b\ 
grow. A glance at Fig. 39.1 shows that these two processes are related. 
The energy level corresponding to the ( n l)th state is depicted by 

a dashed straight line. Therefore, an increase in n is attended by a 
growth in the energy of the state. 

From the fact that in a transition from the n-th to the ( n -\- l)th 
state the area enclosed by the phase trajectory grows by 2 j xh, it also 
follows that a cell having an area equal to 2:ih corresponds to each 
quantum state on the phase plane. Generalizing this result for motion 
in three-dimensional space, we find that a cell with a volume of 
(2n h) 3 corresponds to each state in the phase space. Hence, the number 
of states corresponding to the phase volume AQ = Ex Ay A z X 
X Ap x A p y A p z is 


AN 


AQ A.r Ay A z Ap x A p y A p z 
(2 nh) 3 (2 xh)* 


(39.11) 


Formula (39.11) is a fundamental one in statistical physics. 

Finally, let us gauge the distance AE between adjacent energy 
levels, i.e. E n+1 — E n (naturally, for large n's). Since for large 
n's the inequality AE <C E n is observed, we may consider that 

P„+i (*) — P n (r) -AE 


Integrating this relation over the period of motion of a particle and 
taking into account (39.10). we find that 


2n h rz A E 


d.v 

(dh:i d P ) 


From the expression E — p'/'Arn,, + U (,t). we liave dE/?p — p/m 0 
— v. Consequently, 


2 nh 


AEj>~=AEx 


2nAE 

(O 


AE = ha n 


whence 


(39.12) 
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At large n’s, the inequality (A E/E) <C 1 holds, and accordingly 
(A©/cd) <C 1; therefore the frequencies o) n for a group of adjacent 
levels may be considered to be approximately identical. It thus 
follows that within the limits of small regions of the quasiclassical 
part of the spectrum, the levels are virtually equidistant. 

The formulas obtained in this section hold, generally speaking, 
only for large n’s. For a harmonic oscillator, formula (39.12) is exact 
for any n, and o does not depend on n [see (25.9)]. 


40. Penetration of a Potential Barrier 

A potential barrier is defined to be a region on which the potential 
energy U ( x ) exceeds the total energy £ of a particle (Fig. 40.1). 

A classical particle cannot pene- 
trate such a barrier. A quantum- 
mechanical particle, on the other 
hand, has a non-zero probabil- 
ity of getting to the other side 
of the barrier, i.e. to pass, as it 
were, through a tunnel in the bar- 
rier (the tunnel effect). For observ- 
ing the conditions of applica- 
bility of the quasiclassical ap- 
proximation, the barrier must be 
broad and not too steep [see 
(37.21)]. 

Let a particle approach the barrier from the left. Behind the barrier 
(i.e. at x > a), there can exist only a wave propagating to the right 
along the x-axis. Such a wave is described by the formula 

* ~ ~vhr exp [t l p {x) dx —r]} (/,cu > 

a 

[see (38.41)]. In the region b x <7 a, the psi-function has the form 

X 

2 y ip(*)i Ml] \pW\i*] 

a 

x 

— 2i exp [ - J- j Ip (x) I dx ] } (40. 2) 
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[see (38. 42)]. The same function, according lo (38.37), can be written 
as 

^ - wbw { fi “ p r - t S lp w 1 *] 

.V 

+ fi ' ex P [t 1 l/ , (*)l <te ]} ( 40 - 3 ) 


To bring expressions (40.2) and (40.3) into agreement, we shall 
take into account that 

x a x 

H+J 

b b a 

Hence, introducing the notation 

a 

7 = j \p{x)\dx (40.4) 

6 

we can write formula (40.3) as follows: 

X 

* = 2V| PW | i ft ~ ,|ll|> [-Ti 

fl 

X 

+ 5'ev e xp [-1 j \p(x)\ da:]} (40.5) 

a 

Expressions (40.2) and (40.5) coincide provided that Z?e - v = — 2iA 
and B'e v = A , i.e. 

B = -2 iA&, B' -- Ae~y 

Introducing these values of the coefficients B and B' into formula 
(38.43), we find the psi-funcl ion ahead of the potential barrier (for 

x < by. 

* = •«, 4 e " V) “ P {' f-T 5 P W iz + t]} 

X 

+ (4e v — e~y) exp j — i [ \ p{x)dx- r -£-]}} ( 40,6 ) 

b 

Assume that a beam of particles is incident on a potential barrier. 
Part of them are reflected from the barrier, after which they move in 
the opposite direction, and part of them pass “through” the barrier 
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and continue to move in the initial direction. In this case, the incident 
particles are described by the first term in (40.6), the reflected par- 
ticles, by the second term in (40.6), and the transmitted particles, 
by the function (40.1). The density of the probability flux j determined 
by formula (6.5) can be associated with each particle flux. The ratio 
of | jtransl to | j tnc | determines the transmission coefficient of 
particles, which we shall designate by the symbol D: 

D _ _/jranp_ ( 40 . 7 ) 

line 

Similarly, 

(40.8) 

1 Inc 

is the reflection coefficient of particles. 

Let us calculate the flux densities at a sufficiently great distance 
from the barrier, where the momentum of a particle and, consequently, 
the factor 1 lY p ( x ) may be considered constant in calculations. 
By formula (6.5), for one dimension, we have 


/== 


h 

2 m 0 i 



df . dil)* 


)| 


(40.9) 


All the functions by means of which we shall calculate the fluxes and 
the derivatives of these functions have the form 


•V 

l^ exp { ±i [t J P d »+ a ]} 

*0 

Consequently, 

( ** -JT ~ ) = W ( f) “ (W*) (=»=*-£) 


= ±TT* 2i 


, p 


Substitution of this value into (40.9) yields 


(40.10) 


•4-2 i, 


\C\‘ l 

Ti 


/== _L£11 (40. H) 

Calculation of the flux density thus consists in finding the square of 
the magnitude of the coefficient in the function (40.10). 

For the transmitted flux, by (40.1), | C | 2 = | A } 2 , for the incident 
flux [the first term in (40.6)], 1 C | 2 = \A | 2 (ev -f c~v/4) 2 , and, 
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finally, lor the reflected ilux, | C | 2 = | A | 2 (ev — e -v /4) 2 . With- 
account taken of these values, we have 



(40.12)' 


(40.13)' 


It is not difficult to see that D -\- B — 1. 

We have already noted that the quasiclassical approximation holds 
only for a sufficiently wide potential barrier. In this case, the quantity 
y determined by formula (40.4) is large, and e~ 2 v -c 1. Therefore,, 
the denominator in formula (40.12) can be considered equal to unity, 
so that 


Z)«e -2 v = exp ^ — y j \p(x)\dx~^ (40.14) 

b 

Formula (40.14) determines the probability of a particle penetrat- 
ing a potential barrier. Remember that this formula holds only 
when the conditions of applicability of a quasiclassical approxi- 
mation are observed. These conditions, in addition to a great width 
of the barrier, provide for a sufficiently smooth, not too steep path 
of the function U (x). In practice, one often has to do with barriers 
for which U (x) at one side is so steep that the quasiclassical appoxi- 
mation is not applicable. The relevant calculations give in this case 
an expression for D that apart from exactly the same exponential 
function as in (40.14) also contains a preexponential factor. 



Chapter VIII 


SEM1EMPIRICAL THEORY 
OF PARTICLES WITH SPIN 


-41. Psi-Funcfion of a Particle with Spin 

A number of experimental facts (the fine structure of spectral 
lines, the anomalous Zeeman effect, etc.) show that microparticles 
•have a specific internal degree of freedom. The intrinsic angular 
momentum M s of a particle called the spin is associated with this 
■degree of freedom. 

Spin has a purely quantum character. When going over to classical 
■mechanics (at h -> 0), the spin vanishes. This is why it has no clas- 
sical analogue. 

The existence and the magnitude of the spin of an electron strictly 
■follow from relativistic quantum mechanics. A number of properties 
-of particles having spin can be obtained, however, even without 
involving the relativistic theory, on the basis of general quantum- 
mechanical considerations and a small number of experimental facts. 
The present chapter deals with the semiempirical theory of particles 
with spin. 

The psi-function of a particle with spin depends not only on its 
space coordinates, but also on a fourth coordinate a characterizing 
the internal state of the particle: 

^ ^ (*, y, z, o, t) (41.1) 

The magnitude of the projection of the spin M sz onto the arbitrary 
axis z expressed in units of h (M sz — ah) is taken as the coordinate a. 
The latter takes on 2s -f- 1 discrete values differing from one another 
by unity: 

a — s, s — 1, . . ., — s -f- 1, — s (41.2) 

where s is a quantum number determining the magnitude of the 
■square of the spin by a formula similar to (19.10): 

Ml = hh (s + 1) (41.3) 

Owing to the discreteness of the variable o, its values can be as- 
signed to the psi-function as a subscript. Consequently, the function 
<(41.1) can be considered as a set of several different functions of space 



SEMIEMPIRIC AL THEORY OP PARTICLES WITH SPIN 


193 


coordinates differing in the value of the subscript a. This set can be 
written as a column matrix with 2s + 1 rows: 


1(5 = 


'I’OI 

^02 




2S+1 


(41.4) 


The expression | i|? 0j (x, y, z, t) j 1 2 dV determines the probability 
of the fact that at a given instant a particle is in the volume element 
dV, the projection of its spin onto the z-axis being /to;. The quantity 


p t =■- ] I y, z, t)\ 2 dV 

gives the probability of the fact that at a given instant a particle at 
a point in space has a spin projection equal to ha t . The sum of such 
probabilities must be unity. Consequently, the normalization con- 
dition for the function (41.4) has the form 

2 j M>«, (X, y, z, t)\*dV=i (41.5) 

[i 


In the following, we shall consider mainly particles with a spin 
equal to 1/2 (s = 1/2). In this case, the coordinate o can take on 
only two values: = +1/2, and cr 2 = —1/2, so that 



If the probabilities for the spin projections do not depend on the 
coordinates of a particle, i.e. the probability of having a certain 
value of the spin projection and the probability of being at different 
points of space do not depend on each other, the function (41.1) can 
be written as the product of two functions: 

i|) ( x , y , z, a, t) = ij) (x, y, z, *)•< P (<*) (41.7) 

The factor i|> (x, y, z, l) is a conventional (position) psi-function, and 
the factor cp (o) is a spin psi-function that can take on only two* 
values: 

<P ( +4~) =a t and q> ( — |-) = « 2 


1 In the general case, 2s + 1 values. 


13-0196 
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Upon substituting expression (41.7) into (41.6), the position function 
can be put outside the matrix symbol, as a result of which we obtain 
the following expression for \p: 

M( x ’ y> z > ff < y . z > t) ( fl *) (41.8) 

Consequently, 

<p( < j) = (^) (41.9) 

where and a 2 are, generally speaking, complex numbers. The 
quantities | a x | 2 and | a 2 | 2 give the probabilities of the spin pro- 
jections M sz having values of -\-hl2 and —hi 2, respectively. For 
a normalized psi-function, the condition 

l fl il 2 + l fl iil 2 = 1 (41.10) 

must be satisfied. 

If 

<P(°) = (J) (41.11) 

i.e. — 1, and a 2 — 0, the projection of the spin has a definite value 
equal to -\-hl 2. If 

< p (<J) = (j) (41.12) 

the projection of the spin has a definite value equal to — hi 2. If both 
numbers, a x and a 2 , are non-zero, the particle will be in a state in 
which the projection of the spin has no definite value. 


42. Spin Operators 

Let us find the form of the linear operators Q that can act on spin 
functions. Their action on a spin function cp (a) must transform it 
into another, also spin function / (a): 

/ (o) - <?( p (a) (42.1) 

By (41.9), the functions <p (o) and / (a) are column matrices: 


«p(o) = 




(42.2) 
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It thus follows that the operator Q must have the form of a two-row 
[in the general case, of a (2s + l)-row] square matrix: 



(42.3) 


Substitution of the matrices (42.2) and (42.3) into Eq. (42.1) yield* 

/5i\ fQu Qn\ / fl i\ (Qu a i. J rQii a ’i\ 

\^2/ \(?21 Q 22 ) \ a l) \^2i a i Qi2 a 2/ 

(we have multiplied the matrices Q and a). Hence, the action of the 

operator ^ on a function with the components a] and a 2 transforms 
it into a function with the components 

b\ = @11% + Q i2 a 2 an d = Q 2 iCii J r Qz2 a 2 

the above process can be written as 


- _ fQll / G i\ _ + (^12 fl 2'\ 

\^21 Q22) \®2/ \(?21 G 1 4" C?22 G 2/ 


(42.4) 


If it is impossible to break up the psi-function into a coordinate 
and spin components, formula (42.4) must be modified as follows: 


- _ ( f 

W 21 C^ 22 / + Q22'Pa i ) 


(42.5) 


Hence, any operator acting on the spin function (41.6) must have 
the form of (42.3). Particularly, the operator of the square of the 
spin s 2 and those of the spin projections onto the coordinate axes 
s x , s y , s z must have such a form. The same transposition relations 
hold for these operators as for those of the orbital angular momentum 
[see (16.12) and (16.15)], namely: 


S x Sy SyS x — • iKs Z ) SyS z *> z Sy — illS xt s z s x s x s z — itlSy 

& 2 s x — s*s 2 = 0, s 2 Sy — s v s 2 — 0, s 2 s z — s z s 2 =0 


(42.6) 

(42.7) 


The operators of the square of the spin and of its projections are 
related by the expression [see (15.10)1 

s% + sl + sl= s 2 (4 2.8) 

It follows from the commutation rules that the square of the spin 
and, say, the projection of the spin onto the z-axis can simultaneously 
have definite values so that their matrices can be simultaneously 
reduced to the diagonal form. The other two spin projections will be 
indefinite, and their matrices will be non-diagonal. 
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If we consider the operators s a and s z in their eigenrepresentation, 
the diagonal elements of the relevant matrices will equal the eigen- 
values of the operators, while the non-diagonal elements will be zero. 
The eigenvalues of the operator s 2 are ft 2 s (s -j- 1) = H 2 (1/2) (1 -f- 1/2) = 
= 3^ 2 /4. The eigenvalues of the operator s z are -f-S/2 and — h/2. 
Consequently, 


< 42 - 9 > 

< 42 - 10 » 


The square of the operator (42.10) is 



I 1 °\ 

Vo — 1/ vo -i/ 4 Vo i) 



(42.11) 


To find the operators s x and s y , we first determine the form of the 
auxiliary operators: 

s+ — 5*4-1^ and s_ = s x —is v (42.12) 

[compare with (1.3)]. Like the operators s x and s y , these auxiliary 
operators are square two-row matrices. Having established the form 
of the operators s + and s_ and taken their sum, we obtain s x , whereas 
their difference yields s y . 

Let us find the commutators of the operators (42.12) with the oper- 
ator s z . Using formulas (42.6), we obtain 


I s +> s zJ — fee "t - fe) s z s z fee ~f" i s y) 

= (SxSz — SzS x ) + i ( SyS z — s‘ z s y ) = ( — ihs„) -f i ( ihs x ) 

= —h(s x + is y ) 

•Hence, 


— hs+ 


A A A A A A A 

[s+, s z ] = s+s z — s z s + = — hs+ (42. 13) 

Similar calculations yield 

[s_, s z ] = s_s z — s*s_ = hs_ (42. 14) 

Designating the eigenvalue of the operator s z by the symbol ah, 
We can write 


S 2 ^0 = ohtya 


( 42 . 15 ) 
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where ij> 0 is the eigenfunction of the operator s z corresponding to the 
eigenvalue oh 1 . Let us act with the operator s + on Eq. (42.15): 

•M^z — Ohs + y a 

Transforming the left-hand side with the aid of relation (42.13), we 
obtain 

S 2 M’a — Ss+to = Ofts + l|) 0 
which can be written as follows: 

«z (s+’M = (o + 1) h (s+i|5„) (42.16) 

The result obtained signifies that the function s + ij) 0 within the 
arbitrary constant factor A, coincides with the eigenfunction of the 
operator s z corresponding to the eigenvalue (o 4- 1) h. Consequently, 
the operator acting on the function i|) 0 transforms it into Aa|) 0+1 : 

= ^a+l 


The dimension of s + coincides with that of H [see (42.12) and (42.10), 
the dimensions of s x , s v , and s z are the same]. The constant A, can 
therefore be written as A. — Hc 1 , where c x is a dimensionless constant. 
As a result, we obtain the relation 

s + \|) CT = hep |) 0+1 (42.17) 


Acting on Eq. (42.15) with the operator s_ and using relation 
(42.14), it is not difficult to see that 

= hc 2 \ ])„_! (42.18) 

We can now find the matrix elements of the operators s+ and s_ 
in the ^-representation. For s+, we have 

(s+)oo' = <ta = <^a |£c,l|>„' + i> = hcfio.V+l (42.19) 


The subscripts cr and o' take on two values: -fV 2 and — V 2 . Only 
the matrix element for which a — o' -f- 1 is non-zero (and equal Hcj). 
Consequently, 


s+ = 


(( s +)’/„ v, ( 5 +)'/„ -V. (° 

‘lOO/ 


(42.20) 


1 The operators'; 2 , s z , and H commute and, consequently, have common eigen- 
functions. Accordingly, the matrices of these operators can be reduced simulta- 
neously to a diagonal form. By ij.’ 0 in (42.15) is meant the common eigenfunction 
of the three operators. In particular, it is also the eigenfunction of the operator 
s z . The function^, in addition to (42.15), satisfies two other equations: 


= Expo, = M*xp a 
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[we arranged the values of the subscript a in the series (41 .2) so that 
its numerical values diminish from left to right). 

Let us find the elements of the matrix of s_. By (42.18), 


(S-)a, o' — (ifa |s -ifa') — ('[’a | /tc 2 l|)o'_i) — ^ c 2 $o, a'-i (42.21) 


In this matrix, only the element for which o == o' — 1 is non-zero. 
Therefore, 


s_ = 


(Wv„ •/, 

\( s -)-7.. V. 



(42.22) 


Operators, like psi-functions, are determined to within an arbitrary 
phase factor. The constants c x and c 2 in (42.20) and (42.22) can thus 
be considered as real. 

There is a relation between the elements of the matrices (42.20) 
and (42.22) that allows us to establish the relation between the con- 
stants c l and c 2 . 

To find this relation, let us write the following two equations in 
accordance with formulas (42.12): 

($+)o, o' = i s x)a, o' + i ( s y) o, o' (42.23) 

( s -)o, o' — ( s x)a, a' i {$ 1 /)a , a* (42.24) 


Inspection of (42.24) shows that (s_)S'.o = (s x )*>_ 0 4- i {s y )*\ a . But 
owing to the Hermitian nature of the operators s x and s y , the con- 
ditions (s x )o',o = ( s x)a,a' and ( s y )*',a — (s tf )o, o' are satisfied. Con- 
sequently, 

(s_)o', o = (Sjc)o, o' + i ( s w)o, o' — ( s +)o, o' (42.25) 

This is exactly the required relation. 

It follows from (42.20) and (42.22) that (s+)i/ 2> _i/ 2 = hc x , and 
(s-)!i/ 2 . 3/2 = (s-)-i/ 2 . ]/a = ^ 2 - According to (42.25), we have 
(^-)!i/ 2 , 1/2 — (s+)i/ 2 , -i/ 2 . whence we find that c x — c 2 — c. There- 
fore, the subscripts 1 and 2 on c in the matrices (42.20) and (42.22) 
may be dropped. 

By (42.12), the operator s* equals the half-sum of the matrices 
(42.20) and (42.22), i.e. 

h /0 1 \ 

(42 - 26) 

Dividing the difference of the matrices (42.20) and (42.22) by 2 i 
(which is equivalent to multiplying it by — i/2), we find that 



(42.27) 
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Squaring the matrices (42.26) and (42.27), we obtain 


sS = c 2 


a* 

4 


(42.28) 


Let us find the sum of the matrices (42.28) and (42.11): 


s|+4+s‘ = c2 x 
_ 

— 4 




( 


1 +2c 2 
0 


0 

l + 2c 2 


) 


According to (42.8), the matrix we have obtained must coincide 
with the matrix (42.9). For this purpose, we must assume that 
c = 1. Introducing this value into (42.26) and (42.27), we finally 
obtain 


*« = -r(l J) < 42 - 29 > 

W(°t) < 42 -5») 


By formulas (42.11) and (42.28) (we must assume that c 2 = 1 in 
the latter), we find that 

si = 4 = s] (42.31) 

The matrices 

'--(JJ)' < 42 - 32 > 


are known as the Pauli spin matrices. Using these matrices, we can 
write expressions (42.29), (42.30), and (42.10) as follows: ; 

Sx—j or*, Sy=yOT ff , s z =-|-a z (42.33) 


Let us find the products of the matrices o x and cr 


tr 


<L<V 


ac 


— r.xiH 


K XI X 
D— 


— i 0> 

0 ij 
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Similar formulas are also obtained for other pairs of matrices. Con- 
sequently, 

~ ^y^x^^zt OyO d 2 (T y — i@xi ®z^x === 0 r JC 0 r 2 = iOy 

(42.34) 

It is not difficult to obtain the commutation rules for the Pauli 
spin matrices from relations (42.34): 

djOy 0 ^ 0 ^ — — 2io z j epe, u 2 Oy — 2ie z , Oj cd 2 - — 2idy 

(42.35) 

It also follows from (42.34) that 

dxd !/ -f-a y o r s==0, cij,a 2 4-a 2 CTy = 0, a z o x -f a x a z = 0 (42.36) 

Equations (42.36) signify that the Pauli spin matrices anticommute 
tsee (10.21)]. It is evident that similar rules of anticommutation 
also hold for the operators of the spin projections: 

A A A A A A A A A A A A 

s x Sy+ SyS x = 0, SyS z +s z Sy = 0, s z $ x + s * s z = 0 (42 . 37) 


It is a simple matter to see that the squares of the Pauli spin 
matrices equal a unit matrix: 


d! = d* = CT* = 



(42.38) 


It thus follows with a view to (42.33) that 



(42.39) 


which agrees with (42.8) and (42.9). 

We have obtained expressions of the operators for the case when 
the spin of a particle equals one-half. For other spin values, the 
operators are found in a similar way. For instance, if the spin equals 
unity, 'the eigenvalue of the operators 2 is ft 2 * ; l (1 + 1) = 2ft 2 , while 
the eigenvalues of s z equal -fl, 0, and — 1. Consequently, 

/ 1 0 0 \ 

s 2 = 2ft 2 1 Oio) (42.40) 

\0 0 1 / 


(the spin function in this case has three components), and 

1 0 0 ' 



s z — h 


(42.41) 
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Formulas (42.19) and (42.21) were obtained without specifying the 
value of the spin. Consequently, they also hold for s = 1. Using 
these formulas, we obtain 1 

/( s +) i,i ( s +)i,o ( s +)i, -i \ /o 1 0\ 
s+= (s+)o, i (s+)o, o ( s +)o. -1 =^C 0 0 1 (42.42) 

\ ( s +)-i, i ( s +)-i,o ( s +)-i, -i / \0 0 0/ 

f ( s -)i. i ( s -)i,o ( s -)i, -l \ /0 0 0\ 

S-= 5«-)o.i Wo,o (*-)o.-i “Ac 1 0 0 '(42.43) 

(«-)_!, o (S-)-l, -I / \0 1 0/ 

Taking first the half-sum of these matrices, and then their difference 
divided by 2i, we find that 


(0 

1 

0\ 

[0 

— i 

0\ 


®* =c t( 1 

0 

4 


0 

-<) 

(42.44) 

\0 

1 

0/ 

\0 

i 

0 



The squares of the matrices (42.44) and (42.41) are 


/ 1 0 1\ 
0 2 0 , 
\1 0 1 / 



1 0 
0 2 
-1 0 




Their summation yields 

s 2 = s£ + s^ + s\ = h 2 


1 + c 2 /2 0 0 

0 c 2 0 
0 0 1 + c 2 /2 


/l 0 0\ 
0 0 0 
\0 0 1 / 
(42.45) 


To make this expression agree with (42.10), we must assume that 
c 2 = 2. Hence, c — Y 2. Substituting this value into (42.44), we- 
obtain 




(42.46) 


We must note that according to (42.45), when s — 1 the squares- 
of the operators of the spin projections do not coincide (s| Sy s|) 
as they did for s = 1 / 2 [see (42.31)]. For the matrices (42.46) and 
(42.41), there are also no relations similar to (42.37). The commuta- 
tion rules (42.6) and (42.7) are naturally observed, which can be seen 
by direct verification. 

1 We can show in the same way as for f = 1/2 that the coefficient c in the 
matrices (42.42) and (42.43) is the same. 
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43. Eigenvalues and Eigenfunctions of Spin Operators 

Equation (7.3) for the operators s x , s y , s z has the form 

Sj<Pi = SiVt ( i = x, y, z) (43.1) 

where cp; is a column with two rows [see (41.9)3. Introducing expres- 
sion (42.29) for s x , we obtain the equation 

2 \1 0/\a 2 / \a 2 J 
Multiplication of the matrices on the left yields 

r, ( a 2 \ f ai\ ( haj 2 \ / s*a, \ 

x V a. J “ U J • Whe "“ U./2 ) “ V V. j 


In equal matrices, the corresponding elements are equal. We thus 
obtain two linear homogeneous equations with the unknowns a x 
and fig. 


ft /% 

$x a i 2 a -2 — 9 



s*a 2 — 


(43.2) 


For this system to have non-zero solutions, its determinant must be 
zero: 


s x — hi 2 
hi 2 —s x 


= 0 


whence — -|- (hi 2) 2 = 0. This equation has the solutions 

«*=+-§■ and = — -j (43.3) 


These are exactly the eigenvalues of the spin projection onto the 
x-axis. 

Introducing s x = %12 into (43.2) and cancelling hi 2 lead to the 
system 

cq ci. 2 — - 0 

CL 2 — Ctj — 0 


from which we find that a t = a a = a. Therefore, 
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Examination of the normalization condition (41.10) shows that 
2 | a | 2 = 1, whence a = (1 1]/ 2) e’“i. Hence, 

qp Ss =f./2 (43.4) 


Using s x — —hi 2 in (43.2) and solving the system obtained lead 
to the second eigenfunction of the operator s x : 





(43.5) 


Now let us write Eq. (43.1) for s y . With a view to (42.30), we have 


h_ 

2 


(" -o)U‘)-G;) 


Multiplying the matrices and equating the relevant elements, we 
obtain the system 

s A + i j b 2 = 0 
i y bi — s y b 2 — 0 



Assuming that the determinant of the system is zero, we obtain the 
equation 


— si 



Its solutions 

ands„=--| (43.7) 


are eigenvalues of the operator s y . 

Introducing s„ = hi 2 into (43.6), we obtain the following system 
of equations after cancelling hi 2: 

bi -j- = 0 

ibi — b 9 = 0 


from which it follows that b 2 = ib x and, therefore, | b 2 | = | b t |. 
According to the normalization condition, i = | b x 1® + | b 2 | 2 = 
= 2 | ^ J 2 = 2 | b t | 2 . Hence 


bt = 




e ia 3 
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We thus obtain 



Similar calculations show that 



(43.8) 

(43.9) 


Using expression (42.10) for s z in (43.1) and solving the system of 
equations obtained, we get an already known result: 

**=+!. (43.10) 

<P» = e ia> ( o ] » <P* Z =- ft/2 = e ia - ^ 4 ) (43. 1 1) 

[see (41.11) and (41.12)]. 

We must note that the eigenvalues of all three spin projections 
are identical and equal ±Kt 2, while the eigenfunctions are different 
(recall that our treatment is being conducted in the s 2 -representation). 
The arbitrary phase factors of the form e ia in expressions (43.4), 
(43.5), (43.8), (43.9), and (43.11) may naturally be assumed equal 
to unity (i.e. we may assume that a = 0). 

Equation (7.3) for the operator s 2 has the following form: 

4 \0 VdjJ 

[see (42.9)], After multiplication of the matrices, we obtain the 
relation 



from which we can see that the eigenvalue of the operator s 2 is s 2 = 
= 3h 2 /4, while its eigenfunction is any column of the kind 



whose elements satisfy the normalization condition | a Y i 2 + | a a | 2 = 
= 1 . 
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44. Spinors 

We shall show in the present section that the spin psi-functions 
are spinors. 

A spinor is defined to be a multicomponent mathematical quantity 
that transforms in a special way (differing, particularly, from that 
of tensor transformation) upon changes in the system of coordinates. 
A spinor of rank one is the simplest example. It has two compo- 
nents — the complex quantities z r and z 2 transforming according 
to the law 

«)-(;:)(;) 

where z lt z 2 are the spinor components in the coordinate system A; 
z[, z' are the spinor components in the coordinate system K'\ and 
a, p, y, 6 are the elements of the transformation matrix satisfying 



(a) (b) (c) 

Fig. 44.1 

the condition D — ad — (3y = 1 (D is the determinant of the 
matrix). 

A spinor of rank two is defined to he a set of four complex quanti- 
ties that transform like the products of the components of two spi- 
nors of rank one (similarly, the components of a tensor of rank two 
transform like the products of the components of two tensors of rank 
one, i.e. vectors). Spinors of higher ranks are defined in a similar 
way. 

An arbitrary rotation of the coordinate system K' relative to the 
system K can be characterized with the aid of the Euler angles 
(p, ■ft, ij; 1 (see Vol. 1, Sec. 22). Rotation is performed in three steps 
(Fig. 44.1): 

1 Although the letters <p and tf> are also used to designate psi-functions, we 
have used the standard symbols for the Euler angles. This cannot cause any am- 
biguity because the Euler angles will be encountered in the formulas only pre- 
ceded by trigonometric functions. 
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(a) rotation about the coinciding axes z and z' through the 
angle cp; 

(b) rotation about the new position of the a>axis (about the nodal 
line) through the angle O', 

(c) rotation about the z'-axis through the angle i|>. 

When the change in the coordinate system consists of rotation 
about the origin of coordinates, the transformation matrix in (44.1) 
has the form 

/ a p \ / e i (<p+ 4>)/2 cos -Q./2 ie~i (<p-t |>)/2 s j n $/2 \ 

V y 6 ) = \ ie { sin 0/2 cos #/2 J ( 44,2 > 

(it is quite simple to see that the determinant of this matrix is 
unity). The difference in the ways of transforming spinors and tensors 
can be revealed especially clearly if we consider rotation about the 
y-axis through the angle $. Such rotation can be performed by means 
of consecutive rotations through the angles <p = n/2, ■O' = d, and 
ij- — — n/2. Introducing these values into (44.2), we obtain the 
matrix 

/ cos 072 sin 0/2 \ 

\ — sin 0/2 cosO/2/ (44-3) 

that differs from the matrix of a similar transformation of tensors 
of rank one (i.e. vectors) in containing half the angle of rotation 0 
instead of the complete one. For this reason, spinors are also known 
as semivectors. 

Now let us turn to establishing the formulas for transformation 
of the spin operators and spin functions upon rotations of the coor- 
dinate system. Consider two coordinate systems: the system K with 
the axes x, y, z and the system K' with the axes x ' , y', z turned 
relative to it. The spin function of the physical system being con- 
sidered can be written either in the system K: cp (JC) , or in the sys- 
tem K': These functions detine the same state in two different 

representations: the first in the iiZ-representation, and the second 
in the ^'-representation. 

It was established in Sec. 14 that the transformation of functions 
and operators in a transition from one representation to another is 
accomplished with the aid of a unitary operator. In the given case, 

the rotation operator R (see the end of Sec. 15) is this operator. 
Since it is unitary, its Hermitian conjugate equals the inverse 
operator: 


R+ = R - 1 


(44.4) 
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[see (14.15)]. By (14.24) and (14.25), we have 

q>(K') = RyiK) (44.5) 

sM=RsWR+ = RsWR - 1 (771 = 2 :, y, z) (44.6) 

The components of any vector in a transition from one coordinate 
system to another are transformed by the formulas 

bm = I>mn&n. *>».= !« nmK (44.7) 

n n 

where a mn — e' m e n = cos (4, x n ) (see Vol. 1, Appendix VI). 
Particularly, when the system K' is turned relative to the system K 
about the s-axis through the angle cp, the matrix of the transfor- 
mation coefficients a mn has the form 

( cos cp sin cp 0 
— sincp cos cp 0 
0 0 1 

and by formulas (44.7) 

cos <p + 6 y sin <p, by = — b x sin cp -f- b y cos cp, b z — b z (44.8) 
b x — iicoscp — sin cp, b y = b' x sin cp + b' v cos cp, b z — b z (44.9) 

The angular momentum, particularly the spin, is a pseudovector, 
therefore its components are transformed by formulas (44.8) and 
(44.9). The same relations exist between operators as between the 
quantities they depict. We thus conclude that the operators s x , 
s y , s z must transform in rotation of the coordinate system according- 
to formulas (44.8) and (44.9), it being possible to write these for- 
mulas in both the A-representation and the ^'-representation. 

Let us agree to understand by s x , s y , s z the operators of the spin 
projections onto the axes of the system K , and by s x ■, s y >, s z -, the 
operators of the spin projections onto the axes of the system K' 
[in formulas (44.7), the components b m correspond to s x , s y , s z , and 
the components b' m correspond to s x >, s y s z <]. Let us write formulas 
(44.9) in the A-representation: 

S X <) = S ^ C0 ‘ S 9 SHI 9 

S (K) _ S (A) sin <p -f- s<f>coscp 
y x T y T 

j(K) = 5(K) 
r z' 


(44.10) 
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In the /^'-representation, they have the same form: 

a /«. A 

sCK') = cos <p — sin *P 

s<K') ==s tK') s in cp -}-«<•?'> cos cp (44.11) 

s<K') = s<*'> 

2 z' 

The two coordinate systems are absolutely equivalent. Therefore, 
say, the operator s^T> has exactly the same form as s <*> [both are 
determined by formula (42.29)]. The same relates to the other two 
operators. Consequently, 

s<*')=s</>, ;<*') = «<*), £<*'>=£<*> (44.12) 

With a view to these relations, formulas (44.11) can be altered as 
follows: 

s ( K ') = s ( K > cos cp — s sin cp 

x x 1 V ' 

s ( K ') —s^k) sin cp 4-s <K) cos <p (44.13) 

y x T ' y T 

S<K') = s(K) 

We have obtained formulas for transforming the operators of the 
spin projections from the K -representation to the /^'-representation. 
By (44.6), these formulas can be written with the aid of the unitary 
rotation operator R z : 

s(K') = R 2 s(JO R-i ] 

s(K’) = R z s(K) R-i (44.14) 

sV) = fl 2 sW fl-1 

> 

(to underline that we have in view rotation about the 2 -axis, we have 
used the subscript z on R). 

A comparison of formulas (44.13) and (44.14) allows us to find 

the operator R z . By comparing the last of the formulas (44.13) with 
the last of the formulas (44.14), we find that 

s< K > =R z s<k)r-i 

Z 2 2 Z 

Postmultiplying both sides of the equation by R z , we obtain 

5 <«>/?, = /},!<« 
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(R z l R z = l)i whence it follows that the operators 4 K) and R z com- 
mute. The matrices of commuting operators can be reduced simul- 
taneously to the diagonal form (see the last paragraph of Sec. 9). 
The operator s z is represented by the diagonal matrix (42.10). There- 
fore, the matrix of the operator R z must also be diagonal, i.e. have 
the form 



(44.15) 


The Hermitian conjugate operator is determined by the matrix 



(44.16) 


[see (9.19)]. Owing to unitarity, the product of the matrices (44.15) 
and (44.16) must equal a unit matrix: 


/X‘ 0 \ 

( xT 

°L 

( \ *i 

I 2 

0 ^ 

f 1 


VO x 2 ) 

u 

** ) 

V 0 


[* 2 I 2 / 

VO 

i ) 


Hence, | x x | 2 == | x 2 | 2 = 1. With this in view, let us write the 
matrix (44.15) in the form 


/ e ia ‘ 

V o 


0 ) 

e' a * ) 


(44.17) 


where a x and a 2 are real. 

We have meanwhile used only the third equations of (44.13) and 
(44.14). To find the relation between the phases a x and a 2 , let us 
use the remaining equations. Postmultiplving the first o f the equa- 
tions (44.14) by R z , we arrive at the relation 


S (K’)R S (K> 


Let us substitute 4 K>) in it i n accordance with the first of the equa- 
tions (44.13). The result is 

$(J {) R Z cos cp — s \^R Z sin cp = R z s W (44.18) 

In the following, we shall have to do only with operators of the spin 
projections in the K -re presentation. We shall therefore suppress 
the superscript ( K ). Let us substitute into (44.18) the matrix (42.29) 
for s x , the matrix (42.30) for s v , and the matrix (44.17) for R z : 



14-0196 
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Multiplication of the matrices yields (we cancel HI 2) 

( 0 e ia A / 0 — e ia A / 0 e ia >\ 

COS(p U. o ]-* sin(p U‘ 0 j = U ia * 0 J 

(give attention to the fact that the operators s x . and R z do not com- 
mute). Equating the relevant matrix elements, we obtain [two equa- 
tions: 

cos cp e ia * + i sin <p = e iai 
cos cp e ia ' — i sin cp e ia ' = e ia > 

Expressing sin cp and cos cp in them in terms of the exponentials, 
we arrive at the relations 


(44.19) 


e i (a,+q» __ e ia t) g i <a, -(p) _ e ia, (44.20) 

We must note that if we had taken the second of the equations 
(44.14) and performed the same transformations, we would also have 
arrived at Eqs. (44.19). 

The simplest condition in which relations (44.20) are satisfied 
states that — a 2 — cp. Let us assume that a x — a 0 -)- cp/2, 
a 2 = a 0 — cp/2, and introduce these values into (44.17). The result is 

/ e *p/2 o \ 
o e-i«P/2 J 


The arbitrary phase factor e ia » may be dropped. Consequently, the 
operator of rotation of the coordinate system about the z-axis through 
the angle cp has the form 

/ e icp/2 o \ 

= { o e -* /2 ) (44.21) 

This operator can be written as follows: 

/cos cp/2 -h i sin cp/2 0 

ft z ^ V 0 cos cp/2 — i sin cp/2 

(i 0\ /I 0 

= COS cp/2 i j 4- i sin cp/2 1 Q _ i[ 

Tlie multiplier of cos q>/2 is the unit matrix /, and that of i sin cp/2 
is the Pauli spin matrix o z [see (42.32)]. Hence, 


Rz (<p) = ( cos -|- ) / + i ( sin ) a z (44.22) 


In expressions of this kind, the symbol I may be suppressed. Since 
the second term contains a two-row square matrix, the first term 




SEMI EMPIRICAL THEORY OF PARTICLES WITH SPU\ 


211 


must also contain a two-row square matrix, which, if not indicated, 
can be only an identity one. Hence, (44.22) can be abbreviated to 

R z (cp) = cos -y + i (sin o z (44.23) 

If the angle of rotation is infinitely small, expression (44.23) becomes 
iUS<P) = l + i-^o 2 =l + i-8<p.; z (44.24) 

[compare with (15.20)]. 

The operator of rotation about any other axis has the same form 
as (44.23), it being necessary only to replace o z with the Pauli spin! 
matrix for the relevant axis. Consequently, 

ft* (fi) = cos -jr+ itf* sin-|- (44.25) 

R v (■&) — cos ^- + io u sin (44126)' 


Introducing the matrices 7, o*, and a y into expressions (44.25) 
and (44.26), we obtain 



A comparison of (44.28) with (44.3) shows that upon rotation about 
the y-axis, the matrix of transformation of spin functions coincides 
with the matrix of transformation of a spinor. Let us convince our- 
selves that this also occurs in an arbitrary rotation of the coordinate 
system. 

An arbitrary rotation, as was indicated at the beginning of this 
section, can be performed with the aid of three consecutive rotations 
through the angles cp, ft, and ip. The first rotation is described by the 
operator R z (cp), the second by the operator R x (ft), and the third 
by the operator R z (ip) 1 . The operator of the resultant rotation equals 
the product of these three operators: 

ft Mb 9) = ft* (t) ft* (*) ft 2 (<P) 

1 We have omitted the prime on the subscript z because a z . — a z and, con- 
equently, in accordance with (44.23) we have R z , — R z . 

14* 
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Introducing expression (44.21) for R z and (44.27) for R x , we obtain 

/ 0 • • 0 \ 

0 \/ C0S T lsin T\f i 9,2 0 \ 

***’ q>) = l 0 cos^-Ji 0 e~^J 

f gi (<p+'f )/2 cos -y- fe -i (w-iw/2 sin \ 

= ( o , d (44.29) 

\ ie* (v-W 2 sin y e - * ( < f’+'t >)/2 cos __ y 

[compare with (44.2)]. 

The spin function of a particle with a spin of V s has the form of 
the column cp = ^ ) [see (41.9)]. Consequently, the formula for 

the transformation of this function upon rotation of the coordinate 
system is as follows: 

(£)=■»«•*• v> (2) <44 - 30) 

where R (i|>, ft, q>) is the matrix (44.29) coinciding with the matrix 
of transformation of a spinor of rank one. We have thus proved that 
a spin function is a spinor. The spin function of a system of two 
particles with a spin of 1 /„ is a spinor of rank two. 

For any spinor rp = ( “ 1 ) , we can always find an operator 

R (ip, ft, cp) such that transforms cp into <p' = ^ j . Now, the angles 

cp, If, t|> determine the direction in which the spin of a particle is 
“oriented” (i.e. the direction for which the projection of the spin 
is +1). 

Introducing the matrix (44.27) into (44.30) and performing mul- 
tiplication, we find that 1 

, & , . ft , ■ 0 , 0 

ai = o t cos y-fflj sin y , d 2 — —a l sin y 4- a 2 cos y 

Let us perform rotation through ft = 2 ji. Here a' = —a 1 and a' — 
= — a 2 , i.e. the spinor reverses its sign. The same evidently holds 
in rotation through 2 ji about an arbitrary axis (the y-axis docs not 
differ in any way from any other axis). It thus follows that a spinor 
cannot have a direct physical meaning (any physical quantity upon 


1 Transformations of such a kind, i.e. transformations of the kind a[ = 

= aaj + fSa 2 , are called binary. 


SEMIEMPIRICAL THEORY OF PARTICLES WITH SPIN 


213 


rotation through 2n transforms into itself). This is not surprising — 
we know that a spinor is a psi-function, and the latter has no direct 
physical meaning. 

Only bilinear expressions of the kind —a 2 b 1 , where ( ^ ) 

and ( j are two spinors, can have a physical meaning. In rotation 

through 2 jt, both spinors reverse their sign, but their product remains 
unchanged. 



Chapter IX 


SYSTEMS CONSISTING 
OF IDENTICAL PARTICLES 


45. Principle of Indistinguishability of Identical Particles 

In classical mechanics, particles of an identical nature (for in- 
stance, electrons) can be distinguished in principle. Numbering 
them at a certain initial instant f„, we can observe each of them as 
it moves in its trajectory and at any instant t indicate the number 
that was assigned to a definite particle. 

In quantum mechanics, matters are radically different. Owing 
to the uncertainty principle, the concept of the trajectory of a par- 
ticle loses its meaning. Even if the position of a particle has been 
determined at a certain instant, already after an infinitely small 
time interval elapses, the coordinates of the particle are absolutely 
indeterminate. Therefore, even if we have localized all the particles 
at the instant t 0 and have numbered them, we will not be able to 
indicate which of the particles will be localized at the instant t at 
a definite point of space. Consequently, it is impossible to watch 
every one of identical particles and thus distinguish them. Hence, 
in quantum mechanics, particles of an identical nature completely 
lose their “individuality” — such particles are absolutely indistin- 
guishable. This statement is known as the principle of indistinguish- 
ability of identical particles. 

The impossibility in principle of distinguishing between identical 
particles leads to deep-seated physical consequences. It plays the 
main role in considering systems consisting of identical particles. 

Assume that we have a system of N identical particles. Let us 
designate the set of coordinates and the projection of the spin of 
the z'-th particle by the symbol | ( . The psi-function of the system 
will therefore be 

'I 1 (^1' ?2l • • •! ■ • M • • •) Vl 0 

Let us interchange the t-lh and /c-lh particles, i.e. replace in the 
psi-function the coordinates and the projection of the spin of the 
i-th particle with the coordinates and the projection of the spin of 
the k - th particle and vice versa. Owing to the principle of indistin- 
guishability ol the particles, the state of the system cannot change as 
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a result of this replacement, and, consequently, the psi-function can 
change only by an insignificant phase factor: 

'Mil, £ 2 , •■•,£* £,-, •••, Ev, t) 

= <?' 3 T(Ii, •••, !,-• • ••, I*. i.v- 0 

If we interchange the i-th and the /e-th particles once more, the psi- 
function will again be multiplied by e ia , and at the same time it 
must take on its original form. We can therefore write that 

'Mil. i 2 , •••> ii. • ••,£*> •••.In, 0 

= e’“'Mii, E>, .... ih, .... El, Sw. <) 

= c 2,a 'MS 1 , £ 2 , .... Ei, •••, ’i.v, *) 

whence we can see that e 2 ' 1 = 1 and e*® = d;l. 

Hence, in the transposition of two identical particles, the psi- 
function of the system can behave in one of two ways: either remain 
unchanged, or reverse its sign. Psi-functions of the first kind are 
said to be symmetric, and of the second, antisymmetric. 

Let us introduce the exchange operator P ih determined by the 
relation 


(Ei, £ 2 , • * • , • • ■ , i/*. * • • , ijv, 0 

— 'I 5 (£1, £2. • • • . Ea> • • • , Ei> • • • > Ev, 0 

As a result of the fact that \Jj (. . ., | ft , = 

= ±'1M- • •, £i, •••,£/,,.• •), we have 

PuA 1 — il-'p (45.1) 

It thus follows that the eigenvalues of the exchange operator are ±1. 
The symmetric functions of a system of particles are the eigenfunc- 
tions of the operator P ih corresponding to the eigenvalue -J- 1 , while 
the antisymmetric functions are the eigenfunctions corresponding 
to the eigenvalue —1. 

The Hamiltonian of a system of particles has the form 

N 

tf=2[-^v? + £MS,M)] + tf(Ei, £ 2 , Sn) (45.2) 

where U (I,-, l) is the potential corresponding to the interaction of 
a particle with the external field, and U (| lt | 2 , . . ., | N ) is the 
energy of interaction of the particles with one another. It is evident 
that this Hamiltonian does not change in the transposition of two 
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particles. Consequently, P ih (Hty) — H (Pi^), whence it can be 
seen that the exchange operator commutes with the Hamiltonian: 


HP lk — P, k ff = 0 


Ik l 


It was shown in Sec. 21 that if an operator of a quantity does 
not depend explicitly on the time and, in addition, commutes with 
the Hamiltonian, this quantity is conserved. The properties of sym- 
metry of the psi-function of a system of given particles are thus con- 
served in time (are an integral of motion). In this connection, we can 
assume that the type of symmetry of the psi-function is determined 
by the nature of the particles forming a system. It is proved in 
relativistic quantum mechanics that particles with an integral 
(particularly, zero) spin are described by symmetric functions; 
particles with a half-integral spin are described by antisymmetric 
functions. 

Particles with an integral (and zero) spin are called bosons, and 
pMtklw vrUh a half-integral spin, fermions. 

TV type «« tie symmetry o4 tie pac-imictk» oescrinixjg i col- 
lection of identical compound particles (for example, nuclei or 
atoms) depends on the magnitude of the resultant spin of a given 
compound particle. With an integral (and zero) resultant spin, the 
psi-function is symmetric, with a half-integral one, it is antisym- 
metric. 

46. Psi-Functions for Systems of Particles. The Pauli Principle 

The Hamiltonian of a system of non-interacting (or very weakly 
interacting) identical particles in a stationary external field is 
determined by the expression 

»= 2(-srv!+pa)] <46.i> 

- 

[compare with (45.2); we have disregarded the energy of interaction 
of the particles owing to its smallness). Consequently, the eigen- 
functions of the system can be found by solving the equation 

N 

2[-^V?+t/(?,)]t(£i, ^ En)=£'K?i, E> In) 

1 = 1 

(46.2) 

Let us attempt to find the solution of this equation in theHorm 
''l 5 (£lt ?>2> • • •» 5 n) = 'l 5 ! (§l) ^ (£ 2 ) • • • ''i , N (£jv) (46.3) 
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where tyj (£ ( ) is the function of the coordinates and the projection 
of the spin of only the i- th particle. Substitution into (46.2) yields 

N 

2 'l 5 * (~l) ^2 (£l) • • • ’f’l-t (il-i) ’'I’l+f (It+i) • • • 'tV (i.v) 

i-1 

x [— 

Dividing both sides of the equation by ijr, we obtain 

t**l 

The left-hand side of this relation is the sum of expressions, each 
of which depends on its own variable For such a sum to equal 
the constant quantity E at arbitrary values of the variables | lt . 
each of the addends must equal its own constant E £ . Hence follow 
the conditions 

VN>, (Si) (Si) = (Si) (46.4), 
(i = 1, 2, . . ., N) 

N 

2 \E t = E (46.5) 

i=l 

Owing to the identity of the particles, the function U (£ { ) and 
Eq. (46.4) have an identical form for all the particles. By solving' 
this equation, we find the functions i|)j (£,) corresponding to E t . 
Next, multiplying the functions (|j), we obtain the solution of 
Eq. (46.2). The quantity Ei is the energy of the i-th particle. 

The functions (£,) are different eigenfunctions of the operator 

< 46 ' r *>' 

Therefore, the subscript i on xp £ indicates what stationary state of 
the operator (46.6) the i-th particle is in. Each stationary state is- 
characterized by a set of certain quantum numbers. Designating 
this set of numbers by the symbol m i} we shall write 4' mi instead of 
i|>j in the following. 

The solutions of Eq. (46.2) are thus 

?2» £n) = ttni (£l) (£ 2 ) • • • ^mjv (£n) (46.7) 
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Any superposition of functions of the form of (46.7) differing in the 
values of m; on each of the factors will also be a solution. 

Since, generally speaking, 

'I’m, (lh) (Si) ¥* ± 'I’m, (El) 'I’m,, (Eft ) 1 * 

the function (46.7) in a general case will be neither symmetric nor 
antisymmetric. A function, the nature of whose symmetry corre- 
sponds to the nature of the particles forming the system, can be 
obtained in the form of a properly selected superposition of solutions 
of the form of (46.7). 

We shall explain the above on the example of a system of two 
particles. The following two functions are solutions of Eq. (46.2) 
corresponding to the energy E = E x -f- E. z : 


'MSi,l 2 ) = 'MEi)'MS 2 ) 1 
'I’z (Si> i 2 ) = 'l 3 2 (Si) Ti (S 2 ) J 


where % is the eigenfunction of the operator (46.6) corresponding 
to the energy of a particle equal to E lt and t|i 2 is a similar function 
corresponding to the energy E 2 . Both functions (46.8) correspond 
to the same energy E of the system. 

We can use the functions (46.8) to form a symmetric \ji s and anti- 
symmetric rj) a functions of the system: 


4's = Ci [t|u (£0 (| 2 ) + ^ 2 (Et) 'Ih (£ 2 )1 (46.9) 

Ta = c 2 [Ti (El) T'2 (£*) - Tz (§i) Ti (s 2 )] (46.10) 


It is not difficult to see that the transposition of the coordinates 
and | 2 leaves the function (46.9) unchanged, while the sign of the 
function (46.10) changes. The coefficients e, and c 2 are determined 
from the normalization conditions, which in the given case are as 
follows: 


j 1 Ts \ 2 dV , dV 2 = 1, j hMW,dF 2 = 1 


1 Such a transposition signifies that the A--th particle transfers to a state 

with the set m i of quantum numbers, and the i-th particle to a state with the 

set mjj of quantum numbers. • ■ ■ . 
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Assuming that the functions ij),- (£,) are normalized to unity, we 
obtain 


i = j dv , dv z = c*c t j (50 (| 2 ) + (Si) (yi 

x [\pi (Si) '|> 2 (Sz) + i '2 (Si) 'Ih (£ 2 )] dV ! dF 2 

= < Ci { j t* (Si) *i (so ^ j r 2 (so i|j 2 (s 2 ) ^ 2 

4 - j (Si) ^ (so dv i j (s 2 ) 4’i (s 2 ) di'* 

+ J (Si) vfi (Si) dV K j t|>J (S 2 ) I|v (SO dV 2 

+ j < (Si) ^2 (S.) d^i j (SO (SO dF 2 } 

= c*c,{l-l + 0-0 + 0-0+1-1} = 2| c, | 2 (46.11) 

(the second and third terms are zero owing to the orthogonality of 

the functions \p L and ij; 2 ). Hence, c x = 1 /(/ 2 with an accuracy to 

the phase factor. Similar calculations show that c 2 in (46.10) has 
the same value as c lf 

Introducing the values of the coefficients obtained into (46.9) 
and (46.10), we get the normalized functions of the symmetric and 
antisymmetric states: 

% = -pj Hh (Si) ** (SO + ** (SO *i (SOI (46.12) 

= yj Ml (Si) (SO — ■'fa (Si) 'h (Si)] (46.13) 


Let us generalize the results obtained for a system of N non- 
interacting particles. If the latter are bosons, the psi-f unction of the 
system must be symmetric. The following superposition of the func- 
tions (46.3) will have such a property: 


^8 — c i ^mi (Si) (£ 2 ) 

[mi, m t , .... 


'I’m* (S IV ) (46.14) 


Summation is performed over all possible permutations of the 
subscripts m u m 2 , . . ., m v l . Jf all these subscripts have differ- 
ent values, the number of permutations and, consequently, the 
number of addends in the sum 146.14) will be A : !. It must be taken 
into account, however, that some particles may be in identical 
single-particle stales. 

1 Permutation of the indices corresponds to permutations of states with 
different quantum numbers among particles arranged in the order of an increase 
in their numbers, or, which is the same, to permutations of the particles among 
states with different quantum numbers. 



22f> 
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Assume that two particles— a first and a second one— are in the 
state with the set m 1 of quantum numbers. Now the indices m, and 
m 2 coincide, and all the permutations in which m l and m 2 exchange 
places correspond to identical addends. Since in superposition, each 
state is taken only once, the number of addends in (46.14) will 
be Nl/2 in the case being considered. 

If there are n t particles in the state m t , then «j! permutations of 
these particles correspond to one addend in (46.14), so that the 
number of addends in (46.14) will be AM/ra;!. Assume that n x particles 
are in the state m 1 , n 2 particles are in the state m 2 , and so on (the 
sum of these numbers must equal the total number of particles: 
Hi + n 2 + — N)- Hence, the number of addends in (46.14) 

will be NUn^.n^ . . . *. 

The coefficient c x in (46.14) is determined from the normalization 
condition: 

i = j dVi dv 2 . . . dv N = e * Ci j [2< (so . . . ($ w ) ] 

X 2 4'm, (il) • • • 'fmj, (ijv) J dV l • • • dV N 

Owing to the orthogonality of the functions o|5 mi , only the squares of 
the magnitude of each term of the sum (46.14) will make a non-zero 
(and equal to unity) contribution to the normalization integral 

1 We must note that when n i > 1, the sets of quantum numbers correspond- 
ing to n t particles will be identical, for example m t = m h = = . . . . In 

this case in the product inside the sum (46.14), the set mi will be in the form of 
an index on ni factors, whereas the sets m h , m*. etc. will be absent. We shall ex- 
plain this using the example of three particles. First assume that these particles 
are in different states. The sum (46.14) will now contain six addends correspond- 


ing to permutations of the indices 1, 2, 3: 

'Pi (ii) 'P 2 (Ss) 'Pa (is) (1) 

^2 (ii) 'Pi (S 2 ) 'Ps (is) (2) 

- 'Pi (ii) 'Ps (is) ^2 (is) (3) 

'Ps(ii) 'Ps(is) 'Pi (is) (4) 

'P 3 (il) 'Pi (ia) ^2 (is) (5) 

'Ps (ii) 'MW 'Pi (is) (6) 


Now assume that the particles 1 and 2 are in the same state: iji, = tp 2 . In this 
case, the pairs of addends (1) and (2), (3) and (4), (5) and (6) will be identical. 
The symmetric function therefore has the form 

^ = ‘1 ('Pi (il) 'Pi (i 2 ) ts (isH-'Pi (Si) 'Pa (I.) 'pi (IsH-'Pa (Si) 'Pi (S 2 ) 'pi (Ss)l 

i.e. contains only three addends instead of six (the number of addends is N\/nA= 
= 31/21). 

If all three particles are in the same state (i.e. il>j == t|) 2 = i|) 3 ), the function 
'Pi (ii) % (is) 'Pi (is) wi H be symmetric itself, so that expression (46.14) will 
contain only one addend (the number of addends is IVl/iql = 31/31). 
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[compare with (46.11)]. Therefore, the normalization integral will 
equal the number of addends in this sum. Consequently, 1 = 
— cJ’CjTVl/rcjIrtz! . . ., and for c x we obtain the value 


The introduction of this value into (46.14) leads to a normalized 
symmetric psi-function of a system of N bosons: 


1 v -= ( ” l! ^ --’) l/2 2 W $ i ) *»,&).. • ( 46 - 15 ) 

[m„m, TOjy.] 


Recall that, for example, we may have ra l — rw, = m y . Hence, 
an exchange of the places of m x and m 7 , or of m., and m s , or of 
and m s does not result in a new permutation and, consequently, in 
an additional term in (46.15). 

For a system of N fermions, the psi-function must be antisym- 
metric. Such a function can be obtained by multiplying each addend 
in a sum similar to (46.14) by the skew-symmetric Kronecker symbol 

^m l m 2 . . . 


'I'a = c 2 


2 

[mi, m„ . . 


Gnum, . . . m^nii (?l) 'I’m, (£ 2 ) • • • (£jv) (46.16) 

m jyt 


Indeed, the transposition of any two indices on e changes its sign 
so that expression (46.16) will be antisymmetric. In the given case, 
addends with coinciding values of at least two indices To; and m h 
are absent because the corresponding value of e is zero 1 . The number 
of addends in (46.16) is thus Nl. Therefore, from the normalization 
condition, we obtain the] value 1/|/ AM for c 2 . Expression (46.16) 
can be written as a determinant [see Vol. 1, formula (VIII. 3)1: 




1 

Vm 


'I’m, (Si) 'I’m, ( 5 •>) • • • Vm, (liv) 

'I’m, (?l) 'I’m, (£ 2 ) • ■ • Vm, (£,v) 

'l’m iv (^2) ••• (£jv) 


(46.17) 


The transposition of two columns of the determinant (46.17) corre- 
sponds to the transposition of two particles, and the result, as is 
known, is that the determinant changes its sign. 

The quantum numbers m ; play the role of the row numbers of the 
determinant (46.17). When the values of two quantum numbers, say 


1 For example, for two particles whsn pi p 2 > expression (46.13) vanishes. 
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nii and m k , coincide, two rows will be identical in the determinant, 
and the latter becomes identically equal to zero — the state of the 
system will be absent [this also follows, as we have noted, from 
expression (46.16)]. 

We have thus arrived at a very important result: in a system of 
identical fermions, there can never he more than one particle in the 
same single-particle state. This statement is known as the Pauli (or 
Pauli exclusion) principle. 


47. Summation of Angular Momenta 

Assume that a system being considered can be represented as two 
subsystems, the interaction between which may be ignored. Let 
the first subsystem have the angular momentum \L characterized 
by the quantum number J u and the second subsystem —the angular 
momentum M 2 characterized by the quantum number 

In the general case, the subsystems consist of several particles 
so that Mi and II, are the resultant angular momenta of the sub- 
systems which, generally speaking, are formed by the summation 
of both the orbital and the spin angular momenta of the individual 
particles. It is customary practice to designate the quantum number 
of the resultant “mixed” angular momentum by the letter J. If 
the resultant angular momentum is formed by the summation of 
orbital momenta, the letter L is used, and of spin momenta, the 
letter 5. Finally, as applied to the sum of the orbital and spin angu- 
lar momenta of an individual particle, the quantum number is 
designated by the letter /. We shall consider the most general case, 
and have therefore designated (he quantum numbers by the lctler J . 

Let us find the possible values of the angular momentum M of 
a system, which is equal to the sum of the angular momenta of the 
subsystems: M -- M x -f- M 2 . Since the interaction between the sub- 
systems is negligibly small, the operators M, and M 2 act on variables 
relating to different subsystems and, consequently, commute: 
MjM 2 — M 2 Mj. Each of the operators M x and M 2 satisfies the per- 
mutation relations 


M X M y — M y M x — ihM 2 , M yftli — M z M tJ — ifiM x , 

M Z M X — M X M Z = ihlily (47.1) 

[see (16.11)]. Let us write the permutation relations for the resultant 
angular momentum M, taking into account that the relations be- 
tween the operators M, M x , and M 2 must be similar to those between 
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the quantities themselves, i.e. that M = M 2 -f- M~ 2 , M x — M xl -f- 
4" 44 x2 , etc.: 

M x My-MyM X 

= (44. + 44 x2 ) (44 yi + 44 y2 ) — (44 yi + 44 y2 ) (44 *1 + 4/ x2 ) 

= (M xl M yl -M yl M xl ) + (M x2 M y2 ~M y2 M x2 ) 

+ \M xi M n — 44 , /2 44 *i] + [44 x2 M yX — 44 f/1 44 x2 ] 

— i/i (44 zl -f 44 z2 ) = ihM v 

(the terms in brackets vanish because the operators M t and 
M 2 commute). Similar results are also obtained for the other two* 
commutators. Hence, the operator M also satisfies relations (47.1). 

The state of the system (as regards its angular momentum) can 
be characterized by setting the magnitudes and the projections onto, 
an arbitrary z-axis of the angular momenta M t and M 2 , i.e. the quan- 
tum numbers J lt J 2 , and m lt m 2 . Since with given values of J 2 and J 2 . 
the quantum numbers and m 2 can take on, independently of each 
other, (2/j -f 1) and (2 J 2 1) different values, there are (2 J x 4- 1) X 

X (2 J 2 -f 1) states of the system differing from one another in the- 
value of at least one of the numbers and m 2 . 

Before considering the case of arbitrary values of J x and J 2 , 
let us examine the case when J 1 = 2 and J 2 — 1. Here, we obtain 15* 
different states (see Table 47.1). To characterize these states, we 
can use the numbers 4,, J 2 , J, and m instead of the quantum num- 
bers J j, J 2 , m u and m 2 , where J is the quantum number of the 
system’s angular momentum, and m is the quantum number of its- 
projection onto the z-axis. This substitution signifies a transition 
from the representation (J u J 2 , m u m 2 ) to the representation 
(/j, J 2 , J, m). The number of different states in the new repre- 
sentation naturally remains the same, i.e. equal to (2 J 1 4- 1) X 
X (2 J 2 -|- 1), the states differing from one another in the value of.' 
at least one of the numbers J and m. 

Since M z = M n -j- 44 22 , the quantum number m equals the sum. 
of the numbers mj and m 2 : 

m = -f- m 2 (47.2)- 

The values of rn obtained by this formula are given in columns 6,. 
7, and 8 of Table 47.1. Inspection of this table reveals that, say. 
the value m = -f-2 is observed in two different states— the second 
and third, while m = 4-1 is observed in three states — the fourth,. 
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Table 47 J 


State 

number 

D 

Ji 

mi 

m2 

m 

J 

1 

2 

3 

4 

5 

6 

m 

8 

9 

1 

2 

1 

+2 

+1 

+3 



3 

2 

2 

1 

+2 

0 

+2 



3 

3 

2 

1 

+1 

+1 


+2 


2 

4 

2 

1 

+2 

—1 

+i 



3 

5 

2 

1 

+1 

0 


+1 


2 

6 

2 

1 

0 

+1 



+ 1 

1 

7 

2 

1 

+1 

—1 

0 



3 

8 

2 

1 

0 

0 


0 


2 

9 

2 

1 

—1 

+1 



0 

1 

10 

2 

1 

0 

—1 

—1 



3 

11 

2 

1 

—1 

0 


—1 


2 

12 

2 

1 

—2 

+1 



—1 

1 

43 

2 

1 

—1 

—1 

—2 



3 

14 

2 

1 

-2 

0 


—2 


2 

15 

2 

1 

—2 

—1 

—3 



3 


fifth, and sixth. It is evident that these states differ in the value 
■of the number J. 

A glance at Table 47.1 shows that all the possible states of the 
-system can be divided into three groups indicated in columns 6, 7, 
and 8 of the table. The greatest value of m in these groups is 3, 2, 
and 1, respectively. At a given /, the quantum number m can take 
on all the values from -j-/ to — /. Consequently, / coincides with 
the maximum value of the quantum number m possible at a given /. 
It is thus not difficult to conclude that in the case being considered, 
the angular momenta M t and M 2 of the subsystems can be summated 
in three ways leading to the values of the resultant angular momen- 
tum M characterized by / = 3, 2, and 1. We must note that the 
“values of J change from -f / 2 to /j — J 2 (here 
. Now let us turn to the case of arbitrary values of / t and / 2 , assum- 
ing only that / j ■> / 2 . Lot us consider the possible values of the 
number m. The maximum values of the numbers nix and m 2 are /i 
and / 2 . Therefore, the maximum value of m is -f- / 2 . The next 
value is less by unity, i.e. is /j -f / 2 — 1. This value is obtained 
for two different states, in one of which m-, = J lt m 2 — J 2 — 1, 

and in the other m 1 = Ji ~i, m 2 — / 2 . The number m in these 

states is the same, therefore they differ in the value of J. For one of 
the states, m — -f / 2 — 1 is the value following m max = 4- J 2 

<(in this state / — -f- / 2 ), and for the other state m — J x + J 2 — 

— 1 is the maximum value /n. max (in this state / = -j- / 2 — 1). 
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The following value of m equal to /, -f / 2 — 2 is obtained in 
three different states: (1) Wj = J u m 2 — J 2 — 2; (2) mj = J i ~ l, 
m 2 - J 2 — 1; and (3) m, — J x — 2, m 2 = / 2 . For one of them, 
this value is the one after / z -f- / 2 and J t -j- / 2 — 1 (in this state 
J — J j -j- / 2 ), for the second one it is the value after rre, nax = 
= J l -f- / 2 — 1 (in this state ./ = J x + / 2 — 1) and, finally, for 
the third state the value m — /, -f / 2 — 2 is maximum (in this 
stale / — /, -f- / 2 — 2). 

Matters will continue in this way until the diminishing of m by 
unity results in an increase in the number of states by unity. This 
will occur until the number of different states corresponding to a 
given m becomes equal to the number of possible values of the num- 
ber m 2 , i.e. 2 / 2 -f 1 (see Table 47.1). 

The maximum number of different slates that can correspond to 
the same value of m is 2 J 2 -f- 1. This will be precisely the number of 
different values of /, i.e. the number of ways in which we can sum- 
mate the angular momenta M x and M 2 to gel the resultant angular 
momentum M. Since the largest value of / is / z -f- J 2 , and each 
following value is less than the preceding one by unity, the smallest 
value of / will be (/ x -j- J 2 ) — 2/, = J y — j,. 

If / x < / 2 , by the same reasoning, exchanging the places of J x 
and J 2 . we arrive at the conclusion that the number of possible 
values of J is 2 J 1 -f 1, and / mln = ,/ 2 — I x . 

We have thus arrived at the following rule for the summation 
of two angular momenta determined by the quantum numbers J x 
and / 2 : the quantum number / of the resultant momentum can have 
2 J 2 -f- 1 (if J 2 < J\) or 2/ z -J- 1 (if / z < J 2 ) different values equal 
to 

J 1 J ii J 1 J i — 1 ) J l J i — 2, ..., (t/i — J 2 1 

(47.3) 

To each J there correspond 2/ -f 1 different states conforming 
to different values of the quantum number m. Consequently, the 
total number of states differing in the values of at least one of the 
numbers J and m is determined by the expression 

(2/ + 1 ) -{2J l + l)(2Jo + 1) 

j=i j,-j, i 

This number coincides with the previously found number of states 
considered in the (/ z , ./ 2 , m u m 2 )-representation. 

48. Psi-Function of System of Two Particles Having a Spin of J / 2 

Consider a system consisting of two identical particles with 
a spin of one-half. The psi-function of such a system depends on 
the space coordinates, i.e. on r z and r 2 , and also on the spin projec- 


15-0196 
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tions (Tj and o 2 of the two particles. Assume that the interaction 
between the particles does not depend on their spins 1 , and also that 
a magnetic field is absent. Now the Hamiltonian of the system will 
not contain the spin operators of the particles, owing to which the 
psi-function breaks up into two factors: 

4' (rj, a 2 , r 2 , a 2 ) = (r lt r 2 ) -<p (cr„ d 2 ) (48.1) 


[see (41.7)]. 

Tlie function (48.1) must bo antisymmetric (we are considering 
a particle with a spin of V,). Therefore, if the factor ip (04, o 2 ) is 
symmetric (or antisymmetric), the coordinate function ap (r,, r 2 ) 
must be antisymmetric (or symmetric, accordingly). 

The resultant spin S of a system can have two values: 0 (when 
the spins of the particles are antiparallel) and 1 (when the spins of 
the particles are parallel). In the first case, the quantum number o 
of the projection of the summary spin is zero; in the second case, 
o takes on three values: 1, 0, — 1. The state of a system of two par- 
ticles with S — 0 is called a parastate, and the state with 5 — 1, 
an orthostate. 

Let us find the general form of the functions cp (a lt o 2 ) for states 
with different S’s and a’s. Each of these functions satisfies two equa- 
tions simultaneously: 

(§1 + s 2 ) 2 cp = h 2 S (5 + 1) <p (48.2) 

(s 2l + s 22 ) cp — /icrcp (48.3) 


where s x and .s 2l are the operators of the first particle, s z and s z2 
are the operators of the second particle, S = 0 or 1, and accordingly 
a = 0 or 1, 0, —1. 

The common eigenfunctions of the operators s* and s zk of a sepa- 
rately taken k - th particle are determined by the expressions 


cp+1/2 (*) = ( J) , <P-i/2(*) = ( J) (48- 4 ) 

[see (43.11)]. In the following for brevity’s sake, we shall write 
these functions in the form <p+ (/c) and cp_ ( k ). Using formulas (42.10), 
(42.29), and (42.30), let us find the result of the action of the operators 
s xk< s yh , and s Z h on the functions (48.4): 


U<p.w=|("j) ((,)=! (JJ-f'f-w 


1 This holds in a non-relativistic approximation. 


(48.5) 

(48.6) 
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(*> = 4 Co _J) ( 2 ) = j ( o ) = 4 ^ <*> < 48 - 7 > 

s*H<P- (k) = 4 (J l) ( J ) =4 ( l ) =4 <J> + (*) (48.8) 

W(*)-r(? ~o) (J)=T( _ o)=- i T(i) = - i 4^^ 

(48.9) 

i rt «p-w-4(J_!)C)-4(_;)— 4(!)--i9.w 

(48.10) 

Consider four functions obtained from the functions (48.4): 


<Pi (1, 2) = cp + (1) <p + (2) (48.11) 

<p a (1, 2) = cp. (1) <p_ (2) (48.12) 

cp 3 (1, 2) = [<p + (1) cp. (2) + <P- (1) <P + (2)] (48.13) 

<P4 (1.2)= ~~ [<p + (1) cp. (2) - cp- (1) cp + (2)1 (48.14) 


The first three of these functions are evidently symmetric, the last 
one is antisymmetric. The functions <p + (1) and cp + (2) are normalized 
to unily, therefore the function (48.11) is normalized too; the same 
can be said about the function (48.12). The functions (48.13) and 
(48.14) are the superposition of the functions (48.11) and (48.12). 
The normalization condition in this case has the form 2 1 c m | 2 — 1, 
where c m are the expansion coefficients [see (7.5)1. It follows from 
what has been said above that all four functions are normalized 
[compare with (46.12) and (46.13)]. 

Let us act on the function (48.11) with the operator (s zl + s z2 ). 
We shall take into account that the operator s zl acts only on cp + (1), 
and s z2 only on cp + (2): 


(*zi + s z2 ) cp+ (1) <p+ (2) = s zl cp + (1) cp+ (2) -Mm<P+ (!) <P+ (2) 

= <P+ (2) s z i<P+ (1) + <P+ (1) s«T+ (2) 
With a view to relation (48.7), we obtain 

(«zi + s z2 ) cp+ (1) <p+ (2) = <p + (2) <p + (1) + cp + (1) | cp + (2) 

= ftcp + (l)cp+ (2) 

A comparison with Eq. (48.3) shows that (48.11) is an eigenfunction 
of the operator (s zl -|~ s z2 ) corresponding to the eigenvalue a = 1. 


15* 
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We can show in a similar way that the functions (48.12)-(48.14) 
are also eigenfunctions of the operator (s zl -j- s 12 ); here (48.12) cor- 
responds to a = —1, while (48.13) and (48.14) correspond to a = 0. 

We shall show that the functions (48.11)-(48.14) are simultaneously 
eigenfunctions of the operator (4 -f s 2 ) 2 [see (48.2)]. For this pur- 
pose, we express this operator in terms of the operators of the pro- 
jections of the spins of individual particles: 


( S 1 + s 2 ) 2 — (s xl + S x2 ) 2 + (Sj,! + Syo) 2 + (s 2l + S z2 ) 2 

— (4i + % s xi s x 2 + 4s) + ( s h + 2 s yl s y 2 + *y 2 ) 

+ (sf l H-2s 2l s 22 + s 2 2 ) (48.15) 

We remind our reader that each operator of the form of s xh acts on 
the psi-functions of only its own, £-th particle; therefore, for example, 
the operators s xl and s x2 commute. 

To facilitate further calculations, we shall give the following 
relations obtained from formulas (48.5)-(48.10): 

4*9+ ( k ) = (£74) (p + ( k ) 

4*9+ (*) = (£74) 9 + (k) 

4*9+ (*) = (£74) 9+ (k) 

„ (48.16) 

4*9- (k) = (£74) 9_ (k) 

4*9- (k) = (£74) 9_ (k) , 

4*9- (£) — (£74) 9_ (k) 

Let us act with the operator (48.15) on the function (48.11): 

(s, + s 2 ) 2 9+ (1) 9 + (2) 

= (9+ (2) 4i9+ (1) + 2 s x 1 9+ (1) s x 2 9+ (2) + 9+ (1) 4,9+ (2)] 

+ [9+ (2) 4i<P+ (*) + 2s vl q> + (1) Sj, 2 9 + (2) + 9+ (1) 4s 9+ (2)] 

+ [9+ (2) 4i9+ (1) + 2 s z 1 9+ (1) s 22 9+ (2) -f 9+ (1) 4,9+ (2)] 

= (£74) {[9+ (1) 9+ (2) + 29, (1) <p_ (2) + 9+ (1) 9+ (2)] 

•+■ [9+ (1) 9+ (2) 29_ (1) 9_ (2) -f- 9+ (1) 9+ (2)] 

-f [9+ (1) 9+ (2) + 29+ (1) 9+ (2) + 9+ (1) 9+ (2)]} 

= (£74) 89+ (1) cp + (2) = 2£ 2 9+ (1) 9+ (2) 
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[we have used relations (48.5)-(48.7) and (48.16)]. A comparison 
with Eq. (48.2) shows that (48.11) is the eigenfunction of the op- 
erator (s 1 -f- s 2 ) 2 corresponding to 5 = 1. 

Similar calculations show that the functions (48. 1 2)-(48. 14) are 
also eigenfunctions of the operator (s 1 -f- s 2 ) 2 ; here (48.12) and (48.13) 
correspond to £ — 1, and (48.14) corresponds to 5 = 0. 

In summarizing, we can say that the spin function of a system of 
two particles with a spin of V 2 is symmetric when 5 = 1, and depend- 
ing on the value of a (1, 0, or —1) it has the form of (48.11), (48.13), 
or (48.12). When 5 = 0, the spin function is antisymmetric and 
has the form of (48.14). To facilitate subsequent references, we shall 
write out these functions once more: 


5=1, 
5 = 0, 


o — l <Pi, i==<P+i/2(1)<P-i/2(2) (48.17) 

(7 = 0 cpi, 0 =— 7^- fq>+I/2 (1) qp-1/2 (2) H- cp_ 1/s (1) fp+l/2 (2)] 

V 2 (48.18) 

o — 1 <P1. -i = «P-i/2 (1) cp-1/2 (2) (48.19) 

Cf = 0 0 =—=- [cp +t/2 (1) cp-,/2 (2) - (p- 1/2 (1) rp + i/2 (2)] 

(48.20) 


49. Exchange Interaction 

The indistinguishability of identical particles underlies the exis- 
tence of a particular, specifically quantum interaction between par- 
ticles known as exchange interaction. 

Consider a system of two particles with a spin of 1 / 2 between 
which there is interaction not associated with the interaction be- 
tween the spins of the particles. Assume that this interaction is weak 
enough to he treated as the perturbation of a system of non-interact- 
ing particles. Let us characterize the perturbation by the operator 
V (r 12 ), where r 12 is the distance between the particles. We must 
note that the operator V (/-,,) does not act on the spin variables of 
the particles. 

The mean energy of interaction in a first approximation can be 
calculated by a formula similar to the formula 

AE“> = V nn = <^IW> = J (Tjtfy HT dV 

[see (29.22)]. This formula has been written for one particle without 
a spin. In our case, there are two particles with a spin. The formula 
must therefore be taken in the form 

AE W =25 ^ <0>) * ^ (0> dVl dV% 


(49.1) 
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where summation is performed over all the values of the spin vari- 
ables (we have dropped the subscript n as superfluous). 

The function 1 {; (0, describes the unperturbed state, i.e. the state 
of the non-interacting particles. The form of this function depends 
on the summary spin of the system. It was revealed in Sec. 48 that 
when 5 =•• 0, t lie spin function is antisymmetric, and accordingly 
the position function must be symmetric, i.e. have the form 

^(1 , 2) = -pj [*„, (1) (2) + 'I’m. (1) 'M, (2)J (49.2) 

where \|’ mi and 9m, are two arbitrary psi-functions of single-particle 
states [see (46.12)]. The numbers 1 and 2 in parentheses stand for 
the set of space coordinates of the first and second particles, re- 
spectively. At 5 = 1, the spin function is symmetric so that 

'Ml, 2)=-i f [tm 1 (l)'fm (2) — W1)W2)] (49.3) 

[see (46.13)]. 

At S — 0, the spin function equals 1, at S = 1 

( a '\ 

9(a) =a 0 1 

where a is the quantum number of the projection of the summary 
spin (V I I 2 = 1). 

i 

Let us introduce into (49.1) the psi-function for the case when 
5 = 1. Since the operator F does not act on the spin function, the 
latter can be removed from the sign of the operator. As a result, 
we obtain [see the text preceding formula (9.24)] 

A E w = ««) |a 0 j J [ij> (1, 2)]* V »j; (1, 2) dV l dV 2 

= 2 I a t I 2 J dV i dv 2 = j 'MFif; dV i dV 2 

i 

Thus, the summation sign in formula (49.1) may be omitted, and 
9 (0) understood to be the coordinate part of the psi-function. Taking 
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this into account, we shall write expression (49.1) as follows: 

AE (i) = ± j (1) ^ (2) ± (2) (1)]* F [ijv (1) (2) 

± (2) *m, (1)1 dFj dV 2 = i{ j ifm, (D (2) Fifm. (1) U, (2) dF t dF, 

+ J < (2) (1) Fi|) m , (2) (1) dF, dF 2 

± j (1) C, (2) F<|> m , (2) t'm, (1) dF, dF 2 

± j V mi (2) 4'm, (1) F* m , (1) * mt (2) dV< dF 2 } 

The plus sign corresponds to the case when 5—0, the minus sign, 
to 5 = 1. 

It is not difficult to comprehend that the first two integrals in 
the braces are identical. Indeed, they differ only in that the particle 
designated in the first integral by the number 1 is designated in the 
second integral by the number 2, and vice versa. Owing to the in- 
distinguishability of the particles, such a change of the symbols 
cannot affect the value of the integral. The same relates to the third 
and fourth integrals in the braces. Therefore, combining the inte- 
grals in pairs, we can write: 

AZ?« = J (1) r m , (2) JOiV (1) (2) dV , dV 2 

± J 4'm, (1) (2) Fifc* (2) tj> m , (1) dF, dF, = Q±A (49.4) 

The result obtained shows that the first-order correction to the 
energy of two particles with a spin of V 2 consists of two parts. The 
first part, Q , is in no way related to the presence of spin in the par- 
ticles and has a classical analogue. The sign of the second part, A, 
depends on the mutual orientation of the particles’ spins (on the 
total spin of the system), although the interaction between the spins 
was not taken into account by the operator F. This second part A 
is called the exchange energy. The term is due to the fact that in 
the functions in the integrand in front of the operator F and in the 
functions behind it the particles exchange places. It thus follows 
that each particle, as it were, is simultaneously in both states. We 
must note that the exchange energy is also obtained when the op- 
erator V (r 12 ) takes into account the interaction between the spin 
magnetic moments, i.e. acts on the spin parts of the psi-function. 

We must stress that the exchange “interaction” is not due to any 
“force". It is a consequence of the uncertainty relation and the 
Pauli principle. We shall explain this by the following consider- 
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ations. Assume that there is in general no interaction between two 
particles with a spin of x / 2 . One of the particles has the coordinates 
x, y, z with the indeterminacies Ax, Ay, Az of the order of a, and 
the momenta p x , p,., p z with the indeterminacies A p x , A p y , A p x 
of the order of A p. According to the uncertainty relation 

Ax A y Az A p x Ap y A p z ~ a 8 (A p) 3 ~ (2 nft) 3 

In accordance with formula (39.11), a phase volume of such a mag- 
nitude contains only one quantum state (without taking into account 
the spin of the particle). The Pauli principle allows two particles 
with antiparallel spins to be in such a state and does not allow two 
particles with parallel spins to lie in it. Hence, two particles with 
a given momentum p can. approach each other to the distance a 
when their spins are antiparallel, and cannot approach each other 
to such a distance if their spins are in the same direction. There 
appears, as it were, a “repelling force” that keeps the particles from 
approaching to the distance a. 

When the interaction between the particles is Goulombian, we 
have V (r 12 ) = e 2 /r 12 . Accordingly [see (49.4)1 

Q=\ I Tm, (1) Ifcn. (2) l 2 -f- dv t dV z (49.5) 

J r 12 

A = f n, (1) (2) ~ (2) ip™, (1) dV t dV 2 (49.6) 

J r l2 

The first integral, known as a Coulomb integral, has a simple physical 
meaning that becomes especially clear if we write it in the form 

(I (1) r-g)citV(i (2) I t e)dv 2 _ r Pl dV t - p 2 dV 2 
r 12 J r 12 I 

where and p 2 are the mean densities of the charge set up by the 
first and second charged particles, respectively. It can thus be seen 
that the Coulomb integral determines the “classical” part of the 
energy of electrostatic interaction of the particles. 

The integral (49.6) is called an exchange one. As already noted, 
it has no classical analogue. When the operator V takes into account 
only the electrostatic interaction between particles, the exchange 
energy is the part of the Coulomb energy of particle interaction that 
owes its appearance to the correlation of the motion of the two par- 
ticles due to the symmetry of the psi-functions. 

In concluding, we shall indicate that in all systems for which 
the relevant calculations were performed, Q and A were found to be 
positive. This shows that the energy of parastates ( S — 0, see 
Sec. 48) is greater than the energy of orthostates ( S = 1). 

We must note that the results obtained in this section relate to 
the case when the single-particle states \j) m , and i|) mj are not identical. 
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If these states coincide, however (i|\n, == ijj mi =; i|>), we must take- 
ij) (J, 2) — (1) (2) instead of the function (49.2), while the func- 

tion (49.3) is identically equal to zero (see the footnote on page 221). 
In this case 

A £< l > = ( \J)* (1) (2) Fif (1) y\> (2) dV { dV 2 (49.7)< 

which coincides with Q in formula (49.4). The exchange integral A 
is absent in this case. 

50. Second Quantization 

Second quantization is the name given to a method of calculations 
employed in the quantum mechanics of systems consisting of a largo 
number of arbitrarily interacting identical particles. To understand 
the essence of this method, let us first consider a method that can be- 
used to describe such a system in a conventional coordinate repre- 
sentation. 

Let us take an auxiliary system consisting of N non-interacting 
particles in an external potential field U n . The eigenfunctions of the- 
stationary states of such a system can be used to expand the psi- 
function of a system of l\ interacting particles in an external arbi- 
trary field U. 

Let us designate by 

'Ih (s), Ah (I), • • Vk (I), • • • (50.1 )• 

the psi-functions of the stationary states of one particle in the field U 0 
(one-particle functions). The letter t stands for the set of coordinates- 
and spin projections of a particle. We shall assume that the system. 
(50.1) is orthonormalized and complete. 

We shall use the one-particle functions (50.1) to construct all 
possible functions describing the stationary states of a system of N~ 
non-interacting particles in the field U 0 . Let us designate these- 
functions by 

'If (Si, i*. (i= 1,2,...) (50.2)> 

where is the set of coordinates and spin projections of the i-tli. 
particle. We shall also consider the system (50.2) to be orthonormal- 
ized and complete. The way of constructing the functions (50.2)- 
from the one-particle functions depends on what particles we have- 
to do with: for bosons this construction is performed in one way,, 
and for fermions in another. 

Now consider a system of N arbitrarily interacting particles in, 

an external field U that does not coincide with U 0 . The psi-function. 

of such a system 

'p (ix, tz, ■ ■ E.v, t) (50.3> 
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■can be expanded in the functions (50.2), i.e. written as 

v-lctmr (50.4) 

i 

The functions (50.3) and (50.4) are the psi-functions of a system of 
particles in a coordinate representation. 

Unlike the above scheme, the method of second quantization 
uses a different approach. Each of the particles of the auxiliary 
•system (see above) is in one of the states (50.1). The numbers 

n i, n 2 , • • n h , ... (50.5) 

indicating what number of particles are in the corresponding one- 
particle stales at a given instant are known as occupation numbers. 
It is obvious that the sum of the occupation numbers equals the 
total number of particles: 

£ n k = N (50.6) 

h 

It is not difficult to see that the assignment of the set (50.5) of 
•occupation numbers completely determines the state of the auxiliary 
•system, i.e. it. is equivalent to setting the function (50.2). We can 
thus go over from a coordinate representation to a representation 
of t lie occupation numbers, and instead of the functions (50.2) 
consider the functions 

\|? (0) (n u n 2 , . . n k , . . .) (50.7) 

We have not used the index l on i|> (U) because the set of numbers 
•n lt n 2 , . . ., n h , . . . itself determines uniquely the stationary state 
of the system, i.e. plays the role of a state index. 

Substitution of the functions (50.7) instead of (50.2) into (50.4) 
leads to the following expression: 

H c(n f , n 2 , ..., i)^ (0) («i> n 2 , ...) (50.8) 

(*>„ «». ■ ■ •] 

Summation is performed over all the possible sets of the numbers 
n i, h 2 . . . ., compatible with the requirement (50.6) and with 
the properties of the particles. 

In accordance with the main principles of quantum mechanics, 
the quantity 

| c («!, n 2 , .... /) | 2 (50.9) 

:gives the probability of the fact that at the instant t there will be 
«i particles in the first state, n 2 in the second, etc. 

The transition to the occupation number representation makes 
it necessary to introduce operators that can act on these numbers. 
It is customary practice to designate these operators by the letter a; 
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by a k we designate an operator which when acting on the psi-function 
diminishes the number n h by one, and by d k an operator that in- 
creases n k by one. Accordingly, a k is said to be an annihilation (or de- 
struction) operator (for particles in the &-th state), and d k is said to 
be a creation operator (compare with Sec. 27). Since the operators 
a h and af, act only on a variable n k , their matrix elements must be 
written as follows: 

<«„ n.,, . . ., n h — 1, . . . | a k | n„ n,_, . . ., n ft , . . .> (50.10) 
<n,, n 2 , . . 7i h -j- 1, . . . | at | 7i,, t? 2 , • • ., n h , . . .) (50.11) 

We can express the operator of any physical quantity in terms 
of the operators a h and d k and thus go over to an occupation number 
representation. 

We must note that the method of second quantization may also 
be applied to systems with a varying total number N of particles, 
for instance to an assembly of photons. In this case, the terms “anni- 
hilation operator” and “creation operator” acquire a literal meaning. 

In the present section, we have treated the general ideas of second 
quantization. In the following two sections, we shall develop them 
as applied to bosons and fermions. 


51. Second Quantization Applied to Bosons 


By (46.15), for bosons, the function (50.2) acquires the form 

’'I’n,. n, n { = A 2 (£l) fm, (£ 2 ) • • • fnijf (?jv) (51.1) 

where 


!7t,!\‘/2 




(51.2) 


nih is the number of the state in which the particle numbered k is, 
and n h is the number of particles in the state numbered m h . The sum 
is taken over all the non-coinciding permutations of the numbers 
m,i, 7772 , . . ., m N . Consequently, the number of addends is 
A!/(/ 2 ,! 77 2 ! . . .! 77 s !). The value of s is generally less than N and 
is determined by the relation 


77, -f- 22, -f- . . . — J- Tig — A (ol.3) 

Of the N functions that are factors in (51.1), only s are not iden- 
tical. 

Let us introduce an operator Qk* acting only on functions of the 
coordinates of the fc-tli particle. From N identical (i.e. relating 
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to the same physical quantity) operators Qh\ it is possible to con- 
struct the operator 

(51.4) 

I 

that is symmetric with respect to all the particles. Similarly, from 
the operators Qhl acting on the coordinates c !t and £; of two particles, 
it is possible to construct the operator 

<? 2 = 2 Q'ti (51.5) 

h, (=1 

etc. 

Let us establish the form of the matrix elements of the operator 
(51.4) evaluated with the aid of the functions (51.1). Since 

N N 

<9a I <?i%> = \'Pa I 2 Qk ’ ’Pp> = 2 W* I Qh’Vl) (51-6) 

ft=I ft=t 

we shall first find the matrix element of the operator Q l k l \ This ele- 
ment can be written as follows in Dirac notation: 


(/lj, TIj, . . . 

= A'A 


I & l> I n u n 2 , ...) 

< 2 ' a,) • • ■ * m ' (U • • • ^ (u 1 2 (h) • • • 


where 


X [W’tm* (Ek)J • • • (hr)/ (51-7) 


•'-( 


n[] n'J. . . .! n’ p ] \ 1/2 

]y] j 


(51.8) 


(n[ -f- n' 4- n' p — N), the coefficient A is determined by 

formula (51.2). The primed sum (2 ) ’ s taken over all the non- 
coinciding permutations of the numbers m[, m', . . ., m' N , and 
the un primed sum (2) over all the non-coinciding permutations 
of the'numbers m l7 m 2 , . . ., m N . Both permutations are performed 
independently of each other. 

-Before continuing our treatment, let us determine the properties 
of a scalar product of the products of functions. Assume that 
fp (x u x 2 ) = <p, (z,) <p 2 (z 2 ), and ip (x u x 2 ) = ip, ( 2 ,) ip 2 {x 2 ). Hence, 
by (7-7), we have 


<«Pi (* 1 ) 92 (* 2 ) I ti ( x i) ^2 (* 2 )> = j 9* (x 1 ) 9* (x 2 ) ft (Xi) ip 2 (x 2 ) dx i dx z 

- j 9? (x^ 9i {x t ) dx i j <p* (x 2 ) ip 2 (x 2 ) dx 2 

= <9i (x t ) | ip, (x t )) (cp 2 (x 2 ) | ip 2 (x 2 )) (51.9) 
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The same result is evidently obtained with any number of factors. 

With account taken of the property (51.9), expression (51.7) 
can be given the form 

(^p • * • , rip [ Qk | rij, ri2, • • . , n 9 ) 

= A' A 31 (<|’m, (El) I 'I'm, (Ei)> • • • 
x W m ' (h) I Qk'im h (h)> . . . W mir (lx) I (Sat)) 

= A’ A ^'2 6 m # m . . . Q a) - ...8' (51.10) 

where 


^i. mft =^(ui<?n- mh (y> (5i.il) 

We have taken advantage of the orthonormalized nature of the func- 
tions i|3 m (g). In calculating scalar products, integration is performed 
over space coordinates, and summation, over a spin variable. 

Expression (51.11) is a number whose value is determined not by 
the number of the operator and of the variable g, but by the values 
of the indices mh and m h . Indeed, the structure of all the Q^" s, by 
assumption, is the same, so that, for example, the functions 
(ii) and (§ 2 ) differ only in the designation of the 

independent variable. The scalar product of the functions is the 
integral 

(Eft). I & 1, *« k (£*)) = J K' h (Ik) Qk ‘U h (Ik) dlk 

whose value does not depend on the designation of the integration 
variable. Consequently, no matter what the number of the operator 
and the coordinate is, the value of the number (51.11) is determined 
only by the values of the state indices mh and m h [generally speaking, 
tpi (g), i |*2 (g), etc. are different functions]. Formula (51.11) can thus 
be written as 

(5L12) 

If we also introduce the notation mh = / and m k — /, we arrive at 
the formula 

Qiy = (g) i &)) (5i.i3) 

We must stress that k is the number of a particle and of an operator, 
whereas i and j are numbers of states. 
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It follows from expression (51.10) that only the addends of the 
double sum in which m[ = m,, . . m ' h — i — m* +1 = 

— ■ m h+u . . ., m’pf — m y will be non-zero. As regards the Axth 
factor, it may be non-zero both when = rrih and when m* =£ m k . 
What has been said above signifies that the matrix element (51 .10) 
will be non-zero only when the 1st, 2nd, . . ., (tc — l)-th, 
(k -f- l)-tli, . . ., iV-tli particles do not experience a transition 
to other states, whereas the Ar-lh particle either remains in its initial 
state ( m' k = m h ) or passes from the state rn h to the state mj = 
= m l =£ In the first case, all the numbers n u n. 2 , . . ., n h , . . . 

. . ., n h ■ ■ m ! > s remain unchanged, and in the second case, the 
number n h diminishes by one, the number grows by one, and the 
remaining numbers remain unchanged. 

Hence, only matrix elements for transitions without a change in 
the numbers n lt n 2 , . . . (diagonal elements) and for transitions 
in which one of these numbers diminishes and the other grows by one 
(here only one particle changes its state) can be non-zero. 

In accordance with the above, for diagonal elements only those 
addends of the double sum (51.10) will be non-zero in which all 
the primed indices coincide with the unprimed ones. If we retain 
only such addends, the double sum transforms into a single one, 
and we arrive at an expression for a diagonal matrix element 
(D.M.E.) 


D.M.E. = («!, n 2 , . . . , n s | Ql 11 ] n u n 2 , . . . , n s ) 

— A 2 8m,, m, ■ ■ ■ Qrn h , m h • • • (51.14) 

(it is not difficult to see that in this case A’ = A). The sum is evalu- 
ated over all the non-coinciding permutations of the pairs of indices. 

We must note that when performing the permutations, each par- 
ticle figuring in expression (51.1) remains in its place, and only the 
indices m, exchange places. The same relates to expression (51.14). 
The operator Qk ‘ is “bound” to the particle numbered k, therefore 
in all the addends, the factor Q'^ is in the Ar-th place. Among 

the addends of t he function (51.1) that are to the right of Oa” in 
(51.10), there are addends including the factor (\ h ) with all 
possible values of the subscript m h . Accordingly, the sum (51.14) 
also contains addends with all possible values of the indices m h , m k . 
This signifies that the indices which are on @ (1) in (51.14) participate 
in the permutations. 

Assume that among the N values of the indices m u m 2 , ■ . ., % 
there are n 2 of them that equal 1, there are n 2 that equal 2, and so 
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on. Hence, in a more expanded form, expression (51.14) can be- 
written as follows: 

+ A 2 \ 8 m>< m, . . . Q jj* . . . &m N , m N + 

W-.- ««*.«*} (51.15) 

[recall that the value of s is determined by relation (51.3)1. In each 
of the sums, the factor Q\\’ , Q'" r etc. is in t lie A-lli place. 

Let us find the number of addends in each of the s sums. We shall 
begin with the first sum in which all the addends equal Q[".. One 
of the n, pairs of indices 11 is “bound” to Q[\ (it can exchange places- 
only with another pair of the same kind at one of the 6 u ’s, but such 
an exchange does not result in a new permutation). The remaining; 
n x — 1 pairs of such indices participate in the permutations (say, 
one of the factors 6 n exchanges places with S 22 or 6 33 , etc.). Alto- 
gether, N — 1 pairs of indices participate in the permutations. We 
thus conclude that the number of addends in the first sum is- 
(N — 1 )!/[(«! — 1)! n 2 ! . . . » s !]. All the addends are identical 
and equal (?))’. Hence, the first term in (51.15) with account taken, 
of the value of A 2 is 

n i - n 2- • • ■ n s - 1 (A t)- 1 f\<i> Hi 

A! ( rei _i)! nj ! ... „ s i Vn - N 

Similar reasoning leads to the conclusion that the second term is 

n i - n 2- • ■ ■ (A 1)! O' 1 ' n z /y* > 

A! n,!(n 2—1)! ... ~ N 

etc. 

Therefore, the diagonal matrix element determined by expres- 
sion (51.14) is 

S 

(ill, n 2i • • • » n s I Qlt > I n l, H- 2 , • • • , n s) == ~]y~ 2 (51-1 6^ 

i=l 

This element does not depend on the index k. Consequently, all W 
addends in (51.6) are identical, so that to obtain a diagonal matrix 
element of the operator (51.4), it is necessary to simply multiply 
(51.16) by N: 

a 

<«,, n 2 , ... ., | (3, | n u n 2 , 2 (51.17> 

i=l 

Now let us pass over to evaluating the matrix elements corre- 
sponding to the transitions of one particle. In such a transition, n k 
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-diminishes by one, and n ( grows by one. Therefore, a matrix element 
:(M.E.) has the form [see (51.10)1 


M.E. = <n t , n h — 1, .. ., n, + 1, . n s 1 Qk ° I n u ..., n h , 

= V'Y Wjk . . . 6 mJ? , (51.18) 

•where, by (51.13), 

Q£\, m k = (?) | (S)> = <?/T (m, =* m fc ) (51.19) 


Let us determine which of the addends in the double sum (51.18) 
are non-zero. Assume that in the function to the right of the operator 
in the matrix element, n x factors have the index 1, n 2 — the index 2 , ... 
. . n b — the index k, . . ., n ( — the index l, . . ., n s — the index s. 
Consequently, in the function to the left of the operator there are 
Jii factors with the index 1, n 2 with the index 2, . . ., n h — 1 with 
the index k, . . ., m -f- 1 with the index l, . . ., n s with the index s. 
Let us consider such addends in which as a result of the permutations, 
the indices mi and m h acquire identical values, for instance, the 
■factor Q\\ ] or (?'", etc. was obtained (remember that m; is equivalent 
to m b ). Hence, among the other factors there will be 

&hh ■ ■ ■ &hh&ih ■■■ &U (51.20) 

«*-t n i 

■where i =#= k and j ^ l. This is due to the circumstance that among 
the first indices in 6 i; - only n h — 1 have the value k, whereas among 
the second indices in it n h have the value k. Similarly, among the 
first indices in 8 /, n t 4 - 1 have the value l , whereas among the 
second indices in it n t have the value l. The symbols 6 lft and 8 i} 
•equal zero, so that the corresponding addends of the double sum 
must be discarded. 

Let us consider the addends containing, for example, the factor 
-Qk". These addends, in addition to the factors (51.20), also include 
factors of the form S n and S 2 ; (here i 1 and j 2). These addends 
will also vanish. Wc conclude from the above that only the addends 
of the double sum in which the first, index on Q (1) is l and the second 
is k can be non-zero. But in this case, the addend, for example, 
will have the form 



Hence, if we retain only the non-zero addends, expression (51.18) 
-becomes 

M.E. = A' A ^ 6 m ,, mi . . . Qm\, m h . . . 5 m 


K. m/v 


(51.21) 
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The sum is taken over all the non-coinciding permutations of the 
pairs of indices on the factors 8. The total number of these pairs 
is N — 1; among them are n x pairs of indices 11 , n 2 pairs of indices 22, 
— 1 pairs of indices kk , . . n t pairs of indices ll, and n 8 pairs 
of indices ss. Consequently, the number of addends in the sum (51.21) 
is (IV — l)!/!^! ... (n h — l)\ ... n t \ .. . rc B !]. All the addends 
are identical and equal Qm l ,m h = Qik . Taking into account that 
A' = [n x ! ... (n h — 1)1 ... {n t -f 1)! ... n a ]IN\]V 2 , and A — 
— [n x ! . . . n h \ ...«;! ... n s \/N\] 1/2 , we obtain the following 
value for the matrix element (51.18) (for brevity, we shall indicate 
only the occupation numbers that undergo a change): 


<n ft — 1, «i + l | <?*’ | n h , m) 

— [" n i- • ■ • (nh — 1)! . • • (a; + 1)1 . • • w 5 ! J 1 / 2 n t i . . . ■ - nj\_ ... a s ! j 1 ^ 2 

(iV “ 1)! Qik‘ = -j r Vn h (n l + l)Q\k' 


X 


ny. ... (n h — 1)! ... ni\ ... n s \ 


Recall that the value of QW does not depend on the number of the 
operator it is determined by the state indices Zand k [see (51.13)1. 
The latter, in turn, are determined by the values of the occupation 
numbers that undergo a change in a transition. Consequently, as for 
diagonal elements, all the addends in (51.6) are identical and for 
a matrix element of the operator (51.4) we obtain the expression 


(n ft — 1, «i + l | <?i | n h , Tii) — I n h (n, + i)Qik 

This formula can be given a symmetric form by replacing rii with 
n t — 1 (this signifies that we designate the number of particles which 
were in the state mi before the transition by n t — 1): 

(n h — 1, n, | <?, | n h , n t — 1) = > / (51.22) 

Our next task is the evaluation of the matrix elements (51.17) 
and (51.22) for the annihilation and creation operators acting not 
on functions of the coordinates (like Q' h '‘ and Q x ), but on the occupa- 
tion numbers n u n 2 , . . . (sec Sec. 50). We define these operators 
with the aid ol’ the following relations: 

n*. ... ^Vn’h^nx n„-l. ... (51.23) 

n h . ... —V + 1 ’’[’n, n ft + l, ... (51.24) 

[compare with (27.5) and (27.6)]. The operator d*, by acting on a 
function, replaces the index n h with n h — 1, i.e. reduces the number 
of particles in the state k (previously we said in the state m h ) by one 
(in addition, it multiplies the function by]/ n h ). It is therefore called 


16-0196 
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the operator of particle annihilation in the £-th state. The operator 
&h replaces the index n h with n h -f- 1, i.e. increases the number of 
parti cles in t he state k by one (in addition, it multiplies the function 
by Y n *. + !)• This is why it is called the operator of particle creation 
in the A:-th state. 

The consecutive application of these operators yields 

a h n k , . . .) = V n k .... n fe -l, ... 

=*Vn k Vn^y j)„, ... 

Hence, 

aha h i' ni » h . . . . = n k . . . . (51.25) 

This signifies that the consecutive application of the operators d ft 
and at does not change the number of particles in the ft-th state, 
while the function is multiplied by n k . On the basis of (51.25), we 
obtain the following value for the product of the operators: 

a + h a h = n h (51.26) 

Accordingly, the operator &ta h is called the operator of the number 
of particles in the fc-th state. 

We can show in a similar way that 

a h at = n h + 1 (51.27) 

Inspection of (51.26) and (51.27) shows that the commutator of 
the operators a k and a k equals unity: 

a h at — a k a h = 1 (51.28) 

[compare with (27.8)]. 

It is quite simple to convince ourselves that the following relations 
are correct: 


a h a i — afa h = 0 

(k^l) 

(51.29) 

a h a l — a l a h = 0 ] 

A A A A ! 

for any k and l 

(51.30) 

atat — atat = 0 J 


(51.31) 


Expressions (51.28) and (51.29) can be combined into a single expres- 
sion 


a h at — ata h = 6 k , 


(51.32) 
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From the definition (51.23), we obtain the following formula for 
the matrix elements of the operator a k (in the designation of the 
matrix element we indicate only the numbers that undergo a change): 

(«*-l I a h | « ft > = (i|5... n h -i ... I a h y... 

= < 1 i’... n fe -I ... |V^...n k -, ...)=Vnl^n h -l,n h -l =- V 
Using a diSerent designation of the matrix elements, we can write 
(«k)n A - 1 . n h = <«* - 1 | a h | n h ) = y7T h (51 .33) 

Similarly 

(aj)„ ft+1 ,„ ft = <n ft + l | at | n h ) = Y n* + 1 (51.-34) 

It is not difficult to verify that the matrix elements of the operator 
(51.26) equal 

« a k)n' h , n h = n A’ h . n k ( 51 ‘ 35 ) 

It can be seen from (51.33) and (51.34) that the operators a h and 
at are Hermitian conj ugates o f each other. Indeed, by (51.33), we 
have (a k )n h< „ ft+1 — V n k -j~ 1. A comparison with (51.34) shows 
that 

( a t)n k +l, n k = ( a h)n k , n ft +l 

Since both matrices are real, they satisfy the condition (9.21) for 
Hermitian matrices. 

The consecutive application of the operators a* and a h to the 
function ... yields, by (51.23) and (51.24), 

the expression ] f n h ni$ n „ l5 ... „, .... Consequently, 

(n h — 1, m\aia h \n k , n t — 1) 

“ V n h n l n k -t n t , . . . | ^n,, ... ,n k -l n ; , . . .) 

= j / n k ni (51.36) 

The consecutive application of the operators a* r d p and d*d k to the 
function \|) nj , „ r i „ p n r -i, ... yields the expres- 
sion V n k nin„n r ^ „ ft _i n p -u .... n r , .... Hence, 

(n h — 1, n h n p — 1, n T | ata p ata k | n k , n, — 1, n p , n T — 1) 

= ]/ n k nin p n r (51.37) 

We must note that in view of (51.29)-(5i.31), the operators in (51.37) 
may be written in any sequence. 

We have brought to light the properties of the operators a h and 
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at that we shall need in the following. To complete the transition 
to the representation of the occupation numbers, we must learn 
how to express the operators of any physical quantities in terms of 
the annihilation and creation operators. 

Let us begin with the operator (51.4). We shall show that it can 
be represented in the form 

Q^'ZQlfataj (51.38) 

i, 3 


where <?))•’ is a number determined by formula (51.13). Summation 
is performed over the indices i and 7 within the limits from 1 to N 
so that the sum consists of N 2 addends. 

We find the matrix element of the operator inside the sum sign 
in (51.38). Having in view that <?“/ are simple numbers, we obtain 

M.E. = (n k — 1 , n t | Y Q^ata^ n h , n t — 1 ) 

it 3 

= 5 Q\ l ? (n h — 1, n,, — 1, n j \ ata } \ n h , n t — 1, — 1, nj) (51.39) 

1 , i 

Since the operators df and dj act on ni and nj, we have indicated 
these numbers in the state indices. We are calculating the matrix 
element for transitions with a change in only the numbers n k and 
Therefore, the occupation numbers with the indices i and 7 on the 
right and the left have been taken the same. For convenience, the 
number of particles in the state i has been taken equal to n t — 1 . 
We transform the expression obtained with a view to (51.36): 


M.E . = '2 i Qij’Vn i n 1 (n h — \, n t , n t — l, n s | n k , n t — 1 , n t , n, — 1 ) 

= S Qij V n i n j 5(n ft - 1 , n ; , n f - 1 , nj), (n fe , n ; -l, n t , rij-l) 


1,3 


Of the N 2 addends of the last sum, only the one for which i = l 
and 7 = k is non-zero 1 . Consequently, 

M.E.=j/^<?U> (51.40) 

This result coincides with (51.22). 

Now let us calculate the diagonal matrix element: 


D.M.E. = («!, «> ., n t — li . .., 71 ], ... | V. Q\ l >ata]\ n u 

it 3 

. . n t — 1, . . ., ri), . . .) = y, QifV TiiTijiTii, . . . , n t — 1, 

it 3 

J On the face of it, the quantity 6< nft _ 1 , n( , nj _ lt „ ft „ ,„ ft , nl _ it nl , nh _ v 
must be zero because formally the “indices” differ in the sequence in which 
the numbers forming the index on 6 are arranged. But a change in the sequence 
of these numbers signifies only a change in the sequence of arrangement 
of the factors in formula (51.1), which evidently does not change the func- 
tion i|> itself. 
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, . , , tlj, ... | ZZj , ... i 71 j 1, ...) 

= ^ Qii* V n i n j S(n.~l, n j), (71 j. nj-l) 

In the last sum, only those addends are non-zero for which j = l. 
Therefore, 

D.M.E. = 2 

i 

that coincides with (51.17). 

It can be seen that the matrix elements corresponding to the 
transitions of two and more particles are zero. 

We have thus convinced ourselves that the matrix elements of the 
operator (51.38) coincide with those of the operator (51.4). Conse- 
quently, it is legitimate to represent the operator Q 1 in the form of 
(51.38). 

We shall give the expression for the operator (51.5) in the occupa- 
tion number representation without a proof: 

<? 2 = 5 QiVp), (jr)a\a + pa 3 a T (51.41) 

i. P, 3. r 

where 

Q\V P ). Ur) -- <'K (S') (D I <? (2) HS «') K (!")) (51 .42) 

(£' and are two independent variables, and Q( 2) acts on both these 
variables). 

Now we can express the Hamiltonian of a system of N identical 

particles in terms of the operators d\ and Uj. If the particles do not 
interact with one another, the Hamiltonian is determined by the 
expression 

N N 

H = 2 [ - 2^- VI + V (£*) ] = 2 Hk" (51 .43) 

h«=l ‘ h= I 

[see (40.1)]. Here U (|, ( ) is the potential energy of the /r-th particle 
in an external stationary held. This operator belongs to the type 
of (51.4). In our case 

Qk” = m'> = - VI + U (h) (51 -44) 

In accordance with formulas (51.38) and (51.13), we have 

77 = V H\)’a*a] 
i » i 


(51.45) 
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where 

H\y = (£) | (s)> 

Expression (51.45) is exactly the Hamiltonian of a system of non- 
interacting particles in the occupation number representation. 

If we take as the functions (5ft) the eigenfunctions of the 
operator (51.44), i.e. functions satisfying the equations 

= (5ft) 

then 

H'i] — Errij | ’'I'm j) — E m ^b m ^, mj 

Introducing this value into formula (51.45), we obtain 

H — S 2 Emfii&j- 

i.j J 1 } 

Recall that E m] is the energy of the state which the ;-th particle 
is in; the operators a) and a } act on the coordinates of this par- 
ticle. With a view to (51.26), we can write that 

H = ZE m .n } = E 
i 

where E is the total energy of tho system. We have obtained a trivial 
result: the action of the operator H on its eigenfunction consists 
in multiplication of this function by E. If we had selected the func- 
tions in a different way, we would not have obtained such a 
result. For instance, by taking as ij) mA the eigenfunctions of the 
operator — (£ 2 /2m 0 ) V£, i.e. the functions satisfying the equation 

fj 2 

— 2^7 = E ™k^ m h 

we arrive, as can readily be verified, at the following expression for 
the Hamiltonian: 

H = ^ E'afaj + S 0|' m (£) | U (f) (£)> at a, 

i i ,i J 

For a system of particles between which there is pairwise inter- 
action, t lie Hamiltonian lias the form 

H = 2 Hk" + j- 2 = + 

k h=£l 


(51.46) 
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[see (51.43)]. The first term has the form of (51. 4), the second, of 
(51.5). We have already obtained expression (51.45) for the first 
term. For the second term, by formulas (51.41) and (51.42), we have 


where 


! 2 U[U).hr)^>jar (51.47) 

i. P. i, r 


(J ID = Ms (£') t|>» p ill I (£') K (£')> (51.48) 

[the condition k l written in (51.46) under the sum sign is taken 
into account by the fact that integration in calculating (51 .48) is 
performed over the two independent variables and £"]. 

Hence, for pairwise interactions, the Hamiltonian is the sum of 
expressions (51.45) and (51.47). If we want to take into account the 
energy of triple interactions, we must add the operator H 3 , which 
will be represented by the sum of the products of six operators a , 
and so on. 

The formulas we have obtained can be written more compactly 
with the aid of the following formal procedure. We introduce the 
operators 


^ (£) = 2 (l) and ^ (1) = 2 (?) at (51.49) 

where the variables £ are treated as parameters. Let us act with 

the operator ij) (£) on a certain function ijs, n, n s (recall that 

the sum of the indices is n x -f n 2 -f . . . + = N). The result is 

a new function determined by the expression 

2 ’ l J 7 m| (£) Tij, . . . , n 9 = 2 (£) V W j t|) n , n t -l n 3 

The sum of the indices on r|) in each of the addends will be less by 
one than the sum of the indices on the initial function. Consequently, 
the new function describes a system of N — 1 particles. The operator 
^ (g) thus diminishes the total number of particles in a system by 
one. We can convince ourselves in a similar way that the operator 
i|’ + (£) increases the number of particles in a system by one. 

Let us form the expression 

<?i= J r (t) ^(S) d\ 


(51.50), 
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[the operator QW is understood to act on the parameter £]. Substi- 
tution of expression (51.49) into (51.50) yields 

Qi = J { 2 'P* mt (?) at} QW { 2 rp mj (?) aj) dl 

* i 

i, ) 

= 2 ata,(^ m . | QWrp mj ) = 2 Qijata , 

i . i i , 7 

A comparison with (51.38) shows that expression (51.50) is equivalent 
to the operator Q x in the occupation number representation. 

The operators Q z , Q- Jt etc. can also be expressed in terms of the 
operators (51.49). For example, 

& = j j J ¥ (?') V (?") Q m $ (?") $ (?') dl' dl" (51.51) 

Using formulas (51.50) and (51.51), we can write expression (51.46) 
of the Hamiltonian in the representation of the second quantization: 

H= jr(?)^(?)^ 

+ j J J r (?') r (?") d") ![) (n dr dr (51.52) 

To understand the origin of the term “second quantization”, let us 
consider the following example. Assume that a system of N pairwise 
interacting bosons is in a state in which all the particles are in the 
same one-particle state i|> m (l) [this signifies that all the to,’ s in the 
function (51.1) are the same and equal m]. We shall consider that 
the functions are normalized as follows: 

tym M’«> = W (51.53) 

[it was assumed in (51.1) that the t|) to ’s are normalized to unity!]. 
To determine the coefficient A in (51.1), we equate the scalar square 
of the psi-function to unity: 

1 = A* <l|> m (60 tm (SO • • • (?n) I (60 (? 2 ) • • • Tm (?n)) 

= A 2 {\p m (I,) | 1|> M (60) Wm (?0 I (60) • • • <^m (?n) I (?n)) = A*N* 
[by (51.53), each of the N factors equals TV]. Hence, A = 1 !Y N N . 
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The Hamiltonian of the system is determined by expression 
(51.46). Let us find the mean value of the system’s energy: 

(E) = <4 | //4> 

= { 2 <4m (?*) • • • 'I’m (If) • • • ! (I.) • • • 4m (b) • • - > 

i 

+ J 2 (4m (If) • • • 4m (If) • • • 4m (lj) 

i. j 

• • . 1 U u (t lt y 4m (h) . . . 4m (if) • • • 4m (t,) • . • )} 

= 7* { 2 <4m (ll) I 4m (li)> • • • <4m (If) ! (If)) • • • 

i 

+ f2<4m(i 1 )l4m(ii)>... 

i, i 

X <4m (if) 4m &j) I U,J (h, l,) 4m (if) 4m (i j)) •••} 

= ^V-{E^"'(4m(if)l^ ,, 4m (if)) 

i 

+ j2 NN ' 2 (4m (if) 4m (b) I U U (if. b) 4m (if) 4m &)>} 


All the addends of the sum over i are identical, their total number 
is N. Similarly, all the addends of the double sum over i and / are- 
also identical, their total number is A 2 . We thus arrive at the expres- 
sion 


<£>=<4m (i) I A (1) 4m(i)> 

+ J (4m (if) 4m (b) I U t) (b, b) 4m (if) 4m (il)> = J 4* (?) # (1, 4 (i) 

+ 4 j J 4* (b) 4* (i") U {V, n 4 (i") 4 (f ') db db (51 ••>'<) 


(we have dropped the index m on 4 as superfluous). 

Expressions (51.52) and (51.54) are very similar to each other in- 
their appearance. If in (51.54) we replace the energy with its operator,, 
the function 4 with the operator 4 , and the function 4 * with the 
operator 4 + , this expression will transform into (51.52). Hence there 
follows a useful rule for finding the Hamiltonian in the representation 
of second quantization: one must write the expression for the mean 
energy in terms of the psi-function 4 of individual particle [nor- 
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.•malized in accordance with (51.53)], and then perform the replace- 
ments: 


( 6 ) -* 4 ' ( 6 ), 


where ij) (£) and if + (£) are determined by formulas (51.49). 

Replacement of the function ij) with the operator ij; underlies the 
term “second quantization”. In conventional (“first”) quantization, 
•physical quantities are replaced with operators, in second quanti- 
sation, psi-functions are replaced with operators. 


52. Second Quantization Applied to Fermions 

In accordance with (46.16), for fermions, the function (50.2) has 
the form 

t|"n,, n„ ... = A 2 Em,, «, (£l) tym, (£ 2 ) • • • (£jv) (52.1) 

where 



The sum is taken over all the permutations of the numbers m u 
m % , . . ., m K . Among these numbers, there are no identical ones 

because if even two indices are identical, the symbol e mi , mv 

is zero (this signifies that there cannot be more than one particle 
in a state with the given m). The sign of e depends on the number 
of disorders in the permutation of the indices (a disorder means that 
a greater number is ahead of a smaller one). With an even number of 
disorders, e = +1, with an odd number, e = —1. Remember that 
disorders are absent when the inequalities rriy < m 2 <i . . . <C m N 
are observed. 

The occupation numbers can now have only two values: 0 and 1. 
Values greater than 1 are forbidden by the Pauli principle. 

Let us use the functions (52.1) to find the form of the matrix ele- 
ments of the operator 

Qi= 1 Qi l) (52.3) 

•Isee (51.4)]. As for bosons, 

0?l)a P = 2 «&") aS 

hsM 1 


(52.4) 
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[see (51.6)]. We therefore first calculate the matrix elements of the 
operator Qtf'. They are 

• . . | Qk 1 Kj , • . • ) 

— A 2 ^ 2 ®m(* • • • > m,' ■ ■ • > mjy (Si) I 'fmi (£l)) 


■ * • (Sk) 1 *?k (Sfc)) • • • (Sn) I 1 f m jv (Sn)) 


= ,2V'V e 

^ +-> E m' ml. 


tnpf&mt, m, 


i»K mi, m, 


• Vn *ft. "«A 


6 - 
m N* 

-(52.5) 


where m ft is determined by formula (51.12). In the given case, 

the coefficient A' always equals the coefficient A [see (52.2)]. 

The expression we have obtained differs from (51.10) only in the 
presence of the factors e. For the same reasons that were revealed 
in Sec. 51 in discussing formula (51.10), the matrix elements (52.5) 
can be non-zero only for transitions without a change in the occupa- 
tion numbers (diagonal elements) and for transitions in which only 
one particle changes its state. One of the occupation numbers, say 
n h , diminishes from 1 to 0, and another one, say n t , grows from 0 
to 1. 

For diagonal elements, expression (52.5) has the form 


D.M.E. = A 2 (e 


mi, m 2 , 


*n) 2 


J m 1 , mj 


. Q n> 

^ mft. m h 


Jm N- m N 


(52.6) 


Since (e . . .) 2 with any permutation of the indices equals -fl, 
expression (52.6) coincides with (51.14). Consequently, the final 
result will also be the same, i.e. the diagonal matrix elements are 
determined by the formula [see (51.17)] 


(«1, «2. ••• I <?iK, «2. •••> = ! ihQiV (52.7) 

i 

(since the numbers now equal 1 or 0, the sum may be extended 
to all possible single-particle states). 

Consider a matrix element corresponding to a transition of one 
of the particles from the state m h to the state m t . We shall consider 
for determinacy that m t > m h . In such a transition, n k changes its 
value from 1 to 0, and n t from 0 to 1. Consequently, the matrix 
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element has the form 

( n k — 0, n, = l | Qh" | « k = l, n t = 0) 

i 2 v 

— A ^ e mi m h _ v m k+l m l— 1 t m l’ m ;+i 

X 6 mii . . . , m h _ l , m fe , m ft+1 ..... m ( _j . m (+1 .... dm , , m t • • • 

X (ifm; (1ft) I ^m fe (1ft)) • • • ^m N , m N (52.8) 

In the function to the right, of the operator in (52.8), the factor 
(Eft) is present, but the factor ij) TO (l h ) is absent. In the function 
to the left of the operator, the factor (| fe ) is absent, but the- 
factor i|i mj (t h ) is present (the &-th particle passes from the state 
to the state a|) m; in which no particle has been before this). 

Assume that the initial permutation of the indices in the function 
to the right of the operator contains no disorders, i.e. 

mi < m 2 < . . . < m h _i < m k < m ft+1 < 

• • • < m-i_i < m.i + i < . . . (52.9> 

Now in the initial permutation of the indices in the function to the 
left of the operator, 

m u m 2 , . . ., m h _i, m t , m h+1 , . . ., mi_ Jt m l+1 , . . . (52.10> 

disorders appear because > m k . The number m ; is greater than 
mft +1 , m h+2 , ■ • ., /n;_ 2 , nii^i. Consequently, the number of appear- 
ing disorders equals the number of indices in the permutations having 
values greater than m h and smaller than mj. This number evidently 
equals the sum of the occupation numbers of all the states from the 
(A -j- t)-th to the (l — l)-th, inclusively: 

v= S n. (52.11). 


(if an intermediate index is absent, the corresponding occupation 
number vanishes). 

Hence, if the second factor e... in (52.8) is -j-1, the first factor 
e... has the value ( — l) v , where v is determined by formula (52.11). 
It follows that the product of the symbols e in (52.8) at any permu- 
tation of similar pairs of indices has the same value equal to 

i - i 

(-i) v =(_i) s =^+‘ 


(52.12) 
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The number (52.12) can be written in a more convenient form: 

(-1) V = 'n (1 — 2 n.) (52.13) 

s=h+l 

Indeed, the factors for which n a — 0 are -fl, and those for which 
n s — 1 are — 1. Consequently, expression (52.13) will contain the 
same number of factors equal to —1 as expression (52.12) does. 

Hence, the product c.. in (52.8) for each of the addends has 
a value equal to (52.13). Putting this factor outside the sum sign, 
we obtain 

<n h = 0, n, = l | Qk l) | n fc = l, n, = 0> 

= A 2 n (l-2«.)S6»,.m 1 5 Wt , Wf ... ... 6 m m (52.14) 

s=fc+l A " 

(compare with (51.18)]. The sum is taken over all the permutations 
of the pairs of indices, among which there are now no coinciding 
ones. Only the indices on <? (1> do not participate in the permutations. 
The number of indices that do participate in them is therefore 
N — 1. Hence, the sum in (52.14) consists of (N — 1)! identical 
addends equal to Q\h . Taking into account the value (52.2) for A, 
we thus conclude that 

n t =l | | n h = l, = 0) 

7-1 

— J/T II (1 2n s ) (N — 1)! (52.15) 

5=ft+l 

Recall that the number Q\k does not depend on the number of 
the operator Qk" and is determined only by the indices of the initial 
and final stales [see (51.13)]. This is why we obtain a matrix ele- 
ment of the operator (52.3) by simply multiplying (52.15) by N: 

<n ft = 0, n, = l | Qi | n ft = 1, n, = 0> = {] (1 — 2n s ) (52.16) 

S=k+ 1 


We have assumed that 7iij> W/,. If nq < m h , the coefficient in 

ft-i 

<52.16) must be taken in the form j] (1 — 2n s ). 

5=7 + i _ 

Let us establish how the annihilation and creation operators 
must be determined for fermions if we want the operator (52.3), 
being expressed in terms of these operators, to have the same form 
as for bosons, i.e. if the equation 


<?i 




see (51.38)] is to be observed. 


(52.17) 
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Since Q\)' are simply numbers, a matrix element of the operator 
(52.17) has the following form: 

(n k = 0, n t = 1 | 5 OWataj | n k = 1, n t = 0) 

i. j 

= 2 = n t — 1 | afaj | n h — 1, n t = 0) (52.18) 

i. j 

The expression obtained coincides with (52.14) if we assume that 
<«* = 0, ni=i\ataj\n h = l, n ( = 0) 

5 ) when i — Z, / = & 

(i>*) (52.19) 

when i l 
or = 5 ^= k 

Hence, the operators must satisfy the condition 

i - 1 

<w k = 0, «j = l | afa k | » k =l, nj = 0>= 0 (1 — 2n„) (52.20) 

s=A+! 


n (i-2) 

«=ft+l 

0 


This condition will be observed if we determine the operators with 
the aid of the following relations: 

ft - 1 

^A^ni.n, n k , ...== [I (1 2n s )\jj nil „ n k -i,... (52.21) 

s=l 

ft -1 

flft’fn,, n„ . . . ,n k , . . . = 0 (1 2/Z s ) lf n , ( njl . . . , n k +.t, . . . (52.22) 

5=1 

where n s stands for the occupation numbers of the function which 
the operator acts on. Indeed, by consecutively applying the operators 
determined by these relations to the function if for which n h — 1 
and ni = 0, we obtain a train of transformations 

h - 1 

U; ^ft'fnj l =l , 7i|=0 ~ ^ (1 2/1,) lf n ^c=o, nj«*0 

- n* (1 - 2 n t ) n (1 - 2 n.) i »,-i (52.23) 

5=1 S =1 

The factor numbered k in the second product [] equals +1 so that the 

6 

psi-function which the operator a\ acts on corresponds to the state 
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with n h — 0. The right-hand side of relation (52.23) can therefore- 
be transformed as follows: 

n 1 (i-2« s ) ff(i-2i*,) 

5=1 5=1 

= "n (i-2 « 5 ) 2 ff (i-2»,)= n 1 (i-2«.> 

S=1 5— ft+1 s=k+i 

[we have discarded the factor (1 — 2 n h ) equal to unity]. Introducing: 
this result into (52.23), we obtain 

^ i-i 

a l a htyn<,= I , n,=0 — D (1 2/I s ) l|> n , =0, n,=i (52.24), 

n ‘ s=k+l s ' 

Finally., performing scalar multiplication of both sides of (52.24)* 
by ib ni = 0 n ,=t> we arrive at expression (52.20) (the scalar product 
of a normalized function with itself is unity). 

Let us find the commutation rules for the operators determined by 
relations (52.21) and (52.22). We act consecutively with the operators 
a h and at on the function i|5 nft=1 : 

.h-l 

a + ka k \\>n h =i = at { [] (1 — 2 n s ) 

= "[I (1 - 2 n.) D 1 (1 - 2n s ) ^ h=1 = if„ h =i (52.25), 

5 — 1 5—1 

We must note that the action of the operator a h on the function- 
gives zero. Indeed, let us write purely formally in accordance 
with (52.21) the following equation: 

h-l 

a h \ ji» =o= I! (1 - 2n s ) \j) n t (52.26), 

* 5=1 * 

But there cannot be a state with n h = — 1. A non-realized state has 
== 0 (the equality of the psi-function to zero signifies the absence 
of a state, see p. 13). Hence, the expression on the right in (52.26) 
equals zero. In a similar way, we arrive at the conclusion that 
tihtyn h *=i is also z ®ro (states with n k = 2 cannot exist). It follows 
from what has been said above that 

= 0 (52.27) 

Relations (52.25) and (52.27) signify that as applied to the function, 
tn ft =i, we have 


a*fli = 1, a k a* = 0 


mitt 



qcaxtcm mcBxsnca 


Similar calculations show that as applied to the function ^„ fe =o» 
we have 

ata h = 0, a h at — 1 (52.29) 

The first equations in (52.28) and (52.29) allow us to write that 
the operator 

ata-k = n h (52.30) 

Indeed, the action of this operator on a psi-function is equivalent 
to multiplication by unity when the function describes a state with 
n h = 1, and it gives zero when the function describes a state with 
n k = 0. 

Equations (52.28) and (52.29) satisfy the general relation 

a k at + ata h = 1 (52.31) 

A comparison of the relation obtained with (51.28) shows that the 
•rules for commuting the operators a h and dt differ for bosons and 
for fermions. This difference is due to the following reasons. For 
bosons, the operators acting on different occupation numbers n t 
Are absolutely independent: each of them acts only on„its own occu- 
pation number, the result of this action not depending on the values 
of the other occupation numbers. For fermions, on the other hand, 
the result of the action of the operator <5 ; depends not only on the 
number n t , but also on the occupation numbers of all the preceding 
•states [on the numbers n s with s < i, see (52.21)). Consequently, the 

action of the arbitrarily taken operators a t and a.j cannot be con- 
sidered as independent. 

The correctness of the following relations is quite evident: 


a h a l -j- = 0 

(k¥=l) 

(52.32) 

a h a i + a.ia h — 0 

> for any k and l 

(52.33) 


a tat + atat = 0 

) 

(52.34) 


[compare with (51 .29)-(51 .31)] . Hence, the operators a h and dj 
(like at and at) when k l are anticommuting [see (10.21)], whereas 
for bosons, they commute. 

We can combine relations (52.31) and (52.32) as follows: 

+ tito-k — &hi (52.35) 

[compare with (51.32)]. 

Let us convince ourselves that when determining the operators d h 
And at with the aid of relations (52.21) and (52.22), the diagonal 
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matrix elements of the operator Q 2 are also correct. Changing the 
designations of the indices in (52.24), we obtain 

i-i 

Q-i <Zjl|)n y=l , n ; =0 = II (1 2ra s ) v|) ti ^ = q i n . = i (52.36) 

5=j4*1 

It is obvious that 

Q'iQ'jtynj’=0, rtj=0 ~ 0, i nj— 1 = 0, di&jtynj—0, rq=l — 0 (52.37) 

We write an expression for a diagonal matrix element of the operator 
(52.17): 

D.M.E. — </i lt n 2 , ... |S a\ai\n it n 2 , ...) 

i, 3 

— 2 <«1 , k 2 . • • • I atdj I h u n 2 , .. .) (52.38) 

i, i 

In the sum' obtained, all the addends with i 9^/ are zero. Indeed, 
when one of the situations (52.37) occurs, the addend vanishes because 
the multiplicand in the scalar product of the functions equals zero. 
When (52.36) occurs, the addend will be proportional to the. scalar 
product of functions with non-coinciding values of n ; -, which owing 
to the orthogonality of the functions being multiplied is zero. Hence, 
we must retain only the addends for which j — i. As a result, (52.38) 
becomes 

D.M.E. = 2 <?iP ( n u n 2 , ... \ ciidi ) n t , n 2 , . . .) 

i 

Finally, taking into account formula (52.30), we arrive at the expres- 
sion 


D.M.E. •■= 2 <?ii ;’«« ( n t , ra 2 , ... | n lt n 2 , .. .> = 2 

i i 

that coincides with (52.17). 

We have thus shown that if for fermions we determine the operators 
a k and a k with the aid of relations (52.21) and (52.22), for the opera- 
tor Qi in the occupation number representation we obtain the same 
expression as for bosons [see (52.17) and (51.38)]. Correspondingly, 
all the other formulas will be the same. We have in view formulas 
(51.41), (51.44), (51.46M51.48). Formulas (51.50)-(51.52) expressing 
the operators of physical quantities in terms of the operators ip (|) 
and \ji + (l) [see (51.49)] also remain correct. 
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ATOMS AND MOLECULES 


S3. Methods of Calculating Atomic Systems 

If the relativistic effects are comparatively small (as is usually 
the case), the Hamiltonian of an atomic system can be written as 

t=l i=£k 

( N is the number of electrons in an atom). Each addend in the first 
sum is the Hamiltonian of an individual electron moving in the 
Coulomb field of the stationary nucleus; the second sum takes the 
Coulomb interaction between the electrons into account; the operator 
F ; . s , which can be considered as a small perturbation, takes into 
account the interaction between the spins of the electrons, and also 
the interaction between the orbital and spin magnetic moments (the 
spin-orbit interaction). 

A system of electrons in an atom is characterized by the orbital 
quantum number L (determining the total orbitalangular momentum 
of the atom) and the spin quantum number 5 (determining the 
resultant spin of the atom). The angular momenta (orbital and spin) 
of the individual electrons are added to form the resultant angular 
momenta according to the rules established in Sec. 47. When no 
account is taken of the spin-orbit interaction, the energy of an atom 
does not depend on the orientation in space and the mutual orienta- 
tion of the total orbital and total spin angular momenta. The energy 
levels of the atom are therefore (2 L -f 1) (25 -f l)-fold degenerate. 

The taking into account of the spin-orbit interaction leads to 
the energy depending on the mutual orientation of the orbital and 
spin angular momenta. Consequently, under the influence of the 
perturbation each of the degenerate levels splits up into a num- 
ber of closely arranged levels differing in the values of the total 
angular momentum J. Altogether, there will be 25 -f 1 such values 
(when 5 ^ L), or 2 L -j- 1 (when L ^ 5). Such splitting of the levels 
is called multiplet splitting, and the set of levels obtained is called 
line structure. 

The non-relativistic theory of the simplest single-electron atom 
was treated in Sec. 24. Spin-orbit interaction leads to the fact that 
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each of the levels we found there (except for the 5-levels) splits 
into two close sublevels corresponding to j = l ± 1/2. In the follow- 
ing sections, we shall briefly consider the theory of many-electron 
atoms, and also of the hydrogen molecule. We shall not deal with 
a number of matters treated in sufficient detail in general courses 
of physics (the designation and systematization of terms, electron 
configurations, D. Mendeleev’s Periodic Table). 

Even if we discard the term Fl S in the Hamiltonian (53.1), the 
corresponding problem does not lend itself to exact solution. This 
is why a number of approximate methods are used in the theory’ 
of the atom, such as the perturbation theory, the variation method, 
the method of self-consistent field (the Hartree-Fock method),* and 
the Thomas-Fermi statistical model. These methods are discussed 
in the following sections. 

54. The Helium Afom 

In the simplest theory of a two-electron atom, spin-orbit inter- 
action is disregarded, and the energy of the Coulomb interaction 
of the electrons is treated as a perturbation. In this case, the Hamil- 
tonian can be written as 

H=H 0 +7 e 

where 


A=(-£v;-f- 

)+(-£*-£) 


V 

e 2 

(54.1) 

' e — 

r ia 

[see formula (53.1)]. 

In the zero approximation, we 

solve the equation 


//#°> = 


(54.2) 


similar to Eq. (46.1). According to the results obtained in Sec. 46 
[see (46.7)], we have 

¥ 0) = 'Ih (rj) (r a ), £(°> = E x -f- E 2 

where \|>j (r f ) and Ei are determined by the equation 

( -Ir, v i-Tr)>Mr, O',) 

We found the solution of such an equation in Sec. 24. By formulas 
(24.23) and (24.27) (we assume that Z — 2), we have 

pW ___a cc_ 

n\ n\ 


(54.3) 



260 


QUANTUM MECHANICS 


(a = 2m e e'‘lh 2 — 2 e 2 lr 0 ; r 0 is the Bohr radius) 

^ (0> = 'I’n,, lu m, (1) tn,. l„ m, (2) (54.4) 

The smallest value of the energy (i.e. the energy of the ground 
state) is obtained when n x = n 2 = \. It is 

(54.5) 

Both electrons are in the state Is (n = I, l — 0). According to the 
Pauli principle, the spins of the electrons in this case must be directed 
oppositely so that the total spin is zero. Consequently, the ground 
state of the helium atom is the parastate (see the beginning of 
Sec. 48). The total orbital angular momentum is also zero. Hence, 
the term of the ground state must be written 1 as 1 5 0 . 

The first-order correction to the energy (54.5) is calculated by the 
formula 

A 4 1J = [ !>?. o, o (1) *i. o. o (2) dV i dV 2 (54.6) 

J r 12 


(compare with (49.1), the function 0 , o is real]. Expression (54.6) 
is just the mean energy of electrostatic interaction of the electrons, 
which in Sec. 49 was designated by the letter Q [see (49.5)]. 

We obtain an expression for t|5 lt 0 0 by assuming that Z = 2 in 
the first of the formulas (24.33). Substitution of this expression into 
(54.6) yields 

Ail" = <?=(-£)* ^ J e -»,^JL dri dV, ' 

Calculations that we have omitted give the value 



(we must note that Q > 0). Hence, we obtain the following expres- 
sion for the energy of the ground state of the helium atom in the 
first approximation of the perturbation theory: 


E[ l) = £ ( 0 0) + Q = 


4e 2 . 5e 2 lie 2 

r o ‘ 4r 0 — 4r 0 


(54.7) 


1 Recall that the term of an atom is written symbolically in the form 2S Ul L”j, 
where S is the quantum number of the total spin, J is the quantum number of the 

total angular momentum (obtained by adding the orbital and spin angular mo- 
menta), and “L” is the symbol of the quantum number of the total orbital angu- 
lar momentum (the value L = 0 is designated by the letter 5, L— 1 by P, L = 
== 2 by D, etc.). ~ 
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The ionization energy of a helium atom equals the difference of 
the ground state energy of a singly charged helium ion (— 2e 2 /r 0 ) 
and the energy given by (54.7): 

„ 2e 2 , 11 e 2 3 e- n . . 

c lon iz= = 0.75 atomic unit 

r o 4 r o r o 

The experimentally obtained value of the ionization energy is 
0.90 atomic unit. Such a great discrepancy indicates that the per- 
turbation (54.1) is not sufficiently small for the strict application 
of the perturbation theory. 

Now let us consider the first excited state of the helium atom. The 
electron configuration ls2s {n l = 1, /, = 0, n„ ---■ 2, Z 2 0) cor- 
responds to this state. The Pauli principle does not forbid the parallel 
spin of the electrons now, so that both the parastate (S = 0, term 
1 N 0 ) and the orthostate (5 = 1, term 3 5j) are possible. 

Equation (54.2) for no perturbation has two solutions: 

Mb = , 'lh,o,o (1) ^a.o.o (2) and vp 2 = i|? 2 ,o,o (1) ''Ih.o.o (2) (54.8) 

differing in the transposition of the electrons (the numbers 1 and 2 
stand for the sets of space coordinates of the first and second elec- 
trons). Both solutions correspond to the same energy E =■ E\ - ]- E 3 . 
Consequently, we have to do with what is called exchange degeneracy 
that doubles the number of states. As a result, the parastate (5 = 0, 
o = 0) and each of the three orthostates (5 = 1, a = 1, 0, — 1) 
are doubly degenerate. Therefore, to calculate the energy of the 
excited states of the helium atom, we must use the theory set out in 
Sec. 31. 

For two-fold degeneracy, the secular equation (31.10) has the 
form 


F tl -A£ (1) V i2 
V 2i V 22 — A£ (1) 


= 0 


where 

Eli" ^ *|’?oo (1 ) 1 l 1 *oo (2) -jr-j- Tioo (1 ) 'I’soo (2) dV t dV 2 
Viz — 1 'Koo (1) ^200 (2) — — x p 2 oo (1) H’ioo (2) dV 2 dV 2 

J '12 

V 2i = f t|)*oo (1) 'ptoo (2) — — ^ioo (1) '( , 2oo (2) dV i dV 2 

J r l 2 

F 22 = I ^200 (1) ^*00 (2) — — W1)W2)^E2 

J '12 

The expressions for F n and V 23 differ only in the designations of 
the integration variables. The same relates to F lg and F 21 . Conse- 
quently, F u = F 22 and V 12 = F 21 . In addition, a comparison with 
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formulas (49.5) and (49.6) shows that V n — V 22 = Q, and V 1Z = 
= V tl = A. 

The secular equation thus becomes 

<?-A£ (1) A 0 
A Q-AE i[) 

Expanding the determinant, we obtain [() — AT?* 1 *] 2 = A 2 , whence 
Q — A E (1) — ±A. Correspondingly for A E^\ we obtain the values 

ae\° = q+a, a E? = Q-A 


where Q is the Coulomb integral (49.5), and A is the exchange inte- 
gral (49.6). The plus sign relates to the parastate (5 = 0), and the 
minus sign to the orthostate ( S = 1). 

By (24.33), for Z — 2 we have 


'I’l. o, o 


/ 2 \ 3/2 i 

V r 0 I Yn 


e~ 2r / r ». 




0.0 


(i) 


3/2 


X 



Introducing these functions into formulas (49.5) and (49.6) instead 
of -vpm, and we can evaluate the quantities Q and A. They are 
both found to be positive. Consequently, in the first approximation 
of the perturbation theory, the energy of the parastate 

•E'pa'ra = ^ “ ~\~ Q A 

is greater by 2A than the energy of the orthostate 
E ( o l r \ bo =-j--^ + (?-A 


A similar result is also obtained for other excited states. 

Let us write the total psi-functions for the excited para- and ortho- 
states: 

''fpara = ''I's (1 1 2) (Po.o (1> 2) 

where the first factor is determined by formula (49.2), and the second 
by formula (48.20); 

'I’ortho. i = to (1. 2) cp til (l, 2) 

'I'ortho, 2 = 'fa (1 1 2) <p )i0 (1, 2) 

'fortho, 3 = 'fa (li 2) q>|. _i (1, 2) 

where the first factor is determined by formula (49.3), and (p x _ lt 
q) li0 , and q>i, by formulas (48.17)-(48.19). 
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It can be seen from the above that the energy levels of the helium 
atom are divided into two systems: levels of parastates, which are 
singlets, and levels of orthostates, which are triplets. In an approxi- 
mation taking no account of spin-orbit interaction, transitions be- 
tween singlet and triplet states with the emission and absorption 
of light are forbidden. Therefore, in this approximation, the singlet 
and triplet states of the helium atom are independent. For this 
reason, the lowest triplet state is metastable. A helium atom getting 
into such a state will remain in it for a very long time (of the order 
of months). Helium atoms in singlet and triplet states can thus be 
considered as two different types of atoms known as parahelium 
and orthohelium. 

Parahelium atoms have no magnetic moment and form a diamag- 
netic gas. Orthohelium atoms have a magnetic moment and form 
a paramagnetic gas. The spectral lines of parahelium atoms are sin- 
glets. The orthohelium lines consist of three close lines (triplets). 
This is due to the fact that in states corresponding to the electron 
configuration is2p and in other states with L 0, the degeneracy 
of the levels corresponding to the orthostates is removed owing to 
spin-orbit interaction. 

55. The Variation Method 

The variation method allows us to obtain approximate values of 
the energy and psi-functions of the ground and first excited states 
of quantum systems without resorting to the perturbation theory. 
The method is based on a number of inequalities, the first of which is 

E 0 < | H\ 1>> (55.1) 

where E 0 is the energy of the ground state, H is the Hamiltonian 
of the system, and is an arbitrary function satisfying the normal- 
ization condition 

(t|> | ^> = 1 (55.2) 

To prove relation (55.1), let us expand xp in the eigenfunctions 
of the operator H: 

oo oo 

'l>= 2 where 2 \a m \ 2 =i (55.3) 

m = 0 m =0 

Introduction of this expansion into the factor on the right in (55.1) 
yields 

oo oo 

('I’ I H^>) = 2 ('I’m I A'l’n) = 2 ««<*»£» ('I’m I 'Pn> 

m,n — 0 m, n=0 

- 2 aUnEntmn** 2 \a m \*E m >E 0 2 \a m \ 2 =E 0 

m, n «»0 m =0 m =0 
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which coincides with (55.1). 'An equality sign may be obtained when 
of all the addends of the sum T] I a m I 2 E m only the one correspond- 
ing to m — 0 is non-zero. This will happen if we take if 0 as if in 
(55.1). 

Hence, calculation of the energy E 0 of the ground state of the 
system consists in evaluating Ibe minimum of the expression ,7 0 = 
= (if | //if) by variation of the normalized function if: 

E 0 = min J 0 = min (if | //if) ((if | if) = 1) (55.4) 

In practice, calculation of E 0 consists in choosing, on the basis of 
physical considerations or experimental data, the trial function 
ifo, tr far */, 2 , a, p, . . .) containing a certain number of unknown 
parameters a, p, . . . and satisfying the condition (55.2). Calcula- 
tion of the product 

3 o = (ifo, tr (x, y, z, a, p, . . .) i Fifo, tr (x,y, z, a, p, . . .)) (55.5) 

leads to the function J 0 (a, p, . . .) that depends on the parameters 
a, p, . . . . Next we find the minimum of this function by solving 
the system of equations 

do. • - 

as a result of which we obtain the values a 0 , p o , . . . . With a good 
choice of the trial function, the value of 3 0 (oc<n Poi . . .) is close 
to the true value of E 0 even with a small number of the parameters 
used (one or two). The expression 

ifo, u (x, y, z, a 0 , po, . • •) (55.6) 

will be an approximate one for the psi-function of the ground state. 

To obtain an approximate value of the energy and the psi-function 
for the first excited level, we shall proceed from the relation 

E, < (if | #i)5) (55.7) 

where E x is the energy of the first excited state, and if is an arbitrary 
function salistying the conditions 

(if | if) - 1, (if 0 |if) = 0 (55.8) 

(ifo is the psi-function of the ground state). To prove relation (55.7), 
let us expand the function if in the eigenfunctions if m of the op- 
erator H: 

oo oo 

if= 2 Mw where Z|5 m | 2 =l 

m= 1 m—i 


(55.9) 
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Unlike (55.3). there is no addend with m = 0 in these sums. This 
is due to the fact that owing to the condition (t|? 0 j i))> = 0, the coeffi- 
cient b 0 = 0. Introduction of the expansion (55.9) into the factor 
on the right in (55.7) yields 

oo 

2 b^b n (\p m \ iiy n ) 

m , n=l 

- f \b m \*E m >E l 5 1^12 = ^, 

m = 1 m = 1 

which coincides with (55.7). 

On the basis of (55.7), we take a trial function \J> lt tr (x, y, z, y, 8, . . .) 
satisfying the conditions (55.8) : [we use the function (55.6) as ^ 0 1. 
Having calculated 0 1 (y, 6, . . .), we find the minimum of this 
expression (obtained at values of the parameters equal to y 0 , 8 0 , . . .). 
Next we assume that E x « d\ (v 0 > 5 0 , . . .) and ifo « tfn, tr ( x > y » 2, 
Yo> «o, ■•■■)• 

The second excited level is determined as the minimum of the 
expression tr | where the conditions 

<1>2, tr! ^2. tr> = 1 , <to! 'k tr) = 0 > 1>2. tr) = 0 


are imposed onto ij) 2i tr . and so on. 

The drawbacks of the variation method include the circumstance- 
that the error of the results it gives remains indeterminate. 

The method of calculation set out above is called the direct vari- 
ation method or the Ritz method. We shall illustrate this method 
by using it to evaluate the energy of the ground state of a harmonic 
oscillator. In this case 


h 2 d? ^ tn 0 (O 2 x 2 
2 m 0 dx 2 1 2 


(55.10) 


Let us take a very simple function that shrinks to zero when z tends; 
to ±oo as the trial function. Such a function lias the form 


i|’ (x, a) Ac~ ax ' l ~ 


(55.11) 


(1/2 has been introduced into the exponent for convenience). Its 
scalar square is 

+<*> 

j \| 3 > = A 2 j e- ax 'dx= ^ 2 |/ix7a 

— OO 

(the- Foisson integral). Consequently, the condition (55.2) will be- 
satisfied if we assume that A — (a/n)F 4 . 
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We evaluate expression (55.5): 

+ 00 

3 («) = <t|> tr | Hy tT )=(cc/n) 1 ' 2 j e~**'V ( 


ft a d 2 . m 0 o> 2 z 2 \ 
2m g dx 2 . 2 / 


e~ ax ’l 2 da: 


£ 2 a , rm 0 co 2 
4m 0 ' 4a 


(55.12) 


Let us differentiate this expression with respect to a and equate the 
■derivative to zero: 


ft * nt 0 O ) 2 ~ 

Am 0 4a* 

Hence, a 0 = m 0 u)/h. Substitution of this value into (55.11) and 
<55.12) yields 

r> /V / 1 fio) , / \ / TOnW X 1 / 4 / m 0 a)X 2 X 

^o=J r K) = - r , ^oM=(-^) exp( Is — } 

A comparison with (25.9) and (25.15) shows that the trial function 
was chosen so successfully that the variation method gave exact 
values of the energy and the psi-function of the ground state. 

In addition to the direct variation method set out above, in which 
the parameters of the trial function are varied, there is a more 
general variation method in which the form itself of the psi-function 
is varied. This more general method is equivalent to solving the 
Schrodinger equation. Indeed, the condition for the minimum of the 

•quantity <a)j | H\ |:> reduces to the equation 

<8 t|?I H^) + <i|) | H8\ l?) = 0 (55.13) 

Let us write the function ij) in the form ajj = ^ Hence, = 

= = 8^ -f- i8i|) 3 , 8 v).i* = — i8ij>2 and, consequent- 

ly, (6ij>)* = 8\|>*. 

Taking advantage of the Hermitian character of the operator H, 
let us transform the second term of formula (55.13) as follows: 

<tj ) | i/Sij)) = (ffy | 8rp) = (dip | = <$$* i # 

As a result, (55.13) becomes 

(8i|)| ffty) + (top* i ff*xp*> = 0 (55.14) 

From the additional condition — 1, it follows that 

(6\j)| -f. (i|)| 6 t^> = ( 6iJ)|iJ)> -f- (8i)j*|iJ)*) = 0 (55.15) 

According to the rules for finding a potential extremum, we must 
add relations (55.14) and (55.15), multiplying the latter by an inde- 
terminate Lagrangian multiplier which we designate by — E. Hence, 
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the following equation is the condition for the minimum of the expres- 
sion <if| Hxp) with the additional condition that <tf>| = 1: 

(8if| Hxp) -f <S’ij3 sic I > —E (<8tf|if) -j- <5^* | -ip* >) =0 

Taking advantage of the distributivity of the scalar product of the 
functions, let us rewrite the equation obtained as follows: 

(6if| (Hxp- Exp)} + <8if*| (H*xp* -Exp*)) = 0 

Introducing 8if = Sifj -f iSif 2 and 8if* = 8ifi — i5if 2 and perform- 
ing simple transformations, we obtain 

<Sifj [ [(//if — /?if) -f (//*T* — /?if*)]> 

+ i (6if 2 | [(//if - £if) — (H*x f* - Ex f*)]> = 0 (55.16) 

The real and the imaginary parts of the function if can be varied 
independently of each other. Therefore, Eq. (55.16) must be obeyed 
upon arbitrary and independent variations of 8ifi and 8i|? a . This is 
possible only if the following two equations are observed: 

(//if — /?if) -f (//*if* — = 0 

(//if - £if) - (//*if* - Exp*) = 0 

By summating these two equations, we arrive at the Schrodinger 

equation: Exp = /?if. Subtracting them from each other, we obtain 
an equation that is the complex conjugate to the Schrodinger equa- 
tion. 

The variation method in which not the parameters, but the form 
itself of the function if is varied, is thus indeed equivalent to the 
solution of the Schrodinger equation. 

In this way, we obtain E — E 0 and if = if 0 for the ground state 
of the system being considered. To obtain the following stationary 
states, we must perform variation by imposing on if the additional 
condition <if 0 1 if) = 0, where if 0 is the function found above, then 
the additional condition <ifi|if> = 0, and so on. 

We shall note in concluding that the Schrodinger equation is also 
obtained by equating to zero the variation of the expression 0 = 

= (if| //if) when the functions if and if* are considered to be for- 
mally independent and only one of them, say if*, is varied. To show 
this, we shall write 0 as 

J=jif*//ifdF ( j if*if = 1 ) 

Having varied if*, we write the condition for an extremum 

\ 6if*/7if dV — E f 6if*if<H'= f 6if*(//if-£if) dV = 0 (55.17) 
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(— E is a Lagrangian multiplier). Owing to the arbitrariness of 
Sip* , the equation H \ Ji — Ety — 0 must hold. 


56. The Method of the Self-Consistent Field 

The idea of the method of calculating atomic systems developed 
by D. Hartree and V. Fock consists in that every electron of an atom 
is treated as moving in a “self-consistent” field sbt up by the nucleus 
and all the other electrons. The electrons are. considered to move 
independently of one another in the sense that 'each of them is de- 
scribed by its own psi-function i|? ft (r ft ) satisfying the equation 1 

; 

= (k = U 2, ...,Z). (56.1) 

The sum in the Hamiltonian is the mean energy of interaction 
of the A-th electron with all the other electrons in the states I);; (r j)i 
Equation (56.1) takes no account of spin-spin and spin-orbit inter- 
actions. 

Equation (56.1) can be obtained with the aid of the variation 
method. For this purpose, let us take the trial function in the form 

Ttr (r„ r 2 , .... r z ) = % (r x ) t|i 2 (r 2 ) . . . y z (r 2 ) (56.2) 

When the spin-orbit interaction is disregarded, the Hamiltonian 
has the form 


< 56 - 3 > 

ft ft ft . H ft ; !o ..i 

Substitution of (56.2) and (56.3) into (55.5) yields the expression 

j t|)f (r 4 ) . . . tpS(r z )['2fi k 

A 

H — g - 2 J ^ ( r *) • • • ( r z) • • • dV z 

, k 

= 2 j dV i ... j y\>tf] h ^ h dV h ... dV z 


+ 2 # J ^ • I dVj dV h ... J dV z 

j, h 

= 2 J dV h + ± 2 ' ' j mtffjxWk dVj dV h (56.4) 


j, ft 


1 Here and in all the following sums, the prime signifies that the values 
)' == k are excluded. 
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Let us find the variation of expression (56.4) provided that only 
^tr is varied [see (55.17)]: 

-8J = V ( Wrt k dV k +± 2 [ j WWflhWk dV jdV k 

ft j. ft 

+ j 

Exchanging the places of the dummy indices j and k in the first 

integral in the brackets and taking into account that H hJ = H Jk 
{see (56.3)], we obtain an expression coinciding with the second 
term. Consequently, 

8J = 2 Wft'h dV h + 2' J S^lb-tf/ft^ftd^ft 

ft j, * 

= 2 j [#ft+ 2’ 5 dv i ] ^ dv » ( 56 - 5 ) 

k j 

Each of the ty h 's obeys the condition j tyttyh. dV k — 1. By varying 
np-J , we obtain 

j5^tMF ft = 0 (*=1, 2, ..., Z) (56.6) 

To find an extremum, we multiply each of the expressions (56.6) 
by its indeterminate Lagrangian multiplier — E k and, after summat- 
ing all the products with the variation (56.5), we equate the expres- 
sion obtained to zero. The result is 

2 5 6 'l’£ [/'* + 2 ’ J W, - E h J tft dV h = 0 (56.7) 

ft j 

The variations 6if>* are independent of one another. Therefore, 
Eq. (56.7) will be observed only provided that 

[£ft+2’ J ^ft^^]^ft = ^ft (* = 1. 2, .... Z) (56.8) 
i 

Introducing H ]h = e 2 /rj h into (56.8), we arrive at the system of 
equations (56.1). 

Expression (56.8) is a system of Z non-linear integro-differential 
equations with whose aid, in principle, we can find Z functions 
(r fe ). The direct solution of these equations is impossible, and 
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in this connection we have to use the method of successive approxi- 
mations. 

In the zero approximation, we adopt the psi-functions i$ 0> of a 
hydrogen-like atom as the functions % (ij). With their aid, we cal- 
culate the expression 

U ( k 0) (r h )-2 J \^ ) \ z ~dV j 

i 

Introducing it into (56.8), we obtain a system of independent equa- 
tions for determining the functions and the energies Eh in the 
first approximation: 

I H h + U[ 0) (r*)] rj i l) = 4 ,) ti 1) (56.9) 

Having solved this system and found the functions op**’, w © evaluate 

i 

Next we solve the system 

[H h + U'k" (r ft )l W = EVyi? (56.10) 

and so on. This process is continued until a new approximation 
results in virtually the same functions tf'fe that were obtained in the 
preceding approximation. Ihe field 

<^(0 = 2^ (56.H) 

) 

calculated with the aid of such functions is called self-consistent 
(the symbol cp stands for the potential of an electric field). 

In performing the calculations, we transform the expressions 
U h (Th) into spherically symmetric functions £/ ft (r ft ) by averaging 
over the directions of the position vector r A . This allows us to seek 
the solutions of Eqs. (56.9), (56.10), etc. in t lie form of products of 
spherical functions and functions depending only on r*. 

The one-particle zero-approximation functions are chosen with 
a view to the electron configuration of the slate of the atom being 
considered. The electron configuration is not the same for the ground 
and excited states of an atom, correspondingly, the self-consistent 
field and the energy of the atom are also different. 

According to the variation principle, the energy of an atom equals 
the minimum value of expression (56.4). The minimum value is 
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obtained when we introduce functions determined from equations 
(56.8) into (56.4). Let us write (56.4) in the form 

3= 2 J rkff^kdV b + 2' J 

h j, ft 

-{S' 5 ^^Mft^y^ft 

i. h 

= 2 S ^<[^+2' 5 

* j 

-T 2' J ^lHM h dVjdV k 

i. ft 

If we introduce functions satisfying Eqs. (56.8), the first sum trans- 
forms into 2 j 1 l J ft'®ft 1 l J A- dV h = 2 E k (the quantity J transforms 
into the energy E of an atom). Hence, 

E = 2 £ft~T 2' J ^M>ft^ft^;4'ft dVjdV h 

ft 3 , * 

== 2^ft-4-2'i I 'M 2 1 ‘‘P* I 2 —" dVjdV h (56.12) 

The result obtained signifies that the energy of an atom is less than 
the sum of the energies of the one-particle states by the energy of 
the electrostatic interaction of the electrons. The explanation is 
that the interaction energy is taken into account twice in 2 
For example, E x includes the energy of interaction of the first elec- 
tron with all the others, including the second one, E 2 includes the 
energy of interaction of the second electron with all the others, 
including the first one, and so on. 

The method set out above was developed by Hartree. Equation 
(56.1) was derived from the variation principle by Fock. Hartree's 
method does not take the symmetry properties of the psi-functions 
into consideration. Fock improved the method, using a trial function 
that takes a correct account of the symmetry relative to the trans- 
position of the electrons. 

Let us use Fock’s method to calculate the self-consistent field for 
the very simple case of a helium atom. In this case [see (56.3)], we 
have 


H = H { + H 2 + H lz 


(56.13) 
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We assume that the one-particle states do not coincide. With this 
assumption, the trial function must have the form 

Hr = W ± ?•». ( 2 )1 ' 

•where the plus sign relates to parastates and the minus to ortho- 
states [see (49.2) and. (49.3)1. Accordingly, 

j tfJ'l>trdV i dV 2 

= T J 114, (1) 14, (2) ± 14, (1) (2)1 Hv [I’m. (1) I’m, (2) 

± I’m, (1) I’m, (2)] dV t dV 2 + -±- ( h|4, (1) 14, (2) ± 14, (1) 14, (2)] 

" « 

X // 2 (fm, (1) I’m, (2) ± 113m, (1) I’m, (2)] dV 2 dV 2 
+ T ( fl4. (1) I’m, (2) ± 14, (1) 14, (2)] 

X H i2 [I’m, (1) I’m, (2) ± I’m, (1) I’m, (2)] dV i dV 2 

— 0 1 + 3 2 ~\~ 3 12 (56.14) 
W 7 e calculate the first of the three terms: 

Ji - 4- { J ( 2 ) (D V. ( 2 ) dV i 

+ j 14, (1) C, (2) I’m, (1) I’m, (2) dV t dV 2 

± J 14, (1) I’m, (2) tf^m, (1) I’m, (2) dF, dV 2 

± j I’m, (1) 14, (2) Hi I’m, (1) I’m, (2) dF, dV 2 } 

I’m, (1) dfjl’m, (1) dFj-f j l4,(l)^i1’m,(l)dF 1 } (56.15) 

(the remaining two integrals vanish owing to the orthogonality of 
the functions l5 mi and tym,)- Similar calculations yield 

W ffz'K, (2) dV 2 + j 14, (2) //*, (2) dF 2 } (50.16) 

A comparison of (56.15) and (56.16) shows that the corresponding 
integrals in them differ only in the designation of the integration 
variable. For example, 

j 14, (1) H 1 I’m, (1) dV i = j 14, (2) H .I’m, (2) dF 2 
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Consequently, the sum of expressions (56.15) and (56.16) can be 
written as 

3i + j tm. (1) tfi'l’m,(l)dF 1 + J C,(2) # 2 'l’m, (2) dV 2 (56.17) 
Now let us calculate the third term in (56.14): 

= T { I K (2) (!) *«. (2) dv * 

+ J Vm, (1) Vm, (2) H^m, (1) 'I’m, (2) dV x dV 2 
± J (1) '&, (2) ff„'|’m, (1) 'I’m, (2) dF, dF 2 

± J r m . (1) I’m, (2) ff 12 '|>*, (1) 'I’m, (2) dV x dF t } 

Since 77 12 = H 2U the first and second, and also the third and fourth 
integrals differ only in the transposition of the integration variables 
1 and 2. The integrals can therefore be combined pairwise. Adding 
the expression obtained to (56.17), we find that 

0 = j C, (1) # .'I’m, (1) dv t + j c, (2) (2) dV 2 

+ j K, (1) Vm, (2) # la'J’m, (1) I’m. (2) dV x dV 2 

± j (1) r m , (2) # iz'I’m, (1) tpw, (2) dV t dV 2 

Variation of the functions and yields 

6 0 = j 8i|>* , (1) H^ mi (1) dF, + j 8i|5m, (2) (2) dV 2 

+ j 8^m, (1) Vm, (2) Hn^m> (1) I’m. (2) dV t dV 2 
+ j 6 ''I’m, (2) trn, (1) # u 'l’m, (1) 'I’m, ( 2 ) dF, dV 2 
dr J 8'|’* , (1) I’m, (2) H a ; '|’ m , (2) '|’ m , (1) dv l dV 2 
dr j 8 'I’m, (2) H,*, (1) Hn'Pm, (1) 'I’m, (2) dF, dV 2 
— j fi'l’mi (1) | 'I’m i (1) + £ j 'I’m, (2) H ntym, (2) dV 2 J '|J m , (1) 

dr £ j 'I’m, (2) H 12'1’m, (2) dV 2 J i|, m , (1) j dF, 

+ [ 8 'I’m, (2) l^'I’m, (2) + [ ^ 'I’m, (1) ^ 12 'i’m, (1) dF, J ijlm, (2) 


18-0196 
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± [ j r m > (1) (1) dv t ] ^ (2) } dV 2 

= j (1) { [Hi + U m „ m ,] 0|j mi (1) ± Um,. mi *», (1)} d\\ 

+ j 61*, (2) { [H z +U mt , mi ] * Mt (2) ± U munt i mt (2) } dV 2 

where 

Um umi = j 1*.(l)£«1>m.(l)dF»= j Mv(l)| 2 £-dF, (r.6.18> 

is an integral taking into account the energy of the second electron 
in the averaged field of the first one, 

U m „m, = j 1*. (2) H^ m , (2) dV 2 = j Itm, (2) l 2 ^ dV 2 (56.19) 

is an integral taking into account the energy of the first electron 
in the averaged field of the second one, and 

(Kd) Hl^m.MdV, } 

J l (56.20) 

u mt ,m t = J 1 -*, ( 2 ) H 1 2 ^m, ( 2 ) dV 2 J 

are exchange integrals taking into account the correlation between 
the motion of the electrons due to the symmetry of position functions. 
Any integration variable may be taken in all four integrals. 

The conditions \ (1) (1) dV x = 1 and j i|* 2 (2) (2)X 

X dV 2 — 1 show that j 6^ (1) rp mi (l)dF, = 0 and j 6\|* s (2) x 

x ip m2 (2) dV 2 ~-0. Multiplying each of these variations by its Lag- 
rangian multiplier (we designated these multipliers by — A, and 
—E 2 ) and adding the products to 6J, we obtain the condition for 
an extremum 

j 6 < (1) { \H t + U m „ m - Ei\ 1> m , (1) ± U mt>n ^ m , (1) } dV t 

+ j 61*. (2) { [H 2 + U ni , mt - E 2 ] rpm, (2) ± (2) } dV 2 = 0 

With the arbitrary variations and 6r|* 2 , the above condition 

will be observed only when both expressions in the braces are zero. 
We thus obtain a system of two equations 

[Hi + U nt<m ,\ rj) m , (1) ± = (1) 

, , [H 2 -f- Kffli.m, ] tpnij (2) ± Umi, m a tp m , (2)^E^ m ,(2) 


j (56.21) 
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Fock’s equations (56.21) differ from Hartree’s equations (56.8) 
only in the exchange terms. Fock’s method gives different results 
for para- and orthostates. Hartree’s method gives the same energy 
value for the para- and orthostates. 

The Hartree-Fock system of inlegro-differential equations can 
be solved only using numerical methods (with the aid of computers). 
The time needed for the calculations grows very rapidly with an 
increase in the number of electrons. This is why the Thomas-Fermi 
method treated in the following section has come into great favour 
for heavy atoms. 


57. The Thomas-Fermi Method 


The Thomas-Fermi method is based on the circumstance that most 
of the electrons in heavy atoms have large quantum numbers, and 
as a result the quasiclassical approximation can be used. 

In this approximation, the momentum can be assumed approxi- 
mately, to be a position function. Each phase-space cell with a volume 
of (2nh) 3 can be occupied by not more than two electrons with opposite 
spins [see (39.10)3. 

In a stationary state of an atom, each volume element dV contains 
a non-time-varying number of electrons dN. Their total kinetic 
energy will be minimum if these electrons fill pairwise all the phase- 
space cells corresponding to the volume dV and to the values of 
the momentum from zero to a certain p max determined by the expres- 
sion 

(2n/i) 3 = y JiPmax dV (57.1) 


The quotient dN/dV is the density n of the electrons at the place 
where the volume dV was taken. Considering the distribution of the 
electrons in an atom to be centrally symmetric, we write, on the 
basis of (57.1), 


n(r) = 


[Pmax ( r )l 3 
3 (2 ft/i) 3 


(57.2) 


where r is the distance from the centre of the atom (from its nucleus). 

The maximum total energy of an electron at the distance r from 
the nucleus is 1 

£ m ax (r) = ■ fPm 2 a ^ r)]2 — ecp (r) = — e% (57.3) 

where — e<p (r) is the potential energy of the electron, and cp Q - is a' 
quantity having the dimension of potential. In a stationary state, 
the maximum total energy of an. electron must be the same at all 
distances from the nucleus, otherwise the electrons would be redistrib- 
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uted, passing from places where the maximum total energy is larger 
to places where it is smaller. Consequently, <p 0 in (57.3) is a con- 
stant. 

Excluding p max (r) from Eqs. (57.2) and (57.3), we obtain an 
expression relating the density of the electrons and the potential 
at each point of an atom: 

n ( r ) = - 3 ^ 5 - (2m e e ) 3 / 2 fcp ( r ) — tp 0 } 3/2 (57.4) 

It. follows from the nature of charge distribution in an atom that 
the potential <p ( r ), being positive, must diminish with increasing r 
and vanish at the atom’s boundary. Hence, <p (R) — 0, where R is 
the distance corresponding to the atom’s boundary. The density 
of the electrons also vanishes at the atom’s boundary. These con- 
siderations show that the constant cp 0 in (57.4) can only be zero. 
With this in view, let us write (57.4) as follows: 

n =‘ 3 ^ (2 m e e ) 3 ' 2 fq> (r )] 3 ' 2 (57.5) 

Multiplying n ( r ) by — e, we obtain the mean charge density 
inside an atom. The potential cp (r) is related to the charge density 
by Poisson’s equation V 2 cp = — 4;rp [see Vol. 1, formula (42.4)]. 

When 9 depends only on r, we have V 2 <p = (r 2 . Conse- 

quently, assuming that p = — en ( r ), where n (r) is determined by 
formula (57.5), we arrive at the equation 

= < 57 - 6 > 

known as the Thomas-Fermi equation. The solution of this equation 

characterizes the potential inside atoms with a large Z. 

The solution must satisfy the following boundary conditions: 
when r -*■ 0, the field must transform into the Coulomb field of the 
nucleus 

<p(r)-*-^ when r-»-0 (57.7) 

and at the boundary of an atom, the derivative dy/dr must vanish: 

cp' (R) = 0 (57.8) 


[recall that cp (R) also equals zero]. 

Let us represent Eq. (57.6) in the form 


, 2 cfip 
dr* ' r dr 


= C9 3 / 2 


( 57 . 9 ) 
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When r = E, the potential <p and its derivative cp' vanish. In accor- 
dance with (57.9), the second derivative cp" ( E ) also vanishes. Differen- 
tiation of (57.9) with respect to r yields 

d 3 q> 2 cP’q) 2 <fq> „ 3 u ? dq> 

dr 3 + r dr 3 'r 3 ~dF~~ L T ^ ~dr 

Taking into account that cp (E) ~ cp' (/?) — cp" (/?) = 0, we find 
that ij)"' (E) — 0, etc. We thus arrive at the conclusion that both cp 
and all its derivatives vanish when r -- E. 

The equality to zero of a function and all its derivatives at a point 
that is not infinitely remote is possible only if the function identi- 
cally equals zero. Hence, Eq. (57.6) in combination with the bound- 
ary condition (57.8) has a non-zero solution only when E = oo. 
Consequently, according to the Thomas-Fermi equation, the radius of 
a neutral atom is infinitely great. 

Owing to the spherically symmetric distribution of the mean 
electron charge, the potential at the distance r from the nucleus has 
the magnitude 


where — q ( r ) is the total electron charge confined in a sphere of 
radius r. When r oo, the charge —q (r) tends to — Ze. Consequent- 
ly, cp (r) tends to zero more rapidly than Hr, i.e. 

rep (r) -v 0 when r -*■ oo (57.10) 

The solution of Eq. (57.6) must thus satisfy the boundary conditions 
(57.7) and (57.10). 

It is customary practice to write Eq. (57.6) in the dimensionless 
form, introducing instead of cp the new function x and instead of r 
the variable x, it being assumed that 

r = xbZ- l <\ ep = ^ = Mli!i. (57.11) 

where 

b Tr 4- ( it ) 2/3 ' o « 0.8853r 0 (57. 12) 

(r 0 is the Bohr radius). The result is the equation 

yi-0 = X 3/2 (57.13) 

In accordance with (57.11), we have x — <P rIZe. The variable x 
tends to zero together with r. Therefore, the boundary condition 
( 57.7) in the new notation has the form 

1 when x 0 


X 


(57.14) 
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We obtain from (57.11) that 

y ; 0 when x oo (57.15) 

Equation (57.13) was solved with account taken of the boundary 
conditions (57.14) and (57.15) using numerical methods. Asymptotic 
expressions of the solution were also found for small and large 
values of x. The Thomas-Fermi method is more approximate than 
that of Hartree and Fock. It does not take into account the individual 
properties of atoms and does not reveal the structure of the electron 
shells and the distribution of the density of the comparatively 
weakly bound valence electrons. An ndvanlngo of the Thomas-Fermi 
method is its comparative mathematical simplicity. In addition, 
this method is successfully applied to other systems consisting of 
a large number of particles— atomic nuclei, molecules, and crystals. 

58. The Zeeman Effect 

Consider an atom in a weak homogeneous magnetic field with 
the magnetic induction B. For a Russel-Saunders coupling 1 , the 
Hamiltonian of an atom is 

^■5^2(i*+7 A »r+ £, +' i, «+;£ B s 

A 

[compare with (32.3)], where U is the energy of interaction of the 
electrons with the nucleus and with one another, W LS is the operator 

of spin-orbit interaction, S = ^ s h is the operator of the total 
spin of the atom. Summation is performed over all the electrons. 
Assuming the vector potential to be gauged so that VA — 0 2 , let 
us transform the expression of the Hamiltonian as follows: 

A A 

+ ^2A2+£BS (58.1) 

ft 

The expression in braces is the Hamiltonian of the atom in the 
absence of a magnetic field, i.e. the unperturbed Hamiltonian H 0 . 

1 A coupling is said to ba of tlio Kussel-Saunders typa if tho orbital angular 
momenta of the electrons add up into the total orbital angular momentum of 
the atom characterized by the quantum number L, the spin angular momenta add 
up into the total spin angular momentum characterized by the quantum number 
S, and then the total orbital and spin angular momenta combine to form the 
total angular momentum of the atom characterized by tho quantum number J . 

2 In this case, tho operators p and A commute [see (32.5)]. 
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The vector potential of a homogeneous field can be written as A = 
= V, [Br] [compare with (32.8)]. Introduction of this expression 
into (58.1) yields 

+ + (58.2) 

h h 

(we have performed the cyclic transposition [B, r ft ] p h = B [r h , p*]). 

The expression [r ft , p ft ] is the operator of the orbital angular 
momentum of the &-th electron [see (15.10)], and the sum of such 
expressions is the operator of the total orbital angular momentum 

of the atom, which we shall designate by the symbol hL. Combining 
the second and fourth terms of expression (58.2) and taking into 
account that ehl2m e c equals the Bohr magneton pn, we obtain 


H ~ H 0 -{- psB (L -j- 2S) -f- 

&L* 2 ib. 

(58.3) 

We must note that the operator 

k 


M- — — f*s (L + 2S) = 

— (4B (J + S) 

(58.4) 


can be considered as the operator of the magnetic moment of an atom 
(which the atom has in the absence of a field). 

For a weak field, the term quadratic in B in (58.3) may be ignored 
in comparison with the term linear in B. Hence 

H = H 0 - Bji (58.5) 

and we may consider the second term as a perturbation. 

In the absence of a field, the energy levels of an atom are degenerate 
with respect to the quantum number rrij that determines the pro- 
jection of the total angular momentum of the atom onto the z-axis. 
The magnetic field removes the degeneracy in m J} and as a result 
the level with the given J splits into 2J -f- 1 sublevels. The mag- 
nitude of the splitting is determined by the matrix elements of the 

perturbation operator V = — Bju, = — B\i. z (because B is a constant 
vector directed along the z-axis) calculated with the aid of the 
unperturbed functions i|) L( s> mJ , i.e. of the expressions 

<% . s’, r. m'j I - ■ s. j. ( 58 - 6 ) 

Let us represent the relation between the operators of the magnetic 
moment fi and the mechanical angular momentum M/ = hi with 
the aid of the auxiliary operator G: 

-Sb g (* 


(58.7) 
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Correspondingly 

< 5a8 > 

A comparison of expressions (58.4) and (58.7) shows that 

GJ = 3 -I- S 


Let us perform scalar multiplication of this equation by J: 

GJ2=J2+ JS 

whence 

6=1+-^- (58.9) 

J 2 

Squaring the relation L = J — S, we obtain L 2 = J 2 — 2JS -j- S 2 , 

whence 2JS — J 2 — L 2 -f S 2 . Substitution of this value into (58.9) 
yields 

G = l + (58.10) 
2 J 2 

A A 

The operator G commutes with M z and, consequently, has common 
eigenfunctions with it. We are considering unperturbed states of 
an atom with definite values of J 2 , L 2 , and S 2 . In these states, the 

quantity described by the operator G has the value 


/(/+l)-2i(^+l) + 5(g + l) 
2 /(/+ 1 ) 


(58.11) 


This expression is called the Lande g'-factor. It is clear from above 
that g is the eigenvalue of the operator G. 

Introducing expression (58.8) for p z into (58.6), we get the matrix 
elements of the perturbation operator V: 

^L', S', J', m'j I ^ I S, J, mp 

= (^L’, S', V, m’j | 2m^c j ty Li s , j, 

= 2m^C gfimj ^L', S’, J', m'j I ^ L , S, J, mj> 

= (L ' S 'j t mj) (58.12) 
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[compare with formula (32.14)]. [The eigenvalues of the product of 
commuting operators equal the products of the eigenvalues of the 

A /V 

multipliers, see (10.27)]. The eigenvalues of the operators G and M z 
equal g and hmj , respectively. 

The matrix of the operator V evaluated with the aid of functions 
describing the unperturbed states of an atom is diagonal. This sig- 
nifies [see the text preceding formula (31.12)] that although the un- 
perturbed functions are degenerate, the first-order corrections to the 
energy equal the diagonal matrix elements (58.12). Hence, 

A E = pa Ugrrij (irij = — — / -f 1, . . ., / — 1, J) (58.13) 

The result obtained signifies that a (2/ -j- l)-fold degenerate 
level under the action of a weak magnetic field splits up into 2/ -f- 1 
equidistant levels arranged symmetrically relative to the unper- 
turbed level E t t s , j. Consequently, a magnetic field removes degen- 
eracy with respect to the quantum number rrij. 

Splitting of the levels determined by formula (58.13) (with g # 1) 
is called the complicated (or anomalous) Zeeman effect. When 
S = 0 (particularly, for particles without a spin), the Lande g-fac- 
tor becomes equal to unity [see (58.11)], and formula (58.13) acquires 
the form 

A E — p bE™,j (58.14) 

coinciding with (32.15). Splitting described by formula (58.14) 
is called the simple (or normal) Zeeinan effect. 

59. The Theory of Molecules in the Adiabatic Approximation 

The mass of a nucleus is three or four orders of magnitude larger 
than that of an electron. For this reason, the nuclei in a molecule 
move considerably slower than the electrons. This circumstance 
gives us grounds to consider the nuclei to be at rest in the zero 
approximation, and in the following approximations to consider 
the motion of the nuclei as a perturbation. This method of calcula- 
tions is known as the adiabatic approximation. 

In a non-relativistic approximation, the Hamiltonian of a system 
consisting of nuclei and electrons lias the form 

+ <r*. Ri) = *». + T.+ U (59. 1) 

i k 

Here Mi and R* are the masses and position vectors of the nuclei, 
r* are the position vectors of the electrons, U (r k , R,) is the potential 

energy of interaction between all the particles, T nuc is the operator 

of the kinetic energy of the nuclei, and T e is the operator of the 
kinetic energy of the electrons. The adiabatic approximation pro- 
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•ceeds from the assumption that the operator of the kinetic energy 
-of the nuclei can be considered as a small perturbation: 

i >-?.«=- 2 5S;Vj, (59.2) 

i 

The unperturbed Hamiltonian will then consist of the second and 
third terms of expression (59.1): 

H 0 (R,) = T‘+ U = - 2 ^ 2 V r 2 h +U (r,„ Rj) (59.3) 

h 

The position vectors R, play the role of parameters in this expres- 
sion. 

In the zero approximation, the energies and psi-functions of the 
stationary states are determined from the solution of the equation 

H 0 (R;) (r fc , R«) = ET (R,) ^ (r„, R,)J (59.4) 

The index n stands for the set of quantum numbers characterizing 
the stationary state of the system. The values of the energy and the 
psi-function depend on the position vectors of the nuclei as on pa- 
rameters. The functions i$, 0) (r fc , Recharacterize the state of motion 
•of the electrons with fixed positions of the nuclei determined by the 
values of R,. 

Let us attempt to find a solution of the equation = £i|> [where 

H — H 0 -f T’nuc is the operator (59.1)1 in the form of an expansion 1 
in the functions (r ft , Rj); we shall designate the coefficients of 
the expansion by Y n (R,-): 

^(r ft , R 1 ) = 2'I r n (R,)T ( n 0) (r ft , R f ) (59.5) 

n 

Substitution into the equation yields 

{H 0 + f a uc ) 2 Y n i[4 0) = E 2 T n i]4 0) 

n n 

'Opening the parentheses and taking into account (59.4), we obtain 

2 + f nuc 2 T„Y 0) = £ 2 T n Y 0) 

71 n n 

Let us perform scalar premultiplication of this relation by ijim* 
(in calculating the scalar product, integration is performed over 


1 If the spectrum of the operator H a has continuous regions, the right-hand 

side of formula (59.5), in addition to the sum over the discrete states, will con- 
tain an integral over the continuous states. 
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the coordinates of the electrons, therefore the functions of Rj may 
be put outside the symbol ( [ }): 

2 (li 0) I t| 4 0) > + 2 (^m 0) I T a uc (¥ n ^ 0> ) > 

n n 1 

= ^2 ¥ n <'|4 0) I ^n 0) ) 

n 

Owing to orthogonality of the functions 1 $°’, the first sum on the 
left equals ¥ m 2?m\ and the sum on the right equals EW m . We thus 
arrive at the equation 

^m(Ri) EW + 2Oli 0) (r*. R,) | T’nuc (R.H'MR,)^ 0 * (r k , R,)] > 

n 

= £¥ m (R,) (59.6) 

We calculate the expression inside the summation sign 1 : 

Oli 0) I T n *c (V n ti 0) ) > = ('li 0) | ( - 2 Si v ‘ ? ) 

i 

= -« 2 2i;<tf > l(vW(v l tf ) )) 

+ O 0) | (- SsSrv?)^) Y n+ <^)|^)(-s^vf) 

= -^ 2 2^<^ 0) i v,^ 0) >v,n 

i 

+ <^ 0> I ^nuc< 0) ) Vn + SmnTn^n (59.7) 
If we introduce an operator acting on the function of R 4 : 

A mn = ^ O|4 0) | V,^ 0) > V, - <^ 0) ! T nnc ^ n 0) ) (59.8) 

expression (59.7) can be given the form 

A mn ¥ n “f* (T’nuc^n) 5 mn 
Substitution of this value into (59.6) yields 

*rn (R|) E™ - 2 A mn ¥„ (Rj) + 2. (r Q „c l F n (R,)] 6 mn = EV m (Rj) 

n n 

whence we obtain the relation 

[T’nuc + E™ (R,) - E] ¥ m (R,) = 2 A mn ¥„ (R f ) (59.9) 

n 

I V2 (<p/) = V ((p V/ + /Vq>) =2V<pV/ + <pV*/ +/V»<p. 
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Assigning the values 1,2, ... to the index m in (59.9), we obtain 
a system of equations for finding the values of E and the functions 
(R t). This system is exact, but its exact solution is impossible. 

If the operator r nuc may be treated as a small perturbation, the 
system can be solved by the method of successive approximations. 
In the zero (adiabatic) approximation, the right-hand side in (59.9) 
is assumed to equal zero. The system (59.9) in this case breaks up 
into a set of independent equations 

[Tnuc + E%> (R,)l (R,) = m (R |) (59.10) 

The equation with the number w. determines the function de- 
scribing the motion of the nuclei when the state of motion of the 
electrons is determined by the set of quantum numbers m. Since 
there may be several states of motion of the nuclei in this case, we 
shall provide the function with an additional index v designat- 
ing the set of quantum numbers characterizing the state of motion 
of the nuclei. To underline the fact that E in (59.10) is the energy 
of the state in which the motion of the electrons is characterized by 
the set of quantum numbers m, and the motion of the nuclei by the 
set of quantum numbers v, we shall use both these indices on E. As a 
result, Eq. (59.10) becomes 

[7’ nuc + £'m 0) (Rf)l (R|) = (R|) (59.11) 


A comparison with the equation (T -f U) ij) = shows that the 
energy Em (R;) of the electrons plays the role of the potential energy 
of the nuclei in Eq. (59.11). 

Hence, in the adiabatic approximation, the psi-function of a mole- 
cule is 


tymol. 771V Tmv (R,)^’ (r*, R,) (59.12) 


i.e. it breaks up into two factors, one of which describes the motion 
of the electrons, and the other the motion of the nuclei. The function 
is found by solving Eq. (59.4), the function T'm V , by solving 
Eq. (59.11). 

The energy E„' obtained from Eq. (59.4) is (to within a constant 
factor) the electron term of a molecule. The energy E mv obtained 
from Eq. (59.11) includes, in addition to the electron energy E'n, 
the energy of motion of the nuclei (the vibrational and rotational 
energy of a molecule). 
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60. The Hydrogen Molecule 


For a hydrogen molecule, the operator (59.3) has the form 

r i , l l l l i 

Lr-T + 5 




r A i 


r B l 


rA 2 


rm 


J (60.1) 


The subscripts A and B relate to nuclei, the subscripts 1 and 2— to 
electrons, R is the internuclear distance. 

The equation 


tf 0 t(l, 2, R) = EW (fl)*(l, 2, R) 


(60.2) 


(see (59.4)1 was first solved by W. Heitler and F. London by the 
method of successive approximations. The psi-function of two iso- 
lated atoms was taken as the zero-order psi-function. 

Let us consider the limit (when R oo) expression for the Hamil- 
tonian (60.1). Assume that when one of the atoms is removed to 
infinity, the electron 1 is found near the nucleus A , and the electron 
2 near the nucleus B. The limiting value of the Hamiltonian there- 
fore has the form 


where 


H'oo = H A1 + H 


B2t 



ft 2 2 e 2 

2 m e 1 r Al ’ 



2m e 



(60.3) 


The equation H'^ — Ety will have as its solution the function 
% = ^ai (r A i) (rm) (60.4) 

whose factors satisfy the equations 

Hai$ai ( r ai) — E A rf A1 ( r A1 ), H ( r Bt) ~ E Bi ty BZ (r B2 ) 

Indeed, the function (60.4) satisfies the equation 

R a i^l -f- R ~ E^ (60.5) 


provided that E = E Ai -f- E BZ (the operator H A1 does not act on 

A. 

^B 2 ( r B 2 )) and the operator H Bi does not act on ij) A1 (r A i)]. 

Owing to the indistinguishability of the electrons in the atoms 
infinitely far from each other, the first electron may be found near 
the nucleus B, and the second near the nucleus A. The limiting value 
of the Hamiltonian (60.1) will therefore be 

H~ = Hbi +Ha * 


H 


B i 


ft* v 2 

2 m e 1 r B j ’ 



2 m e 



where 


(60.6) 
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The equation — Erf will have as its solution the function 

^2 = 'I’m (r B1 ) if A2 (r A2 ) (60.7) 

whose factors satisfy the equations 

H-Bl'l’iH ( r Si) ~ E B1 \p B1 ( r B1 ), H A2 1f A2 ( r A2) = ( r Ai) : 

The energy corresponding to the state (60.7) is E = E B1 -j- i? A2 - 
In the following, we shall limit ourselves to considering the ground 1 
state of the hydrogen molecule. Accordingly, in the limit, isolated' 
atoms are obtained that are in the ground state with the energy E 0 _ 
Therefore 

E a i = E Bt = E B1 = E Ai = E 0 (60.8) 

so that the energy of the states described by the functions (60.4) 
and (60.7) is the same and equals 2 E 0 . 

Hence, in the zero approximation we have used, the ground state 
of the hydrogen molecule is doubly degenerate (exchange degeneracy). 
A feature of the problem being considered is that the functions if* 
and if 2 describing degenerate states are eigenfunctions of different 
operators [the function (60.7) does not satisfy Eq. (60.5), and the 

function (60.4) does not satisfy the equation H^if — 2?ifl. Therefore,, 
we cannot assert that if x and if 2 are mutually orthogonal. 

Let us use as zero-approximation psi-functions the linear combi- 
nations of the functions if x and if 2 that take into account the require- 
ments of symmetry which a system of two particles with a spin of 
x / 2 must meet. The following two types of position functions corre- 
spond to the two possible spin states (S = 0 and S = 1); 

^ #> = Cj, [if A (1) if B (2) -f- if A (2) if B (1)}. (60.9) 

< = C 2 [if A (1) if fl (2) — if A (2) if B (1)1 (60.40) 

To simplify writing, we have used the notation 

'H’ai (r A i) — if a (1)» ( r na) — 4's (2) 

^a 2 (r A2 ) = if,, (2), if B1 (r B1 ) = if B (1): 

The functions if A and if B are psi-functions of the ground state of an 
hydrogen atom. By the first of formulas (24.33), we have 

<M2 I 

where C = (l/r 0 ) 3/2 /K n. All these functions are, "real. 
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Let us find values of the coefficients C x and C 2 in (60.9) and (60.10)> 
from the normalization condition. We write the normalization con- 
dition for 

1 = j [ 1^ 0, ]2 dv i dV 2 = C\ { j Mu (1)]* dV t j M’b (2)]* dV 2 
+ 2 j 4 a (1) 4a (1) d.V i j 4 a (2) 4b (2) dV 2 

+ J M>a( 2)]*<*F 8 j[^(l» 2 ^i}- 

The first and third terms equal unity. The factors in the second term 
differ only in the designation of the integration variable. We there- 
fore arrive at the relation 

1 = 2C\ (1 + S 2 } (60.12), 

where 


<5= j 4 a (1) 4b (1)^1 = - 7 ^- j e- (r *i +r Bi )/r ° dV, (60.13} 


is a quantity known as the overlap integral of psi-functions. It. 
characterizes the degree of non-orthogonality of the functions (60.4). 
and (60.7). If these functions were orthogonal, the coefficient C\ in 
(60.9) would be If]/ 2, which is obtained when 5 = 0 [see (60.12)].. 
A glance at (60.12) shows that 


C t = 


1 

/2(1 +j») 


(60.14) 


Similar calculations give the following value for the coefficient 
C 2 in (60.10): 


C 2 = 


V 2 (1— S 2 ) 


(60.15) 


By formula (7.14), we have 

(£.) = j ty*H\pdV 


If in the state 4> the energy has the definite value E, then (E) equals, 
this value, so that for stationary states we have 


i?= j \)/*H\pdV (00.16) 

Heitler and London used formula (60.16) for calculating the energy 
of the ground state of the hydrogen molecule. They took the functions 

(60.9) and (60.10) as 4% and the operator H 0 determined by formu- 
la (60,1): as H. i 
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For the parastate, we have 

E t = j 

- 2 ( - i i>) \ M’a (1) 'Pb (2) + 'Pa (2) % (1)1 
X Ho H’a (1) 'Pb (2) + !pA (2) 'Pb (1)1 dV i dV o 

= { I ^ (1) (2) (1) ** (2) dVi dVz 

+ j 'Pa (1) 'Pb (2) #o'Pa (2) 'Pb (1) dV 1 dV 2 

+ j ''Pa (2) 'Pb (1) £o'Pa (1) 'Pb (2) dVt dV 2 

+ J 'Pa (2) 'Pb (1) tfo'pA (2) 1> B (1) dV i dV 2 } 

The first and fourth integrals differ only in the designations of the 
integration variables, consequently they equal each other. The same 
relates to the second and third integrals. We can therefore write 

E s =-j^r { j 'Pa (1) 'Pb (2) A'o'Pa (1) ts (2) dV i dV 2 

+ j 'Pa (1) 'Pb (2) HoVa (2) ip B (1) dV.dV^ 


In calculating the integrals 

5, we have in 

view that 

(- 

h 2 
2 m e 

v’- 

e 2 

r A i 

■)'Pa(1) = 

^o'Pa (1) 

(- 

h 2 

2m e 

■v;~ 

e 2 

f*A2 

-J'Pa (2) = 

= ^o'Pa (2) 

(- 

K 2 
2 m e 

■v?- 

e* 

051 

) 'Pb (1) = 

■E’o'Pb (1) 

• (- 

K 2 
2 m e 

Vj— • 

e 2 

r B 2 

) 'Pb (2) = 

•®o'Pb (2) 


tsee (60.8)1. With account taken of these relations, we have 
Es = {2 J 'Pa (1) 'Pb (2) 2?o'Pa (1) 'Pb (2) dV t dV 2 

+ 5 ^ (1) X>» (2) [«* (-£ + X-7“-£-)] 

X 'Pa (1) 'Pb (2) dVi dv 2 + 2 { tp A (1) rp B (2) E 0 ^ A (2) ip B (1) dV t dV 2 

+ 5^(D^(2)p( 7 | 7 + i-^ r - 7 l r )] 

X 'Pa (2) ips (1) dVidV^ 
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Since the functions (1) and o|5j, (2) are normalized to unity, the 
first integral equals E 0 . In accordance with (60.13), the third inte- 
gral equals S 2 E 0 . We can therefore write that 

E, = Tfsr {2£ 0 + 2 S*E 0 + Q + A}^2E 0 + -2±£- (GO. 17) 

where 

0= S * «> » < 2 > [“ 

= Va (1)-~^b ( 2 ) dV i dV 2 

- { Va W~^- dv i- j ts (2)-^-dF 2 (60.18) 

■4" J t. (1) t. <2)[>= ( + 

X (2) Tb (1 )dV t dV 2 

= - J 52 + j ^A (1) % (2) ^A (2) (1) dV y dV 2 

J ^ B (2)-~^ A (2)dV 2 (60.19) 

Similar calculations give the following expression for the energy 
of the orthostate: 


E a = 2E 0 + ^ = j r (60.20) 

The quantity Q determined by expression (60.18) is known as the 
Coulomb interaction integral. The first term of this expression gives 
the energy of the Coulomb interaction of the nuclei, the second term 
determines the mean value of the energy of the Coulomb interaction 
of the electrons (without account taken of the correlation due to the 
symmetry of the psi-functions), the third term is the mean energy of 
Coulomb interaction of the electron 1 in the atom A with the nucleus 
of the atom B (also without account taken of correlation), and the 
fourth term is the similar energy for the electron 2 and the nucleus A. 
The third and fourth terms coincide numerically. 

The quantity A determined by expression (60.19) is called the 
exchange energy because it corresponds to the part of the Coulomb 
interaction between the electrons and nuclei associated with the 
correlation in the motion of the electrons appearing owing to symme- 
trization of the psi-functions in accordance with the Pauli exclusion 
principle [compare with (49.5) and (49.6)1. 
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The quantities Q and A are functions of the internuclear distance 
R. Figure 60.1 shows how the energies E s and E a depend on the 
internuclear distance R. The quantities Q and A are evaluated with 
the aid of the functions (60.10). The dashed line shows the experi- 
mentally obtained curve for the parastate. Examination of the figure 
shows that the results of Heitler and London do not agree very well 



with experimental data, hut qualitatively, the features of inter- 
action between hydrogen atoms in the para- and orthostate are 
described by the theoretical curves correctly. 

These features consist in the following. When hydrogen atoms 
with antiparallel spins of their electrons approach each other, the 
energy of the system diminishes up to the distance R 0 equal to about 
0.80 A (the experimental value is 0.74 A). W 7 hen the nuclei continue 
to approach each other, a sharp increase in the energy occurs. The 
presence of a minimum on the energy curve makes the formation of a 
molecule possible. The curve of E„ has no minimum, as a result of 
which two hydrogen atoms with parallel spins of their electrons 
cannot form bound states (at any R the atoms repel each other). 
Hence, a hydrogen molecule can be formed only in the singlet spin 
state. 

We have already noted that the theory advanced by Heitler and 
London leads to unsatisfactory quantitative agreement with experi- 
mental data. Employment of the variation method made it possible 
to obtain more accurate results. 
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61. Quantization of an Electromagnetic Field 

It was shown in Sec. 67 of Vol. 1 that an electromagnetic field in 
a vacuum (we shall call such a field a free one) can be characterized 
with the aid of the Lagrangian whose density is 

L 0 = 4r( E2 ~B 2 ) (61-1) 

(see Vol. 1, formula (67.8)1. Let us go over from E and B to the 
field potentials A and <p. For a free field, these potentials can always 
be chosen so that the scalar potential <p is zero, and the vector po- 
tential satisfies the condition VA = 0. We shall assume in the follow- 
ing that both these conditions are observed. 

By formulas (56.1) and (56.3) of Vol. 1, we have 

B= IV A], 

(<p — 0). Introducing these values into formula (61.1), we arrive at 
the following expression for the density of the Lagrangian of an 
electromagnetic field: 

= (61.2) 

In mechanics, the Lagrangian is defined to be a function of the 
generalized coordinates q it the generalized velocities q t , and the 

time t , that is L — L (<?,-, q t , t). A comparison with (61.2) shows that 
an electromagnetic field can be considered as a “mechanical system” 
whose generalized coordinates are the values of the potential A at 
various points of space: 

q, ( t ) -> A (x, y, z, L) (61.3) 

Hence, the coordinates of points in space number, as it were, the 
degrees of freedom of the field. It thus follows that an electromagnetic 
field is a system with an infinitely large number of degrees of free- 
dom. 


19 * 
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In mechanics, the generalized momentum is determined as 


and the energy as 


Pi = 


dL 

dqi 


E='£-^q l -L='2P i q i -L 

i , 


[see Vol. 1, formulas (4.19) and (5.1)]. Accordingly for the general- 
ized momentum and energy of a field, we obtain the expressions 



anti:.- ; 


n ■. . dL 

1 

dA 



d (dA /dt) 

4nc 2 

dt 


1 

4 nc 2 

dA \ 
dt ) 

0 

1 

'TS 

S|* 




= !'{ 

1 


- 1 < 

dA \2 

+ <etIvai°} 


4nc 2 

l dt j 

8 jic 2 [ 

dt J 




= Hw(- 

dA \2 
dt ) 

+ ^-[VAl") 


(61.4) 


(61.5) 


[in accordance with (61.3), summation over i is replaced with inte- 
gration over the coordinates]. 

We obtain the Hamiltonian function for an electromagnetic field 
by expressing E in terms of the generalized momenta P ( x , y, z, t) 
determined by formula (61.4) and the generalized coordinates 
A (x, y, z, t). Substitution of P for dA/dt in (61.5) yields 

H( P, A)= j {2nc2p2 + -gL[vA]2}dF , (61.6) 


The transition from a classical description to a quantum one is 
accomplished, as for conventional mechanical systems, by replac- 
ing P and A with operators. It is especially convenient to express 

these operators in terms of the creation operator a + and the annihi- 
lation operator a treated in Secs. 27 and 51. But before making such 
a replacement, let us impose certain conditions of periodicity onto 
a field and represent it as the superposition of plane waves, i.e. let 
us carry out a Fourier transformation of A and P. 

Assume that a field is confined in a large cubic box with mirror 
walls and an edge of length a. The field in this box will have the 
same properties as that in the entire space, which obeys the fol- 
lowing conditions: 

A (x, y, z) = A (x -f a, y, z) = A (x, y -f a, z ) ' 

: ' = A (x, y, z 4 . a) (61.7) 
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In these conditions, the potential can be expanded in a Fourier series 
instead of a Fourier integral. In this way, we shall ensure that the 
number of degrees of freedom, although being infinitely large, will 
be countable. 

Let us write the Fourier transform for the vector potential: 

A(r, 0 — 2 Ck (0 «‘ kr (61.8) 

Introducing the notation C k (t) = c ]/ 4nA k (<) (c is the speed of 
light), we can write (61.8) in the form 

A (r, t) = e |/il2Ak(0^ (61.9) 

k 

(the factor c]/ 4n has been introduced for simplification of the fol- 
lowing formulas). Summation is performed over the entire k- space. 
Each of the addends must satisfy the periodicity condition (61.7): 

gi kr __ gik(r+ae^) __ gik(r+ae u ) _ gIk(r+oe;) 

Hence, 

gihxa == £ ihya __ gihzQ. ■ =z 

Consequently, the components of the wave vector can take on only 
discrete values: 

k x - n t , k y = —• n 2 , k z = ^-n 3 (61.10) 

where n 3 , rc 2 , f h are integers. Three numbers n lt n 2 , and n 3 corre- 
spond to each addend in (61.8). Since summation is performed over 
the entire ft-space, each of these numbers takes on the values 
0 , ± 1 , ± 2 , .... 

For observation of the condition VA = 0, it is necessary that 
each addend of the sum (61.9) separately satisfy this condition. 
Consequently, 

V (A k <? ik '') = A k Ve ikr = A k ike ikr = i (A k k) e ikr = 0 

It thus follows that A k k — 0, i.e. that the vector A k is perpendicu- 
lar to the vector k (the waves are transverse). Having chosen two 
fixed directions of polarization perpendicular to the vector k, we 
can represent A k as the sum of two components along these directions: 
A k = e k jA kl e k2 .4 k2 (<?ki and e k2 are the unit vectors of the 
directions forming a right-handed system with k). 

Expression (61.9) can thus be written as 

A(r, f) = c]/^- 2 (0 eikr 

k, a 


( 61 . 11 ) 
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(a takes on the values 1 and 2). For the vector potential to be real, 
expression (61.11) must equal its complex conjugate. Taking advan- 
tage of this circumstance, we write the expression for A (r, t) as the 
half-sum of expression (61.11) and its complex conjugate: 


A (r, t) = c 2 e ka [A ka (t) + Aj a ( t ) e~*'] (61.12) 

k, a 

When written in this way, the potential is real automatically, without 
any stipulations on the properties of the quantities Aka (£)• 

The vector potential for a field in a vacuum satisfies the equation 


V 2 A = 


1 d 2 A 

c* 


Introducing the function e ka A ko (t) e ikr into this equation and can- 
celling e kct e ikr , we obtain 


df 1 


k 2 c 2 A ko = 0 


whence 

AkaW^Akae- 1 ^ (61.13) 


(of the two possible exponent signs, we have taken the minus sign). 
Here A ka is a constant, generally speaking, complex quantity, while 
the frequency is determined by the formula 


Correspondingly 


c4 = k 2 c 2 

i4fc(0 = 4fc*e‘“ k * 


(61.14) 

(61.15) 


Hence, in performing a Fourier transformation, we have in essence 
expanded the potential in plane waves of the form e ±, (° ) k t - kr > i 
By formula (61.4), we can obtain the expansion of a generalized 
momentum in plane waves by differentiating expression (61.12) 
with respect to t. With a view to (61.13) and (61.15), we obtain 


P ( r ’ = c V ^ S ek “ f ~ iUkA ia (t) e ivt + icOkAJa (t) e~ ikr ] 

k, a 

Introducing the notation 

Pka (0 = w k A ka (£) (61.16) 

we give the above expression the form 


P (r, t)= - S e ka [P ka (O e ‘ k r-PLWe- ikr J (61.17) 

' k. a 




radiation theory 


295 


It is not difficult to see that expression (61.17) coincides with its 
complex conjugate and, consequently, is real. 

Substituting (61.12) and (61.17) into expression (61.6), we obtain 
the classical Hamiltonian function for an electromagnetic field: 

H (P, A) = f 2 e ka e k 'a» {P ka IW‘< k+k '> r 

k, a, k', o' 

+ _ 8^"I c2 2 {^ka^W [V, e ka e ikr ] 

k, a, k' , a' 

x[v, e k 'a-e ik ' r ] + ^4 k a^4k'a' [V, e ka e ikr ] [V, e k < a 'e- ik ' r L 
+ -4ka^k'o' [V, e ka c-* kr ] [V, ek'a'e ik ' r ] 

+ ^ko^k'o'[V, e ka e -lkr ] [V, e k . a .e -*'*]} dV = 3 t + J 2 (61.18) 

The quantities P ka and Aka are functions of t; this is not indicated 
explicitly so as not to make the formulas more complicated. 

Let us first calculate the integral 3 After changing the sequence 
of integration and summation, 3 \ transforms into the sum of addends 
that contain integrals of the form 

3 = j e±«( k ±k')r dV (61.19) 

With a view to (61.10), we have 

a 

3 — j exp [± i (2 n/ a) (ra t ± raj) x] dx 
o 

a a . 

X j exp [± i (2 n/a) (n 2 ± raj) y] dy j exp [± i (2xi la) (ra 3 ± raj) z] dz 
o o 

This expression is non-zero (and equals a 3 ) only if raj ± raj = ra 2 ± 
± raj = ra 3 ± raj = 0, i.e. k ± k' = 0. Correspondingly in the 
sums in which the exponent contains k -f k', only the addends with 

k' = — k will be non-zero, and in the sums in which the exponent 

contains k — k', the addends with k' = k will be non-zero. There- 
fore 


3 1 — -g- 2 (e kot e_ ka ».Pka P -ka’ 

k, a, a' 

— ’ ^ka ^ka'^ka Piece' ^Icct C Ilcl'P ka ^ka' ~\~ ®ka ®-ka'^ka ^-ka'} 


(a 3 was cancelled). 

Now let us take advantage of the fact that e ka e ka / = 8 aa ; , and 
ekaC-ka' = — 6<xa'- As a result, the expression for J x is simplified as 
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follows [we return to the complete writing of the functions P koc (t) 
and A ka (t) 1: 

^1=4- 2 {P k «(t)P- k rAt)+21\ a (t)Pia(t) + Pta(t)P*-* a (t)} 

k, a 

(61.20) 

Before beginning to evaluate the integral J 2 , we shall find the 
values of the vector products contained in the integrand. By for- 
mula (XI. 28) of Vol. 1, we find that 

[V, e ka e ±ikr ] = [Ve ±ikr , e ka ] - ± te ±ikr [k, e ka ] 
Accordingly 

[V, e ka e ±ikr ] [V, e k ^e±« k ' r ]= -e±’ (k + k ') r [k, e ka ] [k', e k < a <] (61.21) 
[V, e ka e ±ikr ] [V, e k . a ^ ik ' r ] = e±hk-k')r [k) e ka ][k', e k - a -] (61.22) 

After substitution of these values into (61.18) and changing the 
sequence of integration and summation, in the expression for J 2 
integrals of the form of (61.19) will appear. These integrals are non- 
zero (and are equal to a 3 ) for products of the type of (61.21) when k' = 
= — k, and for products of the type of (61.22) when k' = k. Conse-- 
quently, we obtain the following expression for J 2 : 

^ { ■^•kaA- k a' [k, e k «][ k, e_ ka ') 

k, a, a' 

+ A ka A£a-[k, e ka ] [k, e ka -] + A£ a A ka - [k, e ka ][k, e kct '] 

-AtaA'wl k, e ka ] [ — k, e_ ka -]) (61.23) 

When a' a, the vector products are mutually perpendicular so 
that their scalar product is zero. For this reason, we must retain 
only the'terms in which a' == a in (61.23). Taking into account that 
e_ ka = — e ka , we obtain 

[k, e ka l [±k, e ±kc J = [k, e k J 2 = k 2 e£ a — (ke ka ) 2 = k 2 

[see Vol. 1, formula (VI. 6), e k * is perpendicular to k]. 

Hence, all the non-zero products of the vector products in (61.23 
have the same value equal to k 2 . With a view to the fact that c 2 k 2 = 
— to k [see (61.14)], we shall represent J 2 in the form 

T 2 <»H-A ka (t)A- ka (t) + 2A ka (t)At a (t) 

k, a 


— A ka (i) At ka (£)} (61.24) 
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To obtain the function (61.18), we must add expressions (61.20) 
and (61.24). The first and third terms in these sums cancel each other 
[this follows from (61.16)]. Consequently, 

H (P, A)=-±- 2 { p ™ + (61.25) 

k , a 

Let us correlate the following real variables with the complex 
quantities A kct ( t ) and P ka ( t ): 

q ka (t) = ±[A ka (t) + At a (t)] (61.26) 

p ka (t) = ^-[P ka (t)~ Plait)] (61.27) 

It is evident that q ka ( t ) is the real part of A kce (t), and p ka (<) is the 
imaginary part of P ka ( t ). Such a definition of p ka ( t ) is due to the 
circumstance that expression (61.17) contains the quantities P ka ( t ) 
multiplied by — i. Therefore, the imaginary part of P ka ( t ) plays the 
same role with respect to the generalized momentum P (r, t ) of the 
field that the real part of A ka ( t ) plays with respect to the general- 
ized coordinate A (r, t) of the field. 

Since P ka ( t ) — (o k A ka ( t ) [see (61.16)], expression (61.27) can 
be written as 

Pka (t) = — tw k U ko (t) —A£ a (t)] (61.28) 

Examination of (61.26) and (61.28) shows that 

A k a (t) = gka + i ~ :^ g ~ ) A ka (f) = g ka — i ka (61.29) 

u k w k 

Multiplication of these expressions by co k yields 

Pka (<) = Wk? k a + 'Pka, Pka U) ^ MkQka — ' Pka (61.30) 

Expressing P, P* , A, and A* in (61.25) in terms of q and p in 
accordance with (61.29) and (61.30) and performing simple transfor- 
mations, we arrive at the formula 

H (Pka, ?ka) = 4' 2 (Pta + Wfet/ka) (61.31) 

k , a 

It follows from (61.31) that the classical Hamiltonian function 
for an electromagnetic field is the sum of independent addends of the 
form 

H ka = -g- (Pka + W k f/ ka ) (61 -32) 

coinciding with the Hamiltonian function for a harmonic oscillator 
with unit mass. We thus arrive at the conclusion that an electromag- 
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netic field can be represented as a set of an infinitely great number 
-of harmonic oscillators. 

The transition from the classical description to the quantum one 
is performed by replacing the quantities p ka ( t ) and q ka ( t ) with 

the operators p ka (t) and q ka ( t ) that obey the same commutation 
relations as the operators of conventional coordinates and momen- 
ta do: 

-l?kai ?k'a'] == 0, [/?kai Pk'a'] = 0, [?kai Pk'a' ] — ifi&kk'&aa' 

(61.33) 

^compare with (16.3)1. In accordance with (61.29) and (61.30), the 
•quantities ^4 and P transform into the operators 

+ (61.34) 

Pka (t) = a> k q ka (t) + ipka (t) (61.35) 

Hermitian conjugation of operators corresponds to complex 
■conjugation of quantities. For this reason, the quantities A ka (t) 
■and P ka ( t ) must be replaced with the operators 

At* ( t ) = qta ( t)-i (61.36) 

w k 

Pta ( t ) = (O k qta ( t ) — ipta ( t ) (61 .37) 

[see (10.13)]. We must note that formulas (61.36) and (61.37) are 
obtained by substituting operators for the variables q and p in 
•expression (61.29) for A ka (0 and in expression (61.30) for P ka ( t ) 

(with subsequent consideration of the fact that q = q + and p — p+). 
To simplify writing of the formulas, we shall not always indicate 

the explicit time dependence [of the operators A ka ( t ), P ka (t), <7ka (*)> 

-and p ka ( t ) in the following. It must be remembered, however, that 
this dependence exists. 

We have already noted that it is expedient to transform the Hamil- 
tonian (61.31) to the occupation number representation (see Sec. 50), 
i.e. express it in terms of the particle annihilation and creation op- 
erators (see Secs. 27 and 51). These operators are determined by 
■expressions similar to (27.1): 

(0 = yr { ^ ~T ? ka w + y 1 ^ P* a w } 
a t* (t) = y=- { V <7k« (t) y=- Pk<* ( t ) } 



(61.38) 
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It is obvious that all the commutation relations obtained in Sec. 27 
for the operators (27.1) also hold for the operators (61.38). Par- 
ticularly, 

[flkat ®ka] — AkaAka AkaAka — 1 (61.39) 

~ 2 ~ (flka a ka + A k a A k a) — AkaAka (61.40) 


A comparison of expressions (61.34) and (61.36) with formulas 
(61.38) shows that 


(t) = V 2h/m k a ka ( t ) 1 
At a ( t ) = V 2fc/co k at a (t) ) 


(61.41) 


Introducing these values into (61.12), we obtain the operator of the 
vector potential of a field in the occupation number representation: 

A(r, f) = c}/^ ^ W« (t) e*' + ata (t) e-*'} (61.42) 

k. a ' k 


Solving the system of equations (61.38) relative to q ka and p ka , 
we obtain expressions of these operators in the occupation number 
representation: 

?ka == y ^/2<n k (fl k a Aka) 

Pka ““ i y ^w k /2 (u k a n k a) 

Replacing the quantities p and g with operators in (61.31), we ob- 
tain the following expression for the Hamiltonian of a free electromag- 
netic field: 

(pla + cA*) 

k, a 




(61.43) 


Introducing expressions (61.43) for p and q into this equation, we 
obtain the Hamiltonian of a field in the occupation number repre- 
sentation: 


fid) 


H— 2 [( a ka + Aka) (flka + Aka) — (flka — a ka) (flka — a ka)l 


k. a 


-2 




(flka Aka + AkaAka) 


k, a 


Using relation (61.40), let us write the Hamiltonian in the form 
H= ^ fi“k(flkaflka+4) ( 61 ' 44 > 

k, a 
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Recall that summation is performed over all the values of the wave 
vector k and two values of the polarization. 

The operator (61.44) differs from the Hamiltonian (51.45) for a 
system of bosons obtained in Sec. 51 only in a constant term equal 
to fi(i) k /2. We thus conclude that a free electromagnetic field is a 
system of bosons. The latter are called photons. 

Introducing expression (61.44) for H into the equation H\\i = Ety, 
we obtain 

2 ft« k a£ a a k aT + 4" 2 = -£t|) (61.45) 

k, a k, a 

According to (51.26), a k J« k ai|) = n ka i|:, where n ka is the number of 
photons with given values of k and a. With this in view, we obtain 
from (61.45) the following expression for the energy of an electro- 
magnetic field: 

£=2 «ka£o> k + 2 nr (61 - 46) 

k, a k, a 


We conclude from (61.46) that the energy of a photon is /ko k . In 
addition, it follows from (61.46) that even in the absence of photons 
(i.e. if all the n ka ’s equal zero), the energy of a field has a non-zero 
value equal to 

Ec= 2 ^r- ( 61 . 47 ) 

k, a 

The quantity (61.47) is called Hie zero-point energy of an electro- 
magnetic field, and the state of a field in which all the n ka ’s are 
zero is. called a vacuum. Since the number of addends in (61.47) is 
infinitely large, E 0 is infinitely large too. For the majority of pro- 
cesses of interaction of a field with a substance, only the difference 
of the energies for t wo slates of the substance-field system is of sig- 
nificance. Therefore, the presence of an infinitely great constant quan- 
tity in the energy does not manifest itself in these processes. The 
existence of zero-point oscillations, however, affects some processes 
and results in effects that, although very small, are observable. 

Let us find the operator of the momentum of an electromagnetic 
field. It is known from classical electrodynamics that the momentum 
of a plane wave e ikr with the polarization a is 
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where E ka is the energy of the wave. Consequently, the total mo- 
mentum of a field is determined by the expression 

p= 2 

’ k, a 

Going over to operalors, we obtain 

P= 2 -^^ka= 2 Ak(fll«a k « + -i) (61.48) 

k, a k k, a 

From the equation pi|i = pi]:, we obtain [compare with (61.45)1 the 
following expression for the momentum of a field: 

P= 2 ”ka£k+ 2 ~^ L 

k, a k, a 

from which it follows that the momentum of a photon is ^k. 

Bosons, which include photons, have an integral (or zero) spin. 
The spin of a photon is unity. The concept of spin as the angular 
momentum of a particle at rest cannot obviously be applied to a 
photon. Therefore, the spin of a photon is defined to be the smallest 
of the possible values of its angular momentum. It is just this small- 
est value that equals unity. 

The psi-function of an electromagnetic field (or, as is customarily 
said, the amplitude of the field state) has the following form in the 
occupation number representation: 

VP = $ («kii. « kl 2, «k 2 i, «t*2. • ■ •) (61.49) 


62. Interaction of an Electromagnetic Field 
with a Charged Particle 

Consider that the velocity of a particle is small in comparison 
with c. In this case, the particle is described by the non-relativistic 
Hamiltonian (32.6). If we gauge the field so that the conditions 

q - 0, VA - 0 


are observed, expression (32.6) becomes 

1 % 


H- 


2 wig 


m 0 c 


pA 


2 m 0 c 


A 2 


(62.1) 


Recall that with this gauging, the operators p and A commute: 

[pA] = 0 (62.2) 

[see (32.5)]. For this reason, the sequence of the factors in the second 
term of expression (62.1) is immaterial. 
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The Hamiltonian of the system “field -f particle” will be written 
as follows: 


< 62 - 3 > 

The first term in this expression contains only quantities character- 

A 

izing a particle, therefore we can designate it by ff pa rticie- The last 
term contains only quantities characterizing a field. The second and 
third terms contain both quantities characterizing a particle ( e , m 0 , p) 
and a quantity characterizing a field (A). Hence, these two addends 
are the operator of particle-field interaction 

+ ( 62 . 4 ) 

The operator V determines the processes of particle-field interaction 
that may consist either in the creation of photons (i.e. in the emis- 
sion of photons by the particle) or in the annihilation of photons 
(i.e. in the absorption of photons by the particle). 

Ai 

Considering V as a weak perturbation, let us use the perturbation 
theory for studying the processes of emission and absorption of 
photons. Accordingly, the evaluation of the probabilities of these 
processes will be reduced to evaluation of the matrix elements of 
the operator (62.4). 

The unperturbed Hamiltonian breaks up into two independent 
terms: 


H 0 — -^particle *T Afield 

Therefore, the psi-functions of the unperturbed problem can be rep- 
resented as the product of two functions, the first of which describes 
the particle, and the second, the field: 


( 62 ' 5 > 

[compare with (46.2) and (46.3)]. 

By (61.42), the operator A (r, t) in the occupation number repre- 
sentation is determined by the expression 


k. a V “k 


— 2 (^ka fl ka "T CvahJa) (62.6) 

k, a 
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where 

c ** = c V^ry= eiu (62.7) 

For a system of bosons, only the matrix elements 

( . . . , n ka 1 , ... | Qua | ...» n k a i . . . ) — ]/ n ka (62.8) 

{ . . . , njta 1 1 ••• | flka | • ■ • » n ka * • • • V n ka 1 (62.9) 

are non-zero [see formulas (51.33) and (51.34)1. Tho corresponding- 
matrices are as follows: 


0 10 0 ... 
0 0]/2 0 ... 
0 0 0 j/3 ... 


flkos — 


0 0 0 0 ...' 
10 0 0 ... 

0 1/2 0 0 ... 

0 0 1/3 0 ... 


(62.10) 


(62.11) 


In these matrices, the row number coincides with the number of 
particles in the final state, and the column number with the number 
of particles in the initial state. Consequently, the non-zero elements 

A 

of the matrix a ka correspond to the transitions 

1 particle ->• 0 particles, 2 particles -*■ 1 particle, etc. 

A 

and the non-zero elements of the matrix a ka , to the transitions 
0 particles ->■ 1 particle, 1 particle -*• 2 particles, etc. 

Hence, the operator Vj [see (62.4)] in the first approximation 
describes single-photon transitions, i.e. processes of the emission or 

absorption of one photon. The operator A* has the form [see (62.6)1 

A 2 = (Cka a ka + CkaOko) i (Ct'a'flk'a' + Ck-a'^k' o') 
k, a k', a' 

= 2 (CjtaCic'a'flka Olk'a' “H CkaCk'a'flkcc^k'a' 

k, a, k\ a' 

+ CkaCi £ ' a . a£ a «k'a' + Q£a Ck'a'AkaGk'a' ) (62 12) 
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The matrices of the operators aw and a^a- have the same form 

as the matrices of the operators at a and a£ a . Multiplication of the 
matrices (62.10) and (62.11) yields 


aa 


+ 


aa 


0 0 / 1-2 0 0 .. 
0 0 0 /F3 0 .. 

0 0 0 . . 0 V3A . . 




0 

0 

0 

0 

0 

0 

yn 

0 

0 

0 

VTl 

0 

0 

0 

/3T4 .. 




1 0 0 ... 


r 0 0 0 0 ... 

0 2 0 ... 


0 1 0 0 ... 

0 0 3 ... 

> a + a = 

0 0 2 0 ... 



0 0 0 3 ... 




> 


(62.13) 


(62.14) 


We must note that from (62.14), the difference aa + — a*a equals a 
unit matrix [see (61.39)]. 

Recall that the number of a row equals the number of particles 
in the final state, and the number of a column — the number of par- 
ticles in the initial stale. Consequently, the non-zero elements of 

the matrix aa correspond to the transitions 
2 particles -*■ 0 particles, 3 particles -*• 1 particle, etc., 

the elements of the matrix a + a * — to the transitions 
0 particles — *- 2 particles, 1 particle — 3 particles, etc., 

the elements of the matrix aa * — to the transitions 

0 particles -v 0 particles, 1 particle 1 particle, etc., 

and, finally, the elements of the matrix a + a — to the transitions 

1 particle — 1 particle, 2 particles — 2 particles, etc. 

Therefore, the matrix A 3 and, consequently, the operator V 2 too 
[see (62.4)] describe two-photon transitions: the simultaneous emis- 
sion or absorption of two photons [the terms in (62.12) corresponding 
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to the matrices (62.13)] , and also processes involving the simultaneous 
emission of one photon and the absorption of another, as a result of 
which the number of photons remains unchanged [the terms corre- 
sponding to the matrices (62.14)]. 

We have seen above that the operator V x in a first approximation 
describes one-photon processes. Only in the second approximation 
of the perturbation theory, when the squares of the matrix elements 

begin to play a role, does the operator V x contribute to two-photon 

transitions. The operator F s , on the other hand, gives a non-zero prob- 
ability of two-photon transitions already in the first approximation. 

The operator (62.4) may be considered as a weak perturbation 
only when A is small. Consequently, | A 2 | <g; ] A |. We thus con- 
clude that the probability of two-photon transitions is low in com- 
parison with that of one-photon transitions. 


63. One-Photon Processes 

Let us investigate the one-photon processes occurring in the sys- 
tem “electron-field”. The charge of an electron is — e, therefore the 

operator responsible for one-photon transitions [see F x in (62.4)] 
has the form 


F = ^pA (63.1) 

According to (62.5), the psi-function of an unperturbed system 
breaks up into two factors: 


(63.2) 

We take the function Electron in the coordinate representation, and 
the function ijjffem in the occupation number representation. We 

must accordingly take the operator p in the coordinate representa- 
tion, and the operator A in the occupation number representation. 

In evaluating the matrix element (oJj] 0 ’ | Fi])^}, we shall have to 
perform both integration over the coordinates and operations with the 
occupation numbers. We shall first perform the operations with the 
occupation numbers, and then evaluate the integral over the coor- 
dinates. 

Consider a process attended by the emission of a photon of the 
frequency to k and the polarization a, and also by the transition of 
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an electron from the state 2 to the state 1. The following matrix 
element corresponds to this process: 

<1, «ka + l I V I 2, n ka > 

= (^el ! 1 'Wild + V | ^ I ^l! 2 ^'f ?eld (”**>) ( 63 . 3 ) 

Having performed the operations with the occupation numbers, we 
obtain a factor that by (62.6) and (62.11) is 



Introducing this expression into (63.3) and writing the scalar prod- 
uct of the functions in the form of an integral, we obtain 

(1, «ka + 1 | V | 2, n ka > 

=-k V 2 ”*^ + ‘ 1 I .1* e »p«- ikr «! I dv < 63 - 4 ) 

Similar calculations for a process attended by the absorption 
of a photon and the transition of an electron from the state 1 to 
the state 2 yield 

(2 , W k a 1 I V I 1 1 ,z ka ) 

= 1 iv ««- 5 > 

The probabilities of the processes are proportional to the squares 
of the magnitudes of the relevant matrix elements [see the text fol- 
lowing formula (9.18)]. A glance at formula (63.4) shows that the 
probability of emitting a photon is proportional to n ka -f 1, where 
n ka is the number of photons present before the process of emission: 

•^emls c*- ^ka ~f- ^ (63.6) 

The probability of emission can thus be divided into two parts: 

P emis “ P sum T" P spont (63.7) 

wliere P stlm oc n ka , and P S pont 1, i.e. does not depend on n ka . 

The part of the radiation corresponding to P s t i m is due to the 
electromagnetic field present. This field, acting on an electron, causes 
its transition to a new state with the emission of an additional pho- 
ton of the same frequency and polarization. The radiation appearing 
in this way is said to be stimulated (or induced). 
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The part of the radiation corresponding to /'spont does not depend 
on the field already present. In this case, an electron emits a photon 
not under the action of external factors, but spontaneously. Such 
emission is called spontaneous 1 . [ 3PO ^3 J 

Inspection of formula (63.5) reveals that the probability of absorp- 
tion of a photon is proportional to rc ka : 

Pahs oc «|ca (63.8) 

Taking into account the Hermitian nature of the matrix elements 
(03.4) and (63.5), we can assert that 

^atim ~ ^abs (63.9) 

Hence, the probabilities of absorption and stimulated emission are 
the same. 

Assume that an electron interacting with an electromagnetic field 
does not experience any other actions, i.e. is free. Therefore, 
^electron in (63.2) has the form 

t ( i 0) = C exp [—■ pjr ) , =f Cexp p 2 r ) 

In this case, the integral, for example, in (63.4) appears as follows: 

j iji? ( — ejcai^V) exp (ikr) ij> 2 dV 

= — ih I C I 2 j exp [ — ^-Pir] eicaVexp [-^-(p 2 — ftk) r] dF 

= | C | 2 eta (p 2 — /ik) j exp[ — -^-(pj — p 2 + ^k) r] dV 

= ! C | 2 e ka p 2 h (2n) 3 6 (pi — p 2 + tty) 

[we have taken into account that e kct k = 0 and have used formulas 
(VIII. 13) and (VIII. 7)]. We must note that if we had put the factor 
exp (tkr) in front of the operator V in the integrand, the result would 
have remained the same. 

Hence, the probability of a free electron emitting a photon could 
be non-zero only provided that 

Pa — Pi + (63.10) 

(momentum conservation). At the same time, however, the fol- 
lowing condition must be observed: 

E 2 = Ei -f- ^co k (63.11) 

1 The spontaneous emission of radiation is due to the interaction of an atom 
with the zero-point oscillations of the electromagnetic held. 
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(energy conservation). For a free non-relativistic electron, we have 
>E ■— p z /2m e so that (63.11) can be represented as 

pj = p* + 2m e h<jit (63.12) 

Equations (63.10) and (63.12) are incompatible. We thus conclude 
that a free electron cannot emit photons. A similar result is obtained 
for absorption. 

For both conservation laws (energy and momentum) to be obeyed 
simultaneously, the participation of a third body is required, which 
the surplus momentum is transmitted ten 

64. Dipole Radiation f T tC oLi ' J 

Consider the emission of a photon by a valence electron of an 
atom (we ignore the spin of the electron). The energy of an outer 
(valence) electron in. its order of magnitude is Z*e z /a, where Z* is 
a quantity of the order of unity, and a is the effective radius of the 
atom. The change in the energy of an atom in a transition will be of 
the same order, i.e. the energy -A© of an emitted photon approxi- 
mately equals 



Accordingly, the length of an emitted wave is X « d © « Hca/e *. 
Hence 

a ^ e i 1 

T ~ 17 - 137 

Assuming that a «10 -8 cm and X « 10~ 6 cm (ultraviolet radiation), 
We obtain the same result. For visible light, the ratio a/X will be 
still smaller (~10 -4 ). 

The psi-functions of discrete states of an atom differ appreciably 
from zero only in a region of the order of the effective dimensions 
of the atom. Within this region, the exponent in the factor 
exp ( — ikr) in (63.4) does not exceed in magnitude the quantity 



i.e. is much smaller than unity (a <§; X). Therefore, this factor can 
be expanded into a series: 

exp (—ikr) = 1 — ikr + . . . (64.1) 

Limiting ourselves only to the first term of the expansion (i.e. replac- 
ing the exponential with unity), we obtain what is called the long- 
wave approximation. If a matrix element calculated in this approxi- 
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mation is zero, the next term in the expansion (64.1) is taken into 
consideration. 

Replacing in (63.4) the exponential with unity, we obtain the 
following expression for the matrix element of a transition: 

M.E. = (l,n ko + l |V | 2, n ka ) — -E- (e kg p) 12 (64.2) 

where (e ka p) J2 is a matrix element of the operator of the projection 
of the electron’s momentum onto the direction of polarization of- 
the emitted photon. 

Generalizing formulas (21.13) and (22.9), we obtain 

p = m e r, (r) 12 = tco k (r) 12 
With a view to these relations, we can write 


(®kap)i2 — (©ka^)i2 — itlle (®kar)i2 

= i ( — ®k{e k a (— er)} 12 = — t co k (e ka d) 12 (64.3) 

Here d = — er is the operator of the dipole moment of an electron 
(the charge of an electron is — e). For a many-electron atom, we must 

treat d as the operator of the dipole moment of all the electrons (i.e. 
the dipole moment of the atom as a whole). 

Hence, in the long-wave approximation, the matrix element 
(64.2) can be written as 

M.E. = — t j/ 2 - ( * ka — (e k ad) t2 (64.4) 

The initial state of the system is discrete. Since the frequency of 
a photon changes continuously, the final slate belongs to a contin- 
uous spectrum. It was established in Sec. 34 that the probability 
of the transition of a system in unit time from a state belonging to 
a discrete spectrum to a state belonging to a continuous spectrum 
under the action of a perturbation varying with time according to a 
harmonic law is determined by the formula 


\Ve-. 


■g{E') 


[see (34.19)17 where the energy of the final state E' 
satisfies the condition 

E' — Ei + £ci> k = E 2 


(64.5) 
E i -f~ fcco t 

(64.6) 


[we must replace 6 (E v — E n —h w) in formula (34.14) with 
6 (Ei -f- ft ecu — E 2 )]. We have substituted the index E 2 for the 
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index n in formula (34.19). Remember that E t is the energy of the 
initial state of an atom. 

The function g (E') in (64.5) determines the number of states per 
unit interval of final energy (the density of states): 


*<*■>-!&■ 


To find g (E ') , let us calculate the number of states dN of the elec- 
tromagnetic field falling within the interval dk of values of the 
magnitude of the wave vector and within the interval of directions 
of the vector k corresponding to the solid angle dQ. In Ic- space, the 
volume k 2 dk dQ corresponds to these intervals. By (61.10), a vol- 
ume equal to (2 n/a) 3 corresponds to each state (one polarization). 
Consequently, the number of states we are interested in is 


dA ? = 


a 3 k 2 dk dQ 

(2*R 


(64.7) 


The interval of values of the final energy is 

dE' — d {Ei 4- 71© k ) = d (^© k ) — d (tick) — He dk 


whence dk — dE' the. The square of the wave vector is k 2 = © k /c 2 . 
Having in view this expression, we can write (64.7) as follows: 


whence 


dN 


a 2 o)^ dQ 
(2 ac) 2 h 


dE' 


g(E') 


dN 

dE' 


a 3 co 


2 

k 


(2nc) 3 h 


dQ 


(64.8) 


Introducing into formula (64.5) expression (64.4) for a matrix 
element and exnression (64.8) for g (£'), we obtain the probability 

of the emission of a photon in unit time in 
the solid angle dQ with the polarization 
e koc and the frequency © k : 



dP = 


d k ("ko 


+ 1 ) 


2 nhc 3 


(e ka d) 12 | 2 dQ (64.9) 


(wc have written dP instead of P because 
there is the differential dQ on the right). 
The vectors e k , and e kl are chosen arbi- 
Fig. 64.1 trarily, it is only necessary that they be 

normal to the vector k and to each other. 
Let us choose the direction of the unit vector e ka so that it is in 
the plane d, k (Fig. 64.1). Hence, 

(e ka djj) = I djj | sin $ 
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where ft is the angle between the direction of the dipole electric 
moment and the vector k. Consequently, expression (64.9) can be 
written as 

= I d 12 | 2 sin 2 ftd£2 (64.10) 

Multiplying this expression by /iG> k , we obtain the energy emitted 
per second into an element of the solid angle dQ: 

dJ = | d 12 1* sin* ft dQ (64.11) 

Of this energy, a portion equal to 

coj. 

dd spont = “ 2 ^ 3 " I d n 1 2 sin 2 ft dQ (64.12) 

falls to the share of spontaneous emission. We must note that expres- 
sion (64.12) determines the total radiation of a dipole because with 
the directions of polarization we have chosen (see Fig. 64.1) the pro- 
jection of the vector d onto the second unit vector is zero. 

Integration of expression (64.12) over dQ yields the total energy 
emitted in unit time, i.e. the power of dipole radiation 

J S pont=-^r I did 2 J Sin*ft2nsinftdft = — ^-|d 12 |* (64.13) 

o 

The quantum expression for the power of dipole radiation differs 
from the classical one only in that it contains the matrix element of 
the dipole moment instead of the dipole moment itself. 

The matrix element d 12 = 0|)' 0> | d^ 0 ’) may equal zero. The 
transitions for which this occurs are said to be forbidden. This term 
must not be understood literally because when d l2 = 0, the proba- 
bility of emission, although very low, is nevertheless non-zero. In 
this case, we must take into account the second term of the expan- 
sion (64.1). Instead of the matrix element d 12 , Eq. (64.10) will con- 
tain the expression <i} - >‘ 0> | e ka p ( — ikr) which can be consid- 

A 

ered as a matrix element of the product of the operators (e ko p) and 
(—ikr). The matrix of the product of two quantities equals the prod- 
uct of the matrices of the quantities being multiplied (see the last 
paragraph of Sec. 10). A matrix element can therefore be represent- 
ed in the form — i {(e kct p) (kr)} la . Replacing (e ka p) with wi e co k (e ka r) 
in accordance with (64.3), we obtain the element m e <a k {(e ka r) (kr)} 1S! . 
This element must be introduced into (64.9) instead of — i ( mje ) X 
X o) k (e ka d)i 2 [see (64.3)]. As a result, formula (64.12) becomes 

dd spont I {( e ka r ) (kr)}i 2 | 2 siu 2 ftdQ (64.14) 
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The radiation characterized by formula (64.14) is a combination of 
magnetic dipole and quadrupole radiations. 

Let us compare the intensities (64.12) and (64.14). To do this, we 
take into consideration that e 2 r 2 ~ d 2 , and (kr) 2 ~ ( ka ) 2 ~ (a/X) 2 
(a is the effective radius of an atom). We thus find that for visible 
light, for instance, the intensity of the magnetic dipole and quadru- 
pole radiations is 1/10 8 of that of dipole radiation. This is just what 
gives us the grounds to call the relevant transitions forbidden. 


65. Selection Rules 

We established in the preceding section that the probability of 
dipole emission is determined by the matrix element of the projec- 
tion of an atom’s dipole moment onto the directionjof polarization of a 
photon: 

(ekad) 12 l= — e (e^r)!,, (65.1) 


The numerical value of this element depends on the form of the psi- 
functions ip) 0 ’ and of the electron performing a transition. For 
the matrix element to be non-zero, the psi-funct ions must satisfy 
definite requirements known as the selection rules for dipole radia- 
tion. There are also selection rules for magnetic dipole and quadru- 
pole radiations, but we shall limit ourselves to treating only the 
selection rules for dipole radiation. 

Consider that the radiating electron is moving in a central force 
field. We disregard the spin-orbit interaction. In these conditions, 
the psi-function of the electron is 

tynim (r, ft, q>) = Y lm (ft, cp) Rni (r) 

Let us first deal with the case when the photon being emitted is 
polarized along the z-axis. In this case, e ka r = z — r cos ft. The 
matrix element (65.1) therefore breaks up into two factors: 

. M.E. = <y, irnl | cosft — er\Rn ih ) (65.2) 


The second factor cannot be zero in any conditions. Consequently, 
the transition probability is determined by tho factor 

n 2n 

cos'd |F/ 2 m,)= j j F/* mi F/j mt cosiJsinOd'6d(p 


0 0 


By (11.33), this factor is proportional to the expression 
n 2n 

/ 4 . / 2 = j jP™* (cos ft) Pj^ 2 (cos ft) sin ft <ift | e i v dtp (65.3) 
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The integral / 2 is non-zero only when m 2 = m 1 . In the integral I u . 
we go over to the variable x = cos ft: 

+1 

1 1 = j” Ph 1 (x) P™ 2 (x) x dx 


In accordance with formula (11.30), we have 

x/>? 2 2 (x) = AP,"$.i (x) + PP,?- 1 (x) 
where .4 and B are constant non-zero coefficients. Hence, 

+i +i 

3i = A j pr (X) P? 2 2 + i (X) dx + P f P^ 1 (x) Pi'- 1 (X) dx 

-t -i 


Owing to the orthogonality of the associated Legendre polynomials 
[see (11.29)], for m 1 = m 2 this expression is non-zero in two cases: 
when ly — U + 1 and when l x — l 2 — 1. Therefore, we obtain the 
following selection rules for radiation polarized along the z-axis: 

A l = ±1, Am = 0 (65.4) 


A photon emitted in the direction of the z-axis is polarized in the- 
plane xy. Instead of radiation polarized along the x- or the y-axis, it 
is more convenient to consider radiation polarized circularly. Motion 
in a circle in the plane xy can be represented as the superposition 
of two mutually perpendicular oscillations shifted in phase by n/2, 
i.e. as cos <p ± i sin <p (<p = w t). Accordingly, the probability of a 
transition with the emission of a circularly polarized photon is 
determined by the matrix element of the quantity x ± iy . The 
latter can be written as 


x - 1 iy = r sin ft cos cp ± ir sin ft sin tp = r sin fte*** 


Hence, the factor, similar to (65.3), that determines the probability 
of a transition is as follows: 

n 2n 

i • / 2 = P]" 1 (cos 0) Pi* (cos ft) sin ft sin ft dO j ><fcp 

0 0 

The integral / 2 is non-zero when m 2 — ± 1. Let us consider each, 

case separately. Assuming that m 2 — mi -f 1 and passing over to- 
the variable x = cos ft, we obtain 

+ 1 

/, •/, oc j PI 1 (X) Pr a 1+! (X) 1/ I^T 2 dx 

-i 


(65.5> 
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By formula (11.31), we have 

P% 1+i (*) V T^T 2 = AP% + 1 (X) + BP%1 , (X) 

•where A and B are non-zero coefficients. Substitution into (65.5) 
yields 

+i -m 

Irh<*A [ P?S (x) PTAi (X) dx + B f (X) P%1 i (x) dx 

-i -i 


This expression is non-zero when Z x = Z 2 ± 1. 
Assuming that m 2 = m r — 1, we obtain 




J 


-l 


Pl l (x) PTr' {X)V i- 3* dx 


(65.6) 


By formula (11.31), we have 

P™ 1 (x) y l^T 2 = CP7XS (x) + DPT^ (X) 


where C and D are constants. Substitution into (65.6) leads to the 
■expression 


4" 1 

ii-L.occ J Piyy , 1 (x) Piy - 1 


+i 


(x) dx + D J (x) PTr 1 (*) dx 

-i 


The latter is non-zero when Z 2 = Z x ± 1. 

Hence, for radiation polarized at right angles to the z-axis, we 
obtain the selection rules 

M = ±1, Am - ±1 (65.7) 

Combining formulas (65.4) and (65.7), we obtain the following 
selection rules for dipole radiation: 

AZ = ±1, Am = 0, ±1 (65.8) 

Transitions with Am = 0 lead to the emission of radiation polar- 
ized along the z-axis; transitions with Am = ±1 lead to the emis- 
sion of radiation polarized in the plane xy. 

We must note that the selection rules (65.8) agree with the require- 
ments of the momentum and parity conservation laws. 
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<66. Scattering Cross Section 

Scattering is defined to be the deviation of a particle from its orig- 
inal direction of motion caused by its interaction with another par- 
ticle (the scatterer). In connection with the fact that scattering is 
■caused by the interaction (collision) of two particles, the scattering 
theory is also known as the collision theory. 

The proceeding of a scattering process in time consists in that two 
initially infinitely remote particles move towards each other, next, 
upon approaching, they interact, and, finally, fly away in different 
directions. Instead of considering how a scattering process goes on in 
time, it is often convenient to deal with an equivalent stationary 
picture. The transition from a temporal to a stationary description 
is performed with the aid of the assumption that there is a continu- 
ous flux of particles flying from infinity that because of interaction 
with a scattering centre 1 transforms into a flux of scattered particles 
flying away from this centre in diSerent directions. The density of 
the particles in the flux must be sufficiently low for the interaction 
between the incident particles to be negligibly small. In the sta- 
tionary treatment, the scattering problem consists in calculation of 
the flux of scattered particles (at an infinitely great distance from 
the scattering centre) as a function of the incident particle flux when 
we know the scattering force field. 

Scattering is characterized by the differential scattering cross 
section 

do (ft, 9) = (66.1) 

/Inc 

where dN ecat (ft, 9) is the number of particles scattered in unit time 
within the solid angle dQ taken in the direction (ft, 9), and ;' tnc 
as the density of the incident particle flux [see Vol. 1, formula (14.2)1. 

Let us introduce the density of the scattered particle flux at large 
•distances r from the scattering centre, and designate this density 
iby / gcat (r, ft, 9). We can therefore write that 

dN scat ($1 <P) = /scat (r, ft, 9) ^ 


1 Or with a collection of scattering centres, the distance between which is 
so great that each of the incident particles interacts only with one of the centres. 
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Substitution of this expression into (66.1) yields 

da (ft, <p) = /sc ? t , (r ’ ^ r 2 dQ (66.2) 

line 

In quantum mechanics, / scat and / )nc are understood to be the rele- 
vant densities of the probability fluxes [see (6.5)]. 

Integrating expression (66.2) over all the angles, we obtain the 
quantity 

= 73c.t(r, ft, <p)dS r = -^± (66.3) 

which is called the total effective scattering cross section. In for- 
mula (66.3), dS r — r 2 dQ is the area of an elementary surface at the 
distance r from the scattering centre and corresponding to the solid 
angle dQ, and <J> scat is the scattered particle flux through the closed 
surface enveloping the scattering centre.. The surface over which the 
integral is evaluated is assumed to be at a great distance from the 
centre. We may therefore consider that at each point of this surface 
the scattered particles fly in a radial direction. 

According to (66.3), the total scattering cross section is the ratio 
of the total probability of scattering of a particle (in unit time) to 
the density of the probability flux in the incident beam. 

We distinguish elastic and inelastic scattering. In elastic scatter- 
ing, the internal states and composition of the colliding particles 
do not change. In inelastic scattering, the internal state of one or 
both particles changes. 

It was shown at the end of Sec. 24 that when the interaction be- 
tween particles depends only on the distance between them, the prob- 
lem of the motion of two particles can be reduced to two one-par- 
ticle problems. One of them deals with the motion of a particle hav- 
ing the mass m re d = m. 1 m 2 /(m. I -f m 2 ) relative to the centre of mass, 
and the second one deals with the free motion of the centre of mass. 
The solution of the first problem gives the scattering angle ft in the 
CMS (ceatre-of-mass system). The transition from the CMS to the 
LS (laboratory system) is accomplished with the aid of the formulas 


tan 0J = 


m 2 sin ft 
m t -|-m 2 co sd * 


e 2 = 


n — ft 
___ 


(66.4) 


where 0j is the scattering angle of the first particle, 0 2 is the recoil 
angle of the second particle determined in the LS, and ft is the angle 
of deflection of the first particle in the CMS [see Vol. 1, formulas 
(13.5) and (13.6); in these formulas the angle ft is designated by the 
letter %]. 

In the following, we shall deal only with. what happens in the cen- 
tre-of-mass system of the colliding particles. 
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67. Scattering Amplitude 

Let us consider a stationary scattering problem. The motion of 
the particle being scattered is infinite. Consequently, the energy of a 
system consisting of the particle being scattered and the one scatter- 
ing it is always positivo and, consequently, is not quantized. Wo 
thus have to do with a continuous energy spectrum in the scattering 
theory. 

Let us place the origin of coordinates at a fixed scattering centre. 
Now the interaction of a particle with this centre can be described 
with the aid of the potential function TJ (r). Assume that this func- 
tion is non-zero only in a limited part of space with r ^ a that we 
shall call the range of force. 

Within the range of force, the motion of the particle being con- 
sidered obeys the Schrodinger equation 

« + u W ( r > = ^ W (67.1) 


{m 0 is the mass of the scattered particle). Introducing the notation 

2 m 0 
h 2 


k 2 =- 




(67.2) 


we can write Eq. (67.1) in the form 

(V 2 + k 2 ) if (r) = U (r) (r) (67.3) 

Beyond the range of force, the particle moves freely, and its state 
is described by a plane wave. Adopting the direction of motion of 
the incident particle as thez-axis, we obtain the following expression 
for the psi-function describing the state of the particle before its 
interaction with the scattering centre: 

*1„C = e iht (67.4) 

It is not difficult to see that this function is one of the possible solu- 
tions of Eq. (67.3) when the right-hand side vanishes. 

After passing through the range of force, the scattered particles 
again move like free ones. At large distances from this region, the 
•scattered particles move in radial directions from the scattering 
centre. Consequently, the motion of the scattered particles will be 
described by a diverging spherical wave: 

ikr 

'f’scat = A (ft, <p) — — (67.5) 

where r, ft, and <p are spherical coordinates. 

We must note that in elastic scattering, the quantity k in for- 
mulas (67.4) and (67.5.) is the same and is determined by relation 
■(67.2). 
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The function A (ft, cp) is called the scattering amplitude. It depends*, 
generally speaking, on both angles, ft and <p. When U (r) = U (r),. 
the scattering amplitude evidently depends only on the angle ft. 

It can be shown (see Appendix VII) that the solution of Eq. (67.3)- 
for large distances from the scattering centre (when r ^ a) equals- 
the sum of the functions (67.4) and (67.5): 

fer 

ij) = e' kz + A (ft, <p) — — (67. 6). 

We must note that the first term in this expression is written in* 
Cartesian coordinates, and the second in spherical ones. 

Let us find the densities of the incident and scattered fluxes of 
particles [i.e. the densities of the probability fluxes corresponding to 
the functions (67.5) and (67.6)]. By formula (6.5), we have 

h 

line = 2m 0 i 'ihncV'j-’fnc) 


Having in view that i|) lnc depends only on z [see (67.4)1, we obtain) 
the following expression for the magnitude of j lno : 


. h 

linc - 2 m 0 i 



<*9lnc 

dz 


^lnc 


^Itnc \ 

dz ) 


hk p 

m 0 77i o 


v (67.7)> 


where v is the velocity of an incident particle. Hence, the function) 
(67.4) is normalized so that the density of the flux of incident parti- 
cles numerically equals the velocity of the scattered particle at in- 
finity. 

The gradient in spherical coordinates is determined by the expres- 
sion 


d\p 


V* = 1“C '+ r 


1 


dft 


e»- 


<?)|> 


rsintt d<f 


0(j> 


(67. 8> 


[see Vol.-l, formula (XI. 78)]. We are interested in the radial compo- 
nent j T of the flux of scattered particles. It can be found by replacing: 
V*Mn formula (6.5) witli the radial component which, by (67.8)* 
equals <h| ildr. Consequently, 



dtfscat 

dr 


’'I’scat 


*»?cat \ 
dr ) 


The introduction of expression (67.5) for ^gcat results in the for- 
mula 

. hk 


M(0, <p)l 2 


(67.9> 
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Substitution of (67.7) and (67.9) into formula (66.2) yields the 
following expression for the differential scattering cross section: 

do (0, ep) = \A (<►, cp) | 2 dQ (67.10) 

Hence, the determination of the differential scattering cross section 
consists in finding the scattering amplitude. 

68. Born Approximation 

One of the methods for the approximated calculation of the scatter- 
ing amplitude is that developed by M. Born and based on the repre- 
sentation of a scattering field as a perturbation (see Sec. 36). In this 
case, the psi-function describing the state of a scattered particle 
can be written as 

ij> = At])* 1 ) (68.1) 

where i|3< 0) is the psi-function of the unperturbed problem; it describes- 
the behaviour of the particle before it interacts with the scattering 
centre; it is a plane wave, namely 

l])W = gik 0 r (68.2) 

(the vector k 0 = p Jh has the direction of the incident beam, in 
Sec. 36 this vector was designated simply by k). 

The additional term Ai|) (1) due to the scattering field U (r), by- 
formula (36.15), is 

Aijd 1 ) (r) = - j 4" U ( r ') ei (k ° r ' +fi ° fi) dV' (68.3) 

where R is the magnitude of the vector R = r — r'. We are inter- 
ested in an asymptotic expression for Aip< 1 > (r), i.e. in the form of the 
function for large distances r from the scattering centre. The inte- 
gral, on the oilier hand, is evaluated over the range of force, i.e. 
for r' ^ a. Consequently, r> r'. We must also note that at large 
distances a particle flies in a radial direction from the scattering: 
centre so that its wave vector k coincides in direction with r. 

Taking into account the inequality r> r', we obtain 

R* = ( r - r ')2 = r 2 - 2rr' + r‘ ' 2 « r 2 ( 1 - 2 ) 

(we have disregarded r' 2 in comparison with the other terms). Owing 
to the smallness of r'/r, we can write that 



(we have taken advantage of the fact that r/r = k/k). 


(68.4) 
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Let us replace R in the exponential of (68.3) with its approximate 
-value from (68.4), and in the fractional factor use simply r instead 
•of R. As a result (with a view to the fact that k — k 0 ), we obtain 

A^<°(r) = e ihr j U (r') e ( »«-w r ' dV f 

A comparison with (67.6) leads us to the conclusion that the scatter- 
ing amplitude in the Born approximation is determined by the 
formula 

A (0, cp) * - j U (r') dV' (68.5) 

The vector 

q = k 0 - k (68.6) 

sometimes called the collision vector, has a magnitude equal to 

g = 2A;sin-|- (68.7) 

where 0 is the angle between the vectors k 0 and k, i.e. scattering 
angle. Recall that the vector k 0 is directed along the incident beam, 
and the vector k— along the position vector drawn from the scatter- 
ing centre to the point of observation of the scattered particles. 

If the function U (r') is spherically symmetrical, i.e. U (r') = 
— U (r'), in (68.5) we can perform integration over the angles 0 
and <p (whereas the angle ■& is measured from the direction of the 
vector k 0 , the angle 0 is measured from the direction of the vector q). 
In this case, as we have already noted, the scattering amplitude does 
snot depend on cp. Integration yields 

oo n 

A (0) = - -^ 5 - J U (r') r' 2 dr' J e^' «« 02n sin 0 dQ 
0 0 

oo 

- - j U (r') r' 2 dr' (68.8) 

o 

The momentum of the particles being scattered and the scattering 
angle 0 are in this formula in terms of q [see (68.7)]. 

Introducing expression (68.8) into formula (67.9), we obtain the 
following value of the differential scattering cross section: 

da = -^5. | J U{r') i^lr ,2 dr' 2 dQ, (68.9) 

o 

Expression (68.9) is known as Born’s formula. We remind our reader 
that the Born approximation holds when the conditions (36.20) or 
■(36.22) are satisfied. 




SCATTERING THEORY 


321 


69. Method of Partial Waves 

In the preceding section, we considered the approximate scatter- 
ing theory for an arbitrary field U (r). For the case when the scatter- 
ing field is centrally symmetric, i.e. U (r) = U (r), a theory has 
been developed that uses what is known as the method of partial 
waves. This theory starts from the fact that at large distances from 
the scattering centre, the psi-f unction of a scattered particle has the 
form 

= e ih * + A (■&) (69.1) 

[compare with (67.6)]. Since the scattering field is centrally symmet- 
ric, the scattering amplitude cannot depend on the angle <p. Ac- 
cordingly, the function (69.1) also does not depend on <p. 

Since U (r) = U (r), the theory being considered is associated 
with the solution of the problem on the motion of a particle in a 
central force field. The approach to the solution, however, must be 
different than in Sec. 24. There we were interested in finite motion 
with negative energy values. Now, on the other hand, we are consid- 
ering infinite motion, and we need solutions satisfying definite 
boundary conditions. These conditions consist in that the asymptot- 
ic form of the solution (for r — <- oo) must be determined by for- 
mula (69.1). 

It was shown in Sec. 23 that the following expression is the most 
general solution of the Sclirodinger equation for a centrally symmet- 
ric field [see (23.14)]: 

{r, f>, <p) = X (/') Yim (6, <p) (69,2) 

l, m 

where b im are constant coefficients determined by the boundary con- 
ditions and the conditions of normalization. We are interested in 
solutions that do not depend on the angle cp [see (69.1)]. Therefore, 
in the sum (69.2), we must, retain only the terms not containing 9, 
i.e. the terms corresponding to m = 0. By formula(II.35), the spher- 
ical function for m = 0 is 

/ ^iPi(cosfi) (69.3) 

where Pi is the Legendre polynomial determined by the formula 

p l (*)==_!_ JL[(**_1)«J 

1 V ' 2 l l\ dx‘ ' 1 


21-0196 


(69.4) 
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[see (11.12)]. For this reason, formula (69.2) in the case we are in- 
terested in becomes 


i|> (r , ft) = 2 biR, (r) P t (cos #) (69.5) 

1=0 

[we have included the coefficient of P t in (69.3) in 5;]. 

We can obtain an asymptotic form of the function (69.5) (when 
r -*• oo) by introducing into (69.5) the asymptotic expression (23.25) 
for Ri‘. 


2 b,P, (cos 4) 

1=0 

(for reasons that will be revealed in the following, we have taken 
the phase |3; in the form of 8 ; — ln/2). Introducing the notation: 
bfii = cj//e, we can give the formula obtained the following form: 

t|W) = 2 c ‘ p i ( cos 0) - 2 - 1 (69.6) 

1=0 

We can represent the asymptotic solution of any problem on the 
motion of a particle in a centrally symmetric field, including the 
function (69.1), in such a form. To find the expression of the scatter- 
ing amplitude A (■&) in terms of the coefficients c j and the phases 
8 ; , we must give (69.1) the form of (69.6). To do this, we have to 
expand expression (69.1) into a series in the Legendre polynomials 
(69.4) (the Legendre polynomials form a complete system). We 
must note that the final expression for the amplitude will include 
the values of the coefficients c ; satisfying the boundary conditions. 

Let us find the form of the expansion in Legendre polynomials of 
the first term in (69.1), i.e. of the function e ihz . For this purpose, 
we write it as 


oo 

e ikz = e lftr co. # _ V /; (r) P, (cos ft) (69.7) 

1=0 

where the expansion coefficients (r) are the functions r whose form 
we are to establish. To simplify the formulas, let us go over from 
the variable It to the variable x = cos th Relation (69.7) therefore 
becomes 
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To find the coefficients /; ( r ), we shall use ajconventional proce- 
dure, namely, we shall multiply Eq. ((59.8) by P r ( x ) and integrate 
over x from — 1 to -j-1 (here O' varies from n to 0): 

+ 1 OO+l 

J e ihrx Pi’ (X) dx= 2 ft (r) J Pi (*) Pr (*) dx 
-1 1=0-1 


By formulas (11.19) and (11.20), we have 
+ 1 

j) Pi ( x ) Pr (x) dx= j l 6 t ,i» (69.9) 

-i 

Consequently, in the sum over 1 only one addend, equal to/;- (r) X 
X 2/(21' + 1), is non-zero. We thus obtain the following formula for 
the expansion coefficients (we have omitted the prime on l ): 

+ 1 

fi (r) = J e ihTX Pi (x) dx (69.10) 

-i 


To find the form of /, (r) for large values of r, let us perform inte- 
gration by parts on the right-hand side of formula (69.10): 


fi(r) 



ethrx 

ikr 


P’l (x) dx | 


21 + 1 ( ( — 1)1 g -ihr 

2 i ikr 


ikr 


+ 1 

j e' hTX P\ (x) dx} 

-l 


(69.11) 


We have taken into account that according to (11.22) and (11.23), 
Pi (1) = 1, and Pi ( — 1) — ( — \) 1 . The obtained integral differs 
from the integral in (69.10) only in containing P\ (x) instead of 
Pi (x). Recall that P t (x) is a polynomial of degree l; consequently* 
P[ (x) will be a polynomial of degree l — 1. 

Again performing integration by parts in (69.11), we obtain a 
term similar to the first term in (69.11) whose denominator will 
contain (ikr)-, and an integral similar to (69.10) that, will contain 
P’l (x), i.e. a polynomial of degree l — 2, instead of P t (x). Bence, 
integrating by parts l times, we obtain a series of terms in which the 
denominator of each following one contains r to a power that, is 
greater by one than that in the preceding term. We are interested 
in the form of /; (r) at large r’s. We can therefore limit ourselves to 
the first term in (69.11), i.e. assume that 


, , , 21 + 1 

fi (r)=— 2 Wr 


(69.12) 
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To simplify this expression, let us write ( — 1)' in the form 
( _ 1)* = (e in ) 1 = • e iln / 2 

Now (69.12) will appear as follows: 

?/j _4 J U<r-ln/2)_ -i(kr-ln/2) 

fl {r) = J^± e«*n -f ^ 

The factor e u */ 2 can be written as {e'*/ 2 ) 1 =- i l . The difference of the 
exponentials divided by 2 i gives the sine. We therefore finally obtain 

fi (r) *= i‘ {21 + 1) (69.13) 

Now it is clear why we wrote the phase (3 1 in the form of 5; — ht!2 
in formula (09.0). 

Substitution of (69.13) into (09.7) gives the following asymptotic 
expression for the first term of the function (69.1): 

oo 

' e lhz ='£ i l (2 1 + 1) Pi (cos fi) (69.14) 

o 

In the second term of (69.1), let us expand the coefficient A (fi) 
into a series in Legendre polynomials. This expansion has the form 

CXI 

A (0) = 2 giPt (cos &) (69.15) 

1=0 

where g t are numbers. 

The substitution of expressions (69.14) and (09.15) into (69.1) 
gives the following asymptotic formula for the psi-function of a scat- 
tered particle: 


2 i'(2/ + i)Pj(cos fi) --- v r -" - 2) - 
/= 0 

CXI 

-i- 2 ii p i ( cos °) ( 01) - 10 ) 

1=0 


At the same lime, as we have revealed above, this function can be 
represented in the form of (09. 0). We therefore equate expressions 
(69.6) and (69.16). We first express the sines in terms of the differ- 
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ence of the exponentials, and i l in the form e iln l 2 . As a result, we 
obtain 

^ _i_ Ci [e i(kr + , r l„2)_ e -Hkr +6r ln,2 )] p, (cos 
1=0 

oo 

= 2 7 { elln /2 (21+1) [eHkr-tn/2)_ e ~Hhr-ln,2) ] p, ( C0S 0) 

1=0 

For the equality obtained to he obeyed at any values of 0, it is 
necessary that the coefficients to the right and left of each P; be the 
same. Let us equate the coefficients, separating the factors e ihr and 
e~ lhr and cancelling r in the denominator: 

1 Cl [gifcc _ g* (6j-/JI/2) g -ihr 

2i/c 

= +gie iftr 

For the equality to be obeyed at any values of r, it is necessary 
that the coefficients to the left and right of e lhr and e~ ihr be the 
same. Equating these coefficients, we obtain two relations: 

C J («j-W 2 ) _ 21 + tg. !_ _ _ 21+1 e iln 

2 i/c ” 2ik + 2i'/c Cie ~ 2ik e 

We find from the second relation that 

ci — (21 4- 1) e* (6 i +, "l 2) (69.17) 


Introduction of this value into the first relation leads to the follow- 
ing expression for gy. 




21 + 1 
2 ik 


(e 2i6 ‘ — 1) 


Finally, introducing this expression into (69.15), we obtain a for- 
mula for the scattering amplitude: 

OO 

A (0) = 2 (21 + 1) (e 2i6 ‘- 1) Pi (cos ft) (69.18) 

1=0 

In accordance with (67.10), we have 


1 

4*2 


2 (21 + 1) (e 2i6 i — 1) P[ (cosfi) 
1=0 


'2 


dQ 


do ($) 


(69.19) 
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Inspection of this formula reveals that the differential scattering 
cross section is determined by the set of phases 6 ; . 

We obtain the total scattering cross section by integrating (69.19) 
over the total solid angle 4 it. The square of the modulus of a com- 
plex number equals the product of this number and its complex 
conjugate. A solid angle element in the given case can be taken in 
the form ciQ = 2n sin 0 dO — — 2nd (cos 0). With this in view, we 
can write: 


a = j da (d) = j { ^ (21 + 1) (e 2ib i - 1) P, (cos 0)} 

1=0 

oo 

X { 2 ( 2Z ' + 1) ( e ~ 2i6r ~ 1) p i ' ( cos #)} 2 n [ - d (cos 0)] 


2' = o 


■.^^(21 + 1) (2U + 1) (e 2l6 ‘ — 1) 


i, v 


X 


-t 

(e~ 2i6( ' — 1) ( — 2 jx) j P l (x)P l .(x)dx 
+ i 


(integration over x — cos ■& from -)-l to —1 corresponds to integra- 
tion over from 0 to it). Taking into account (69.9), we obtain 


(2l+i)(e 2i6 ‘-l) (e 


— 2ifi, 


1) 


2=0 


= i|ln2(2i + l) 


ifi, , Ifi. - ifii, -16 >. -it, i6, 
e ‘ (e ‘ — e ‘) e ‘ (e ‘ — e ') 


2=0 


(2i) 2 


Going over to sines, we arrive at the formula 

" oo 

a *=§-2 (2^ + D sin 2 6, 


(69.20) 


(69.21) 


2=0 


A : glance at this formula shows that the total cross section a can be 
written as the sum of the partial sections 0 ; 


where 


o= 2 a; 

2=0 


02 = -p- (21 + 1) sin 2 8 t 


(69.22) 


(69.23) 




SCATTERING THEORY 


327 


Each of the partial cross sections corresponds to scattering of a 
particle with a definite angular momentum (determined by the 
quantum number l). 

The maximum value of the scattering cross section of a particle 
with the angular momentum l is evidently equal to 

(a»)m.x = -|r(2M-l) (09.24) 

The calculation of the phases 6 Z , as a rule, is a very difficult prob- 
lem. The practical value of formulas (69.19) and (69.21) grows when 
the number of terms of the series that play a significant role dimin- 
ishes, i.e. when the relevant series converge more rapidly. 

We must note that upon introducing the value (69.17) for c t into 
formula (69.6), we obtain the following asymptotic (at r -*■ oo) 
expression for the psi-function: 

^ = 2 ( 2l + !) e ' (6 i +ln,2) Pi (cos fi) Si ° 

1=0 


Expressing the sine in terms of exponentials and dropping the phase 
factor equal to i, we can give this expression the form 

oo 

t i 2 ( 2l + 1) Pi («* 0) [ ( - 1 )‘ -^— S, -^ ] (69.25) 

1=0 

where 

St = e 2i8; (69.26) 


We shall need formula (69.25) in the following. 

The first term in the brackets in formula (69.25) is a converging 
spherical wave with the amplitude ( — 1)', and the second term is a 
diverging spherical wave with the amplitude Sj. The absolute value 
of both amplitudes is unity. Consequently, the psi-function describ- 
ing elastic scattering has the form of a standing wave formed by the 
superposition of a converging and a diverging spherical waves. 

By formula (6.5), the probability flux density corresponding to a 
converging wave is 



(69.27) 


where e r is the unit vector of the position vector r. 
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Similar calculations give the following value for the probability 
flux density corresponding to a diverging wave: 

jdiv=|S|| 2 -^re r (69.28) 

Since j 5; | 2 = 1, the vectors (69.27) and (69.28) differ only in their 
direction. Therefore, the probability flux through any surface, in- 
cluding a sphere of radius R, corresponding to the function (69.25) 
is zero. This agrees with the fact, that in elastic scattering the number 
of particles flying from a scattering centre equals the number of 
particles flying towards this centre. 


70. Inelastic Scattering 

The term inelastic is applied to processes in which the internal 
slate of the particles taking part in them changes (particularly, the 
type of the particles may change). Examples of such processes are 
the excitation of atoms or nuclei, the ionization of atoms, the decay 
of nuclei, and the decay or creation of particles. 

Each of the processes that can take place in collisions of particles 
is called a reaction channel. Particles whose internal states do not 
change as a result of collision are considered to remain in the inlet 
channel. The latter evidently corresponds to elastic scattering. If a 
process is compatible with conservation laws, the relevant channel is 
said to be open. 

If there are several different reaction channels, the asymptotic 
expression of the psi-funclion of the colliding particles is the sum of 
terms each of which corresponds to one of the reaction channels. 
These channels also include an inlet channel corresponding to elastic 
scattering. We shall begin with a consideration of the term corre- 
sponding to the inlet channel. 

As in elastic scattering, the psi-function corresponding to the 
inlet channel can be represented as the sum of a converging and a 
diverging spherical waves [see (69.25)] 

T = 4j7 2 (2* + !) p i (cos 0) [( - 1)' -^] (70.1) 

/— o 

Now the S t ' s, however, are no longer determined by formula (69.26), 
but are certain, generally speaking, complex quantities with moduli 
less than unity. Accordingly, the flux of particles in the inlet 
channel flying from the scattering centre is less than the flux of parti- 
cles incident on the centre [see formulas (69.27) and (69.28)]. 
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Calculations similar to those which led us to formula (69.18)* 
give the following expression for the scattering amplitude: 

oc 

= (2/ + l)(Si-i)P,(cos&) (70.2). 

It differs from (69.18) in containing the quantity 5; with an abso- 
lute value less than unity instead of e llbl [compare with (69.26)1. 
Introducing this expression info formula (67.10), we obtain the 
differential cross section of elastic scattering: 
do e , = \A (ft) | 2 dQ 

= - 4jr 2 <2Z ■ + 1) (2 V + 1) (Sf- 1) (S r - 1) P t P, dQ 

1. 1’ 

Integration of this expression over the angles results, with a view to 
(69.9), in the following value of the total elastic scattering cross 
section [compare with (69.20)]: 

°.i = ~ 4pr 2 (2 1 + 1) (2 V -\- 1) (Sf — 1) (S r -1)2 n ^ 6,. n 

l, l ' 

oo 

= ^-2( 2Z + 1 )l‘ S '- 1 l 2 = ^Il (2I + l)|i-S,|* (70.3)* 

i 1=0 

The partial elastic scattering cross section is 

*/. ei = |r (2* + 1)|1-S, 1 2 (70.4) 


To find the inelastic scattering cross section, let us surround the 
scattering centre with an imaginary spherical surface having a large- 
radius R and evaluate the particle flux <b, determined by the func- 
tion (70.1), through this surface. By formula (6.5), we have 


i<D = 


2m 0 i 



dr * dr 



(70.5)- 


(we take the radial component of the gradient at the distancejf?' 
from the centre). Disregarding terms of the order of 1/r 2 in compar- 
ison with terms of the order of 1 lr(R is large), we obtain the follow- 
ing expression for the derivative of the function (70.1) with re- 
spect to r: 

oo 

= D (2/ + !)/>, (cosh) [-ik(-\) 1 e- ihr -ikS,e ihr ) 




W) r;>.my yuj/tinvA 

The derivative ;*/t/r differs from the above only in the signs in 
front of i. Substitution into (70.5) of these expressions for the de- 
rivatives and of expression (70.1) for ^ yields 

oo 

®= ah' -W 2 <2‘ + 1> 2 < - 2‘*> (1 - |S,I ! ) § PI dQ 

/t— 0 

= -4SS-2(2'+«)Ml-|W)2n 1 4 T 
1=0 
oo 

= — ^ 2 ( 2 H-1)(1-|5 ; | 2 ) (70.6) 

The flux is negative because | | < 1. Seeing that a certain num- 

ber of particles experiences inelastic scattering or absorption, the 
flux of elastically scattered particles is less than that of particles 
incident on the scattering centre. 

The flux of particles experiencing inelastic scattering is evidently 
•equal to the flux (70.6) taken with the opposite sign: 

CO 

= ~ 2 (2/-MK1- |S||*) (70.7) 

(=0 

Dividing this flux by the flux density of the incident particles [which 
•equals v — plm 0 = hklm 0 , see (67.7)], we obtain, according to 
(66.3), the total inelastic scattering cross section (the total over all 
the inelastic channels). Hence, 

oo 

0Wi = ^2 ( 2 *+l)(l-|Sil 2 ) (70.8) 

z=o 

Each addend of this sum is a partial inelastic scattering cross section: 
°l. .nel = 7 X (2J + 1) (1 — |*S| | 2 ) (70.9) 

When Sj = 1, expression (70.9) vanishes — inelastic scattering of 
:particles with a given l is absent. The case S t = 0 corresponds to 
the complete “absorption” of particles with the given l. In this case, 
.by formulas (70.4) and (70.8), we have 

a l, el = a l, inel = "p - (21 + 1) (70.10) 

When the cross section (70.9) is non-zero, the section (70.4) is 
also non-zero. Hence, the existence of inelastic reaction channels 
.always leads to elastic scattering. 
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I. Angular Momentum Operators in Spherical Coordinates 


The following formulas arc used for a transition from Cartesian to 
spherical coordinates: 

r 2 = x 2 + y 2 + z 2 , cos ft = — , tan cp = ~ 


The reverse transformations have the form 

x — r sin $ cos cp, y — r sin ft sin cp, z = r cos ft 
With the aid of these formulas, we can find that 


ft ft dr , ft ftft ft ftq 

dx dr dx ftft dx ftq dx 


_d_ 

dy 


d_ 

dz 


— sin ft cos cp 

d dr d 

dr dy ft 

— sin ft sin cp 


d cos ft cos cp 

a 

sin q: 

d 

dr ' r 

ftd 

r sin ft 

ftcp 

' ftft , d d(p 




ft dy 1 d cp dy 




d , cos ft sin cp 

0 

COS 9 

a 


dr 


d dr 

dr dz 


ftft dz 


ftft d 
' ftcp ft; 




ftft 

= cos ft 


r sin ft ftcp 
d sin ft 

dr r 


d 

ftft 


Introducing these expressions into the formula 
M z = 

Isee (15.11)], we obtain 

M z = —ili |(r sin ft cos cp) £sin ft sin cp -f- 

cos (p fti , . „ . , r . o. ft 

i — - — — — (r sin ft sm cp) sin ft cos cp —— 

1 r sill ft dtp J v ^ ' L T dr 

, cos ft cos cp ft sin cp ft ~)1 d 

r ftft r sin ft ftcp J/ 1 ftcp 


Hence, 


d 
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Similar calculations lead to the formulas 

M x = ih ( si a tp -+- cot d cos tp j 

My = — ih (cos tp — cot 0 sin cp 

Substitution of the obtained expressions into the formula IVJ 2 = 
— Mx + My -f- Ml (see (15.10)] yields after simplifications 1 

<‘- 2 > 

The following auxiliary operators are also useful: 


Mx + iMy - - he lv | -j$- -!- i cot d ] 
Mx—iMj =•--= ^- i< c [ — -^r 4- i cot d-^ 


II. Spherical Functions 

Let us find the function \]? (d, cp) satisfying the differential 
equation 

TuTd -W ( sin 0 if) + Ui^T Sr + ^ = 0 < IL1 > 

where a is a real parameter, and of all the solutions let us choose 
only those that are finite and single-valued. The latter signifies that 
they meet the requirement 

t (0, cp -r- 2 re) = if (d, q>) (1 1.2) 

We shall attempt to separate the variables d and <p. To do this,, 
we shall try to seel; the solution in the form 

<p) = e (d)-o(cp) (i i.3) 

Introduction of the function (II. 3) into Eq. (I T . 1 ) yields 

O . 1 ;r ( sin d ) H — : 1 -g- 0 + a0d> == 0 

sin d dd v dd ) sin 2 d dtp 2 1 

1 It must be borne in mind that, for example, 

M % = il, ( s incp-^--f-cot dcostp-^-j it, (sin -foot dcos cp 

= -»* [ sin * * iw +s ' 1 " <p cos * -w ( cot ) 

-foot d cos Cf -L. (sin Cf -±- ) +C 0 t 2 0 cos cp (cos -P ^-) ] 
The quantity M 2 y is calculated similarly. 
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Dividing the equation obtained by 0O and multiplying by sin 2 ft, 
we obtain 


or 


1 . „ d ( . „ dQ 

- F sinfl^-( s mfl w -J+- 

1 • a d ( . a d© \ 

T smd ¥l sm<) ¥) + 


1 d 2 ( P 

<t> dq. 2 


a sin 2 = 0 


a sin 2 -& = — 


-L d2(p 

O dtp 2 


(II.4) 


The left-hand side of Eq. (II. 4) depends only on and its right- 
hand side only on cp. For the equation to hold at arbitrary values of 
•d and <p, it is necessary that l)oth sides of it be equal to the same 
constant quantity 1 , which we have designated p 3 . We thus.arrive at 
two differential equations: 


1 d 2 Q 
O dq; 2 

sin ft ^sin ft 


P 2 , or 


d 2 <D 

dtp 2 


- P 2 cD = 0 


de 

dft 


j 4* a sin 2 ft -0 — p 2 0 = 0 


(II .5) 
(II.6) 


The following function is a solution of Eq. (II. 5): 

<D = Ce^v 


For the condition (II. 2) to be satisfied, p must be a real quantity 
having an integral positive or negative value (particularly, p may 
equal zero). Designating this inleger by m., we obtain 

= (m = 0 t ±1, ±2, ...) (II.7) 


We have assumed that C — 1/|/2jt for the system of functions to 
be orthonormalized, i.e. for the condition 

2jl 

I dtp — 5 m - m - (II .8) 

0 


to be observed [see (19.6)]. 

Introducing m- instead of p 2 into Eq. (11.6), we write it as fol- 
lows: 


1 

sin d 


d 

dft 


f s : n a ( a _ 

m 2 \ 

l sin n di> ) + l a 

sin 2 0 ) 


(IE9) 


Let us go over to the new variable 

T] = COS If 


(11.10) 


1 This quantity is known as the separation constant. 
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The substitution of (dldr |) (dq/dd) = — sin d (d/dr\) for d/dd in (II. 9) 
yields 

-dr (~ sini& ^r) [ sin ^ (- sind ^-)] + ( a -7iSr) 0=0 

Finally, substituting 1 — cos 2 d = 1 — q 2 for sin 2 d, we arrive at 
the equation 

We must note that the function 0 (q) in Eq. (11.11) has a different- 
analytic form than the function 0 (d) in Eq. (II. 9). Therefore, 
strictly speaking, the function 0 (t)) ought to be designated by a 
different letter. 

Let us leave Eq. (11.11) alone for a while and consider rc-degree- 
polynomials that are determined by the formula 

(IM2) 

They are known as Legendre polynomials. Assuming consecutively 
in formula (11.12) that n = 0, n — 1, n = 2, we can obtain expres- 
sions for the first three polynomials: 

P 0 = 1, P, = -f( 3z 2 -l) (II.13> 

Assuming that n — 4, 5, etc., we can also calculate the relevant 
polynomials. These polynomials can be found in a simpler way, how- 
ever, by using the recurrence formula which we shall give with- 
out a proof. This formula relates three consecutive polynomials 
and is as follows: 

Pn + 1 (*) - *Pn (*) - P n -t (X) (II.14)- 

It is simple to find with the aid of this formula that 

P 3 = -i-( 5x 3 -3x), P 4 = i-( 35z 4 -30z 2 + 3), etc. (11.15) 

Let us find a differential equation having Legendre polynomials 
as its solutions. For this purpose, consider the auxiliary function 

w — (x 2 — 1)" 


Differentiating this function with respect to x, we obtain the iden- 
tity 


w’==n(x 2 -l) n - l 2xs= 


2 nwx 
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whence 

w' ( x 2 — 1) — 2 nwx = 0 

Let us differentiate this identity n + 1 times with respect to x r 
taking into account that 

(uv)< n+1 > = u (n+1) i> + (n + 1) u<"> v’ + {n - 2 1)n v”+ ... 

As a result, we obtain the relation 

2) (x 2 - 1) + (n + 1) 2x + {n+ ^ n w m 2 

— 2mn< n+1 >x — 2« (n + 1) u-< n >== 0 

which is simplified as follows: 

w( n +2) (x 2 _ 1 ) + jy (n+1) 2x - n (n + 1) w < n > - 0 

From this expression, we obtain a differential equation for the 
function 

(x 2 - i) (w< n >)' + 2x (wm)' -n(n + 1) = 0 (11.16) 

The function [(x 2 — l) n ] differs from P n (x) only in 

the factor 1/2 n nl [see (11.12)]. Consequently, P n (x) also satisfies rela- 
tion (11.16). We thus conclude that the Legendre polynomials are 
solutions of the differential equation 

(x 2 _ 1) y " j_ 2 xy' — yy = 0 (11.17) 

that correspond to values of the parameter y equal to n (n -j- 1). 
Equation (11.17) can be written in the form 

-^-[(1 — x 2 ) y'] + Yl/ = 0 (11.18) 

Equation (11.17), like (11.18), is known as the Legendre equation. 

It can be proved that the Legendre polynomials are orthogonal 
over the interval [ — 1, -f-1] . This signifies that 1 
+ i +i 

j Pn (x) Pi (x) dx — j P n (x) Pi (x) dx = 0 when n^=l (11.19) 

-l -l 

What we call the square of the norm of a polynomial has the fol- 
lowing value: 

+ 1 +1 

j P* (x) P n (x) dx~\p n (X) P n (X) dx = j^ fT (11.20) 
-l -l 


1 Legendre polynomials are real, therefore P% {x)— P n (x). 
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Let us establish two other important properties of the Legendre 
polynomials. First, we shall prove that P n (x) is an even function 
at an even n and an odd function at an odd n. For this purpose, we 
shall replace x with — x in formula (11.12) and correspondingly dx 
with — dx = ( — 1) dx. The result is 

k <-»)- t .‘.i ■ 

- -an - 1- V Jr » r>- yr Pn w - ( - !)■ p, w 

Hence, 

Pn (-X) = (-1 TP n (X) (11.21) 

Q.E.D. 

Now let us calculate the value of P n (x) for x = 1. To do this, we 
shall go over from x in formula (11.12) to the new variable e related 
to x by the expression x = 1 ■+■ e, and then find the limit of the 
expression obtained when e shrinks to zero. In going over from x 
to e, we shall take into account that dx = de and, consequently, 
■dldx — d!de. Hence, substitution of 1 + e for x in (11.12) yields 

p - <» ■ + >) — ikr (»’ < 2 +‘>"i = { (Jr '") < 2 + '>” 

+ " ( JSr «") [i < 2 + *>"] + • • • + V”) [ Jr (2 + 0"]} 

= -55 {»l (2 f e)" + n (nls) \n (2 + e)- 1 ] + ...+«”»!} 

All the terms in the braces except the first one contain the factor e 
to a power from 1 to n. Consequently, when e 0, we find that 

Pn (1) = 1 (11.22) 

It follows from formulas (11.21) and (11.22) that 

Pn (-D == (-1 )"P n (1) = (-1)" (H.23) 

Now we shall lurn to the differential equation (II. 11) and write 
it, substituting x for q and y for 0: 

A-[(l-x2)^]+(a- 1 ^l F ) !/ = 0 (11.24) 

We shall attempt to find a solution of this equation in the form 

i m i 

g = ( 1— **) 2 u(x) (11.25) 

Recall that the number m can take on either positive or negative 
values [see (II. 7)]. In expression (11.25), we have used the magni- 
tude of m. 
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Substitution of the function (11.25) into Eq. (11.24) leads, after 
simple transformations, to the following differential equation for 
u ( x ): 

(x 2 — 1) u" -f- 2 (| m | -f- 1) xu' -j- [|m j ( j m. | -f 1) — a] u — 0 

(11.26) 

We shall prove that when a — n (n -f 1), this equation is satisfied 
by the function 

Jl OT I 

u _ J p ( x \ 

K 1 dx' n[ W 

where P n ( x ) is a Legendre polynomial. To do this, we write 
Eq. (11.17), assuming in it, that y — n (n -|- 1) and y — P n (£)'• 

(x 2 — 1 ) P"n + 2 xPn — n (n + 1) P n = 0 


Differentiating this equation | m | times with respect to x, we 
obtain 




d' m 'P n 


\m \ ( | w | — 1) ( d' m 'P 


(d' m 'Pn\ 2 + t d ' m 'Pr L V 2x 
v dx' m ' ) y dx' m ' > 


dx' n 


=0 


or after transformations 

fl ml 
dx 1 




+ [|m|(|m| + l)-«(n + l)] ( ^"^ n -)=0 (11.27) 


A comparison of Eqs. (11.26) and (11.27) shows that the function 
u (x) = h |m| P n /dx |m > satisfies Eq. (11.26) provided that a — n ( n 
+ 1). Taking into account (11.25), we can assert that when a = 
= n (n + 1). Eq. (11.24) has as its solution the function 


I 771 | 

Pn(x) = ( l-* 2 ) 2 


d' m ' 
dx ' m 1 


Pn (*) 


(11.28) 


The functions P% (x) are called associated Legendre polynomials. 
Since the ( n -f l)-th derivative of an n-th degree polynomial is 
zero, the functions (11.28) differ from zero only when | m |< n. 

We must note that the only finite solutions of Eq. (11.24) in the 
interval [ — 1, 4-1] are the associated Legendre polynomials, (ion- 
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sequently, the latter are eigenfunctions of differential equation 
(11.24), and the numbers n (n - f 1) are the eigenvalues of this equa- 
tion (n — 0, 1, 2, . . .). 

The following relation is observed for the functions (11.28): 

-i 


Hence, the polynomials P% are mutually orthogonal. 

Recurrence formulas exist for the associated Legendre polynomi- 
als, namely, 


xPn (*)=- 


— I m 1 -f- 1 
2n + l 


pm 
* n+1 


(*) 


n + I w I pm 


2n+l 


Pn-X (X) (II.30) 


and 

VT- 


■ Z* PT l {x) = ■ (n ~ jW| L ( ^ j?l+ - 1) ' Pn+l (X) 

(ra-Hm|) (n+ |w[ +1) 
2n + l 


Pn-1 (X) (H.31) 


Equation (11.11) thus has finite solutions only when a = 
= l (l + 1), where 1 = 0, 1,2, . . .*, the functions Pf (rj) being 
these solutions. To make the system of these solutions orthonorm- 
alized, we shall write them in accordance with (11.29) as follows: 


®im (t|) = }/"• 


(21 + 1) (1 — |ml)l 
2(l+|m|)l 


P?(y l) 



(21 + 1) (f — |m|)l 
2 (1+ I w 1)1 


i m 1 

(1 — q 2 ) 2 


d' mi 
dx' m ' 


Pi (tj) 


Substituting cos 0 for ij [see (II. 10)], we obtain an orthonormalized 
system of -solutions of Eq. (II. 9): 


©, 


lm 


/A\ _ ! / (21 + 1) (l — |ira|)l 
V 2(/+|m|)l 


pm 


(cos O') 


-l/ (2f + D0-|m|)l 0 

V 2(f+|m|)i sm W 


d (cos 0) 1 


■ Pi (cos 0) 


[we have taken advantage of the fact that (1 — cos 2 0) 
= sinl m| 0]. 


(11.32) 

I m I 
2 — 


* Having in view the physical applications, we have written l instead of n. 
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Finally, multiplying the functions (II. 7) and (11.32), we arrive at 
a solution of Eq. (II. 1): 


rua. f) = ygf / l2 '7» + J” 1 ’’ 


(i+lml)! 


= _L_ l/j2L 
Y 2R v * 


-/ -|- 1) (t — | m |)l 


2(!+|m|)! 


e «"i<r si n • w 1 0 


X 


d (cos ft) 1 m 1 


P t (cos ft) (11.33) 


The functions Y lm (ft, cp) defined by formula (11.29) are called spher- 
ical. Since the systems of functions (II. 7) and (11.32) are orthonor- 
malized, the spherical functions (11.33) are also orthonormalized. 
This signifies that 

+ 1 2 ji 

j [ Y*m' (ft, <P) Y rm " (ft, Cp) d (COS ft) rftp 
- ! 0 

n 2 jt 

= [ ( Y*m' (ft, 9)^/"m"(ft, tp) Sin ftdftdcp = 6 rr S m < m . (11.34) 
0 0 


When V 7", the integral vanishes because of the factor 0 (ft) 
[see (11.29)1, and when m' m " , it vanishes because of the factor 
<t> (cp) [see (11.8)1 . 

We know that psi-functions are determined to within a phase 
factor of the form of e ia . For this reason, the functions (11.33) may 
be multiplied by any complex (particularly, real) number with a 
modulus equal to unity. In this case, they as previously will satisfy 
Eq. (II. 1) and retain the property (11.34). In quantum mechanics, 
it is more convenient to write the solution of Eq. (II. 1) in the form 


Y lm (ft, 


m-f- i m i 

<p) = (-i) 2 


m+ i m i 

= (-D 2 


—j=r }/ - e'”WPT (COS ft) 

Y 2n I 2(1+1 "‘1)1 

1 T / (2t + l)(7-lmj)! jmq , 

Y2n * 2(i+|m|)l 


x sin 1 " ' 9 7Tc — Pl <cos 9) <I1 - 351 


In practice, this signifies that for m ^ 0 the solutions are taken in 
the form of (11.33), and for m > 1 the functions (11.33) are multi- 
plied by ( — 1 ) m i. 

The factor i l is sometimes introduced into the function (11.35). 
The function (11.35), like (11.33), is called spherical. We must note 


22 * 
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that as a rule only spherical functions for m ^ 0 are treated in 
courses of calculus. 

It is not difficult to see that the following relation holds for the 
function (11.35): 

Yi,. m (G, q>) = (-l) m nm (0, cp) (11.36) 

where m stands for a positive number. 

Summary. Equation (II. 1) has single-valued and finite solutions 
at values of the parameter a equal to 

a — l (l 1), where l = 0, 1, 2, . . . (11.37) 

The spherical functions Y im whose orthonormalized expressions are 
given by formula (11.35) are solutions of this equation. To each 
eigenvalue of the parameter a there belong 21 -f- 1 eigenfunctions 
Y i m diSering in the values of the number m, which at a given l can 
equal 

m — —l, -l + 1, . . ., -1, 0, 1, . . ., I - 1, l (11.38) 

HI. Chebyshev-Hermite Polynomials 

Consider the differential equation 

f" (x) - 2 xf (x) + If (x) = 0 (III.l) 

Let us attempt to find the solutions of this equation that remain fi- 
nite at any values of x. We shall try to find such a solution in the form 
of the series 

/ (*) = I a k & (III. 2) 

o 

We meanwhile leave the number of terms in the series indeterminate. 
The first two derivatives of the function (III. 2) are 

f'{x)^'Zka h ^ (III. 3) 

k=0 

r (x) = v k a h x h - 2 =y. k(k- 1) a h x h 

h= 0 It— 2 

= Y(k + 2)(k+l)a h+2 x* (III. 4) 

fc =0 

We have discarded the terms equal to zero that correspond to k — 0 
and k — i in the sum (III. 4) and have then replaced k with k -j- 2 
in this sum. 

Let us substitute the function (III. 2) and its derivatives (III.3) 
and (III. 4) into Eq. (III.l): 

Y, ( k -f 2) (k -i- 1) a h+2 x h — 2x Y ka h x^~ l + X Y\ a ft a^= 0 

. k=0 A=0 ft— 0 
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Introducing x inside the second sum and then combining all three 
sums into one, we obtain the relation 

S [(& + 2) (k - f 1) a h + 2 — (2k — X) a ft ] x h = 0 

The latter must be obeyed at any values of x. This is possible if the 
coefficients of x at all its powers are zero. Consequently, the fol- 
lowing condition must be observed: 

(k + 2) (k + 1) a* +2 - (2k - X) a h = 0 (k = 0, 1,2,.. .) 
Hence follows a recurrence formula for the coefficients a h : 

“»*»- ( t+ wVl) ' < In - 5 > 

Since the recurrence formula determines the coefficient a h+2 in 
terms of a h , the sum (III. 2) contains terms only with even or only 
with odd powers of x. 

We shall show that the infinite series (1 1 1. 2) with coefficients 
satisfying relation (III. 5) behaves like exp (x 2 ) when x tends to 
infinity. At large values of k, the recurrence formula (III. 5) can be 
simplified as follows: 

( IIl -6) 

Extending this formula to any k's, we obtain 

2 _ 1 _ 1 

a t ^ 0 + 2 a ° — l a ° — l\ a ° 

2 11 _ 1 

a i^ 2+2 ~ 2 1 a ° ~ 2 ! a ° 

2 111 1 

4+2 a4 ^ 3 2 1 a ° 31 a ° 


1 

a 2h ^ — a 0 


Substitution of these values into (III. 2) yields 

/w=E (in*?) 

ft =0 fc =0 

The circumstance that we have calculated the first coefficients of 
the series by formula (III. 6), which holds only for large k's, does not 
play an appreciable role because the contribution of the first terms 
of the series at large x's is insignificant. 
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. It is quite simple to verify that the expansion of the function 
exp ( x 2 ) into Maclaurin’s series has the form 


oo 



h=0 


A comparison of this formula with (III. 7) shows that the infinite 
series (III. 2) with coefficients satisfying formula (III. 5) behaves 
like exp ( x 2 ) when x tends to infinity, i.e. grows unlimitedly. We 
have given the proof assuming that the coefficients a h with even 
numbers k are non-zero. In a similar way, we can conduct the proof 
assuming that the coefficients with odd k's are non-zero. 

Consequently, the sum (III. 2) can he a finite solution of Eq. (III.l) 
at all values of x only if the number of addends in it is finite. For 
this to occur, the coefficients a h beginning with a certain value of k 
must be zero. 

Assume that a n ^ - 0 and « n+2 = 0. Therefore, in accordance with 
(III. 5), all the subsequent coefficients will be zero too. By (III. 5), 
the coefficient a n42 will vanish when a n =4= 0 if 2n — X •= 0. Hence 
we obtain the values of the parameter X at which the solutions of 
Eq. (III.l) expressed by the sum (III. 5) are finite: 

X = 2n (n = 0, 1, 2, . . .) (III.8) 

The numbers (III. 8) are the eigenvalues of Eq. (III.l). At these 
values of the parameter X, Eq. (III.l) becomes 

f" (x) - 2 xf (x) + 2 nf (x) - 0 (III. 9) 


The eigenfunctions of this equation are polynomials of degree n: 

H n ( x ) = ^ 

h= 0 


whose coefficients satisfy the condition 

_ 2 (k — n) 

h+2 (fe + 2)(fc + l) ah 


(III. 10) 


[we have introduced (III .8) into formula (III. 5)]. Such polynomials 
are called Chebyshev-Hermite polynomials. 

The last non-zero coefficient of the polynomial H n (x) will be a n . 
Consequently, when n is even, the polynomial contains only even 
powers of x, and when n is odd— only odd ones. Indeed, let us take 
an even n equal, for instance, to 4. Assume that the coefficients a x 
and a 3 are non-zero. Hence, according to (III. 10), all the subsequent 
e ft ’s with odd k's will be non-zero, and the series will be infinite. 
Similarly, with an odd n, all the a h 's with even k's must be zero. 
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Formula (III. 10) allows us to express the coefficients a h in terms 
of a 0 (with an even n) or in terms of a x (with an odd n). The values 
of a 0 or a x for each H n ( x ) are determined from the normalization 
condition. 

The Chebyshev-Hermite polynomials can be written as 

H n (^) — ( — 1)" exp (x 2 ) exp ( — x 2 ) (» = 0, 1, 2, ...) (III.ll) 

To prove this, we shall show that the functions (III.ll) satisfy diffe- 
rential equation (III. 9). For this purpose, we introduce the auxi- 
liary function 


w = exp (-**) (III. 12) 

Taking into account (111.11), we can write that 
H n (*) = (-1)" exp (x 2 ) i p<"> 

whence it follows that the rc-th derivative of the function (1 1 1.12) is 

w (n) = (-1)" exp (-x 2 ) H n (x) (III. 13) 

Let us evaluate the first and second derivatives of the function 
(III. 13): 

[U7<">] ' = ( - l) n exp ( - x 2 ) (H' n - 2 xH n ) (III. 14) 

[»<">]" = ( - l) n exp ( - x 2 ) (H'n - 4 xH' n + 4 x 2 H n - 2 H n ) (III. 15) 

Now we differentiate the function (III. 12) with respect to x: 
w' = — 2x exp ( — x 2 ) — — 2 xw 
We have arrived at thej identity 

w' -f- 2 xw = 0 

Let us differentiate this identity n -f 1 times with respect to x: 

(u/) (n+1) -h (2*1 n)< n+1 > = 0 (III. 16) 

The n-order derivative of the product of two functions u and v is 
calculated by the formula 

n 

(«« 0 (B) = 2 Tl(n-k)\' U(n ~ h)v(h) ( IIL1? ) 

h—0 

According to this formula, we have 

n+1 

( 2 *. «»)(»*« = 2 kl (. 2 *y n+l - k) wih) 

h = 0 
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In this expression, only the last two terms equal to (n -)- 1) 2 w <n) -f- 
-f- 2 xu;< n+1 > are non-zero. Substitution of them into (III. 16) yields 

(u/)( n+1 > + 2 (n + 1) w< n > + 2su?< n+1 > = 0 

Let us rewrite this identity as follows: 

W n )\" + 2x l urf n >]' 4- 2 (n + 1) u;< n > ==- 0 

Finally, introducing instead of u4 n) , [u;< n >]', and [u> (n) ]” their values 
from (III. 13), (III. 14), and (III. 15) and dividing the relation ob- 
tained by ( — lj n exp ( — x 2 ), we arrive at the equation 

H" n -2 xH'n 4- 2nH n = 0 (IIT.18) 

A comparison with (III. 9) shows that the polynomials determined 
by formula (III.ll) satisfy Eq. (1 1 1. 9) and, consequently, are iden- 
tical with the Chebyshev-Hermite polynomials. 

It can be proved that the polynomials H n ( x ) determined by the 
formula (III.ll) are orthogonal with the weight exp ( — x 2 ). This 
signifies that 

+oo 

j H n (x)H m (x)exp(-x 2 )dx^0 (n=£m) (III. 19) 

— oo 

When n = m, the integral (III. 19) is non-zero and has the fol- 
lowing value: 

-f oo 

j [H n (a;)] 2 exp ( — x 2 ) dx— n\ 2 n \ /r n (III. 20) 

— OO 

Let us differentiate the function (III.ll) with respect to x: 

= IF { ( ~ 1)n exp [exp ( - *)]} 

= (— l) n 2x exp (**) ~ [exp(-x 2 )] 

— ( — l) n+1 exp (x 2 ) [exp ( - x 2 )] 

[instead of ( — 1)" we have written — ( — l) n+1 ]. The expression we 
have obtained can be written as follows: 

H' n = 2xH n - H n+1 (III. 21) 

We differentiate this relation once more with respect to x: 

Hn = 2 H n -1-2. xH'n -H'n+i 

Let us replace^/% and H ' n + 1 in accordance with (1 1 1. 21). The result is 
Hn = 2//„ + 2x [2 xH n - H n+i ) - [2xH n+i - H n+2 ) 

— (2 + 4x 2 ) //„ — AxH n+ i + H n + Z (I II. 22) 
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Substitution of expressions (III. 21) and (III. 22) into Eq. (III. 18) 
leads to the following recurrence relation between the functions 

H n , H n +y, and H n + 2 . 

#n +2 (x) - 2xff n+1 (x) + 2 (n + 1) H n (x) = 0 (III.23) 

With the aid of this relation, knowing H 0 (x) and Hi (x), we can 
calculate all the higher-degree polynomials. It is easy to calculate 
the first two polynomials directly by formula (III. 11): 

tf 0 (x) = (-l)°e* 2 -^L(e-* 2 ) = e* s .e-* 2 =l (III.24) 

Hi (x) = (- l) 1 e* 2 (e-* 2 ) = — e* 2 ( - 2xe~* 2 ) = 2x .(III.25) 

Next, we use relation (III. 23): 

H 2 (x) = 2 xHi (x) — 2 (0 + 1 )H 0 (x) = 2x-2x -2-1 

= Ax 2 - 2 (III. 26) 

H 3 (x) = 2 xH t (x) - 2 (1 + 1) H\ (x) 

= 2x (4x 2 - 2) — 4-2.-C = 8x3 _ 12* (111.27) 

and so on. 


IV. Some Information from the Theory of Functions 
of a Complex Variable 


The function of a complex variable z = x -f- iy is defined to be 
the expression 

/ (z) = u {x, y) + iv ( x , y ) (IV. 1) 

where u (x, y) and v ( x , y) are real functions of the real variables x 
and y. 

The function (IV. 1) is defined in a certain range of the variable z 
(i.e. in a certain region or domain on the plane x, y). This region 
may be singly connected or multiply connected. A region is said to 
be sinlgy connected if any closed curve in the region includes only 
points belonging to this region. A region not complying with this 
condition is said to be multiply connected. A singly connected re- 
gion contains no “holes”. In Fig. IV. 1, the region R t is singly con- 
nected, and R 2 is multiply connected. 

The function / (z) is said to be differentiable in a region if at each 
point of the region there exists the limit 


di 

dz 


lim JA z ±.. & J)tU?L = i im A1±L 

Az-0 Az Az-0 A Z 


(IV. 2) 


whose value does not depend on how Az tends to zero. 
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A function that is single-valued, finite, and differentiable in a 
region is called analytic in this region. The point z — z s at which 
the function / (z) has no derivative is called a singular point or 
singularity. 

If / (z) is analytic in the singly connected region R, the integral 
of this function around any contour r in R is zero: 

$ / (z) dz = 0 (IV. 3) 

r 

This statement is known as the Cauchy integral theorem. 

It follows from the Cauchy integral theorem that the value of a 
linear integral of an analytic function taken around a closed contour 
containing a hole in a multiply connected region is identical for all 
such contours: 


^ / (z) dz = t^> / (z) dz 
ri r 2 


Upon a change in the direction of circumvention of a contour, the 
sign of the integral changes. For this reason, we have to come to an 
agreement on what direction of circumvention will be considered 




positive and what negative. It is customary practice in the theory 
of the functions of a complex variable to consider the anticlockwise 
direction of circumvention to be positive. This has been done to 
have the azimuth angle cp grow in positive circumvention of a con- 
tour containing the origin of coordinates. In accordance with this 

choice, the symbol in the following will always designate an in- 
tegral evaluated with a positive direction of circumvention. 

Assume that the region R in which the function / (z) has been 
defined has s holes: R u R 2 , . . ., R s (Fig. IV.2). We can prove 



APPENDICES 


347 


with the aid of the Cauchy integral theorem that in this case the 
following relation holds: 

§ / (z) dz = 2 § / ( z ) dz (IV. 4) 

r h=i r k 

where T is a contour containing all the holes, and T ft is a contour 
containing only the k - th hole. 

The function of a complex variable can be expanded into a Taylor 
series: 


/( z )=2 

71=0 


/<"> («o) 
n 1 


(z-Zo) n 


(IV .5) 


Here z„ is a fixed point in whose vicinity the expansion is perfor- 
med. The representation of a function in the form of (IV. 5) is legit- 
imate for all z’s satisfying the con- 
dition ] z — z 0 | < | z s — z 0 I, where 
z s is the closest singular point to z 0 . 

Analytic Continuation. We can 
prove the following statement: assume 
that a continuous function / (x) of a 
real variable is set on the segment 
[a, b] of the real axis x; now in a 
certain region R of a complex plane 
(Fig. IV. 3) containing the segment 
[a, b] of a real axis there can exist 
only one analytic function / (z) of the 
on the given values / {x) on the segment [a, 61. This single func- 
tion / (z) is called the analytic continuation of the function / (x) 
of the real variable x in the complex region R. 

Laurent Expansion. Assume that the function / (z) is analytic in 
the entire region ] z — z 0 | < R except for the point z 0 that is a 
singular one. In this case for z satisfying the condition 0 <c 
< i z — z 0 | < R, the function can be written as 



complex variable z taking 


where 


/(*)= S a n (z~z 0 ) n (IV. 6) 

71 = - oo 


a L-£ l^ )dz 

Un 2 jii f (z'— z 0 )" +1 


(IV. 7) 


Integration in (IV. 7) is performed around an arbitrary contour in- 
cluding the point z 0 and not extending beyond the limits of the 
region 1 z — z 0 | < R. 
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Expression (IV. 6) is called the Laurent expansion or Laurent 
series. It differs from the Taylor series in having terms with nega- 
tive powers of z — z 0 . 

We can use the Laurent expansion to classify isolated singular 
points. This classification is established depending on the number 
of terms with negative values of n in the Laurent expansion (IV. 6). 
Three cases are possible. 

1. Terms with negative n's are absent so that the expansion 
begins with the term equal to a 0 . If the initially set value of / (z 0 ) 
does not coincide with a 0 or / (z) has not been defined for the point 
z 0 , l lie latter is called a removable singular point. By assuming 
that / (z 0 ) — a 0 , we eliminate the discontinuity of the function at 
the point z 0 and make the function analytic over the entire neighbour- 
hood of z 0 , including the point z 0 itself. 

2. The number of terms in (IV. 6) with negative values of n is 
not zero, but is finite; all the a_„’s with n > N =j£ 0 are zero, and 
the coefficient a_ N 0, i.e. 

/(*)= I «n(z-2o)" (IV. 8) 

n= -AT 

In this case, the point z 0 is called a pole of order N of the function 
/ (z). The expansion of the function in the neighbourhood of the 
V-order pole begins with the term 


(z—z 0 ) N 


(IV.9) 


A first-order pole is called a simple pole. 

It can be proved that when z -> z 0 (the latter is a pole), the modu- 
lus of the function (IV. 8) grows unlimitedly regardless of how z 
tends to the pole z 0 . The function cp (z), which is the reciprocal of 
the function / (z) that has a pole of order N at z 0 , has at z 0 a zero 
of order N 1 * * * . 

3. The number of terms with negative values of n in the Laurent 
expansion is infinitely large. In this case, the point z 0 is called an 
essential singular point. 

The following main distinctions exist between a pole of order N 
and an essential singular point. The former can be removed by 
multiplying the function / (z) by (z — z 0 ) N . An essential singular 


1 The function <p (z) has a zero of the order N at the point z 0 if for this point 

the first N coefficients of the expansion of tp (z) into a Taylor series are zero. 

In this case, the expansion begins with the term 

/ (jv) ( z o) (z—z o) N 


I/ ( - V ' (z 0 ) * 01. 
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point cannot be eliminated in this way. When z tends to a pole of 
any order N, the function has a definite limit equal to infinity. 
When z tends to an essential singular point, the function has neither 
a finite nor an infinite limit. Depending on how z tends to z„, se- 
quences of values of / (z) are ob- 
tained that converge to different 
limits. 

Theory of Residues. The resi- 
due of the analytic function 
/ (z) at the isolated singular 
point z 0 is defined to be 

Res [/ (z), z 0 ] =“ 2 HT $/(*') dz ' 

f 

(IV. 10) 

where T is an arbitrary contour 
including only the given sin- 
gular point z 0 . The integral is 
evaluated in the positive direction of circumvention. We must note 
that for a contour not including singular points, expression (IV.10), 
according to (IV. 3), vanishes. 

A comparison of (IV. 10) with (IV. 7) shows that the residue coin- 
cides with the coefficient of the Laurent expansion for n — — 1: 

Res [/ (z), z 0 ] = a. x (IV.ll) 

Consider the contour T including several isolated singular points 
Zj, z 2 , . . ., z s (Fig. IV. 4). We surround these points with the con- 
tours Tj, T t , . . T s . By formula (IV. 4), we have 

S S 

^/(z)dz=2 § / (z) ^2 == 2ni ^ Res[/(z), z A ] (IV. 12) 
r s=i r k fc= i 

We have arrived at the basic theorem of the theory of residues, ac- 
cording to which the integral of an analytic function evaluated around 
a contour including several singular points equals the product of 
2 ni and the sum of the residues of the function at all the points. 

Isolated singular points are sometimes located on the integration 
contour itself (Fig. IV. 5). In this case, the contour must be deformed 
so that it circumvents the given point along a semicircle of an infi- 
nitely small radius. The point may either be excluded from (the point 
A in Fig. IV. 5) or included (the point B in Fig. IV. 5) in the region 
included by the contour. 

In the infinitely small neighbourhood of the point, the function 
may be considered as virtually constant. Therefore, the integral 
around the semicircle can be assumed to equal half the residue of the 
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function at the given point taken with the minus sign at the point A 
(clockwise integration) and with the plus sign at the point B (anti- 
clockwise integration). This half with its sign must he added to the 
left-hand side or, which is the same, subtracted from the right-hand 
side of formula (IV. 12). Further, for A, the residue at the given 
point is not included in the sum of the residues on the right-hand side 
of the formula so that in tho long run an additional term appears 
on the right equal to half the residue at the point under considera- 
tion. For B, the point makes a contribution to the right-hand side 



A 


B 

VS 


Fig. IV. 5 

equal to the residue at this point, but at the same time half of the 
same residue is subtracted so that in the long run the result is the 
same — an additional term appears on the right equal to half the 
residue. Consequently, the final result does not depend on how we 
circumvent a point (A or B). In all cases, a singular point on a con- 
tour introduces into the right-hand side of formula (IV. 12) half the 
contribution which it would have introduced if it were inside the 
contour. 

When an isolated singular point is on the integration contour, 
another procedure is also used. It consists in displacing the singular 
point from the contour over the distance e, and upon completion 
of calculations the limiting process e — >- 0 is performed. 

By formula (IV.10), to determine residues, it is necessary to cal- 
culate the contour integrals of the function / (z). If the singular 
point z 0 is a simple pole (i.e. a first-order pole), the residue can be 
calculated in a simpler way. In this case, the expansion of the 
function in 4he neighbourhood of z 0 has the form 

/ (z) = a_! (z — Zo)" 1 -f- a 0 -| - a t (z — z 0 ) 4- ... 

Let us multiply both sides by (z — z 0 ) and perform the limiting 
process z z 0 . As a result, we find that 

Res[/(z), z 0 ] = a-i = lim (z — z 0 ) / (z) (IV.13) 

2 - 2 0 


Evaluation of Definite Integrals with the Aid of Residues. The 
theory of residues is very helpful in evaluating many integrals of 
functions of a real variable. We shall give a few examples. 
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Let us calculate the integral 


4-oo 


- oo 


dx 

z 2 + l 


For this purpose, we consider the integral 



dz 

z 2 + l 


(IV. 14) 


(IV. 15) 


where T has the form shown in Fig. IV. 6 ( R > 1). Writing the in- 
tegrand in the form 

f r z ) — -1A — \ 

1 K ’ Z 2 +l (z+i)(z— i) 


it is not difficult to see that it has two simple poles at the points 
2l = -j~i and z 2 = — i. Using formula (IV. 13), we find that 

Res [/ (z), ij = lim (z — i) f (z) = lim—^-r- = 4r- (IV. 16) 

z-*t z-*i 

The residue at the point — i is — l/2i. 

Let us represent the integral (IV.15) as two integrals, one of which 
is evaluated over a segment of the x-axis, and the other around a 



Fig. IV. 6 


semicircle. In the second integral, we shall go over to polar coordi- 
nates in accordance with the formula z = i?e i<p . In addition, we 
shall take advantage of formula (IV. 12). As a result, we obtain 


-fi 


n 



0 


iRe*'* rfqp 
Rl e 2 i <P-j- i 


2ni Res [/ (z), 


i] = 2 jx£ -^r = ji 


Now let R tend to infinity. The second integral vanishes because 
it has a magnitude of the order of HR, and we obtain the result we 
are interested in: 

+ °o 

f dx 


*2+1 


Jl 


(IV.17> 




352 


APPENDICES 


We invite our reader to convince himself that by taking a seg- 
ment of the z-axis and the lower semicircle as the contour, we would 
obtain the same result. 

In evaluating the integral (IV. 15), we obtained the possibility 
of using the theory of residues by closing the real axis with a se- 
micircle of an infinitely large radius, the contribution introduced by 
this semicircle into the integral being zero. For the integral (IV. 14), 
the latter circumstance could be seen, so to say, with the naked eye. 
Whether or not we may use a similar procedure in more compli- 
cated cases can be dotormined by moans of Jordan’s lemma. 

Jordan’s Lemma. Assume that the function vp (z) is analytic in 
the upper half-plane except for a finite number of isolated singular 
points, and when | z | -*• oo it tends to zero uniformly over all the 
directions of <p (0 <C 9 <C n). Hence, when a > 0, 

lim ( e iou i|) (z) dz — 0 (IV. 18) 

1 R 

where F H is the arc of a semicircle of radius R in the upper half- 
plane. 

When a < 0, the assertion of the lemma remains in force if the 
upper half-plane is replaced with the lower one in its statement. 
If a = (P > 0), similar statements hold when integrating in 
the right and left half-planes, respectively. 

Let us use Jordan’s lemma to evaluate the integral 

J = e^-j^-rdx (IV. 19) 

— 00 

Consider the integral 

3 1 = $ * lou k *_ 2i dz (IV. 20) 

r 

The integrand has simple poles at the points z = ±k. The function 
t|> (z) = zl(k 2 — z 2 ) lends to zero when | z | -*■ oo. Consequently, 
the requirements of Jordan’s lemma are satisfied. 

Let us tako a real axis and a semicircle of radius R in the upper 
half-plane as the integration contour 1'. When R oo, the integral 
around the semicircle, according to (IV. 18), vanishes, so that the 
integral (IV. 20) transforms into (IV. 19). 

The poles are on the integration contour. We can therefore assert 
that the integral (IV. 19) will equal the half -sum of the residues of 
the function at the poles multiplied by 2ni [see formula (IV. 12) 
and the text following it]. The poles are simple, and we may there- 
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fore use formula (IV. 13) to calculate the residues. For the point 
z — k, we have 

Res [/ (z), A] = lim (z — k)f (a) = lim e ia * ■ 

2— ft K Z 

= - lim e ia * = - 4 - e iah (IV.21) 

Similar calculations for z = — k yield 

Res {/ (z), - k] = - (IV.22) 

Consequently, for 0 we obtain the value 

0 — 2: ii— ( — e iak — = — nicosak (IV.23) 

Let us attempt to evaluate the integral (IV.19) in a different way — 
we displace the poles, replacing k with k + ie, where e is a small 



(C) (d) 

Fig. IV.7 


positive quantity (Fig. IV.7a). Accordingly, —k transforms into 
— (k 4- is). As a result, the pole z — k gets inside the integration 
contour, and the pole z = — k leaves it. 
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Now the integral d is equal to the limit (when r-»- 0) of the val- 
ue of the residue at the point k 4 - it. This residue is determined by 
the expression 


(z—k — it) z 


Res = — lim e iaz . ...... , 

z^h+ie (z + k+ie.)(z — k—ie) 


=- lim e iaz — , rr: - 

z-h+ie z + k + ie 


— e ia(lt + in) 


k + IK 


2 {k 4 is) 


1_ />ia(fc+ie> 

2 


Hence 


d — lim {2ni Res} = — lim {jue ia(ft+iE) } = — nie iah (IV. 24) 

e — 0 e -0 ’ 


The same result is evidently obtained if, without displacing the 
pole, we deform the contour as shown in Fig. IV. 7c. 

The value of d we have obtained differs from (IV. 23). Before 
discussing this difference, let us evaluate the integral once more, 
displacing the poles by the substitution k-+k — it (Fig. IV. 76). 
Performing calculations similar to those that led us to formu- 
la (IV. 24), we find that 

d=—me~ iak (IV.25) 

The same result is obtained if instead of displacing the poles, we 
deform the contour as shown in Fig. IW.ld. 

Hence, depending on how we chose the contour for the inte- 
gral (IV. 19), we obtain different results. This is due to the fact that 
the given integral is improper 1 . It, cannot be evaluated uniquely 
until additional limiting conditions are introduced. 

We must note that expression (IV. 23) is the arithmetical mean of 
expressions (IV. 24) and (IV.25). It is the principal value of the 
integral (IV. 19). 


V. Airy Function 

Consider ihe differential equation 

y" - xy = 0 (V.l> 

One of the solutions of this equation can be written as 

00 

1 cos ^ ( v - 2 > 
v n 0 

A function determined by expression (V.2) is called an Airy func- 
tion. 


1 The term improper is applied to an integral in which either the domain 

of integration or the integrand is unbounded. 
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For applications, it is important to know the asymptotic expres- 
sion of the function <I> (x) at large values of | x |. At large positive 
values of x, the asymptotic expression of the function has the form 

® (*) » ~2jrjr exp ( — | x 3 ' 2 ) (V.3) 

i.e. 0) (x) attenuates exponentially. At large negative values of x 

3>W«-j7[i7rsin (t I*I 3/2 + t) ( v - 4 > 


i.e. O (x) oscillates. The first (greatest) maximum is (t> (—1.02) = 
- 0.95. 

We must note that when the sign of x changes, Eq. (V.l) becomes 


y" + xy — 0 


(V.5) 

It is evident that an Airy function will also be a solution 

of this 

equation. The functions 



<r> (*)« *x/* Sln ( 3 ^ + 4 ) 

when x> 0 ^ 


2|«|V* CX P ( 3 W ' ) 

when xCO J 

(V.6) 


will be asymptotic solutions of Eq. (V.5). 


VI. Method of Green's Functions 

The method of Green’s functions is one of the methods of solving 
differential equations in partial derivatives. To understand the 
essence of this method, let us consider the following example. Let a 
differential equation have the form 

<?9 (r) = / (r) (VIA) 

where Q is a linear differential operator, / (r) is a set function, and 
<p (r) is the required function. 

To each function / (r) there corresponds its own solution <j> (r). 
Such a correspondence can be represented in the form of the opera- 
tor relation 

<P « = Lf (r) (VI. 2) 

in which t is an operator determined by the form of the operator Q. 
With such a representation, the function / (r) can be treated as an 
action, or influence, and cp (r) as the result of this action, or as the 
response to the action. 


23 * 
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We introduce the function G (r, r') that is a solution of the equa- 
tion 

QG ( Ff r') = 6 (r - r') (VI.3) 

(compare with (VI. 1)]. The function G (r, r') is called Green’s func- 
tion corresponding to the problem being considered 1 [i.e. to the 
problem characterized by Eq. (VI. 1)1, It is the response to the action 
described by a delta function with a singularity at the point r': 

G (r, r') = Lb (r - r') (VI. 4) 

(compare with (VI. 2)]. 

Using the Green’s function, we can represent the solution of 
Eq. (VI. 1) in the form 

<p (r) = f G (r, r') / (r') dV' (VI.5) 

J 

Indeed, let us act on relation (VI.5) with the operator Q, taking 
into account that this operator acts on the variable r and does not 
act on the integration variable r'. With a view to (VI.3), we obtain 

<?cp (r) = j [QG (r, r')] / (r') dV' = j 6 (r - r') / (r') dV' - / (r) 

We have arrived at the initial equation (VI. 1) and have thus proved 
that the function (VI.5) satisfies this equation. 

Now let us consider an equation diSering from (VI. 1) in con- 
taining 0 on the right-hand side instead of / (r): 

Qq> (r) = 0 (VI. 6) 

This equation may be called a homogeneous one corresponding to 
the non-homogeneous equation (VI. 1). Let the general solution of 
Eq. (VI. 6) be the function <p 0 (r), i.e. 

<?9 o W = 0 (VI. 7) 

Now the general solution of Eq. (VI. 1) can be written as 

<P (r) = <Po (**) + j G (r, r') / (r') dV' (VI.8) 

endeed, owing to the linear character of the operator Q , we have 

= (<Po+ j) =<?<Po + <? j =0 + /(r) = /(r) 

The introduction of Green’s function makes it possible to reduce 
the solution of Eq. (VI. 1) to the solution of two simpler ones: (VI.3) 
and (VI. 6). 

1 Every problem has its own Green's function. There is no single expression 
for Green’s function. 
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Let us explain what has been said above using an example from 
electrostatics. The potential of an electrostatic field satisfies Pois- 
son’s equation 

V 2 q> (r) — — 4np (r) (VI. 9) 

[see Vol. 1, formula (42.4)]. This equation corresponds to Eq. (VI. 1) 
(in the given case Q = V 2 ). The equation 

V 2 G (r, r') ~ 6 (r — r') (VI, 10) 

corresponds to Eq. (VI. 5). Let us write (VI. 10) in the form^ 

V 2 G (r, r') — — 4jt [ — 6(r — r')] (VI.ll) 

It follows from (VI. 9) that G (r, r') is (to within a dimensional 
factor numerically equal to unity) the potential of the field of a 
point charge of the magnitude — (l/4n) placed at the point r'. Con- 
sequently, 

G(r,r') = ^f (VI. 12) 

Now let us use formula (VI. 4), taking into consideration that in the 
given case / (r) = — 4np (r): 

<P (r)= j G(r, r')f(T')dV' 

= S i7=7T [~ 4 ^P < r 0l dV'= j ' (VI. 13) 

We have obtained the known expression for the potential produced 
by a charge distributed with the density p (r) [see Vol. 1, formu- 
la (42.7)]. 

Hence, in the example considered above, the physical meaning of 
Green’s function consists in that it numerically coincides with the 
potential produced by a point charge of the magnitude — (l/4n). 
We can also say that Green’s function describes the influence of the 
charge p (r') dV' perceived at the point r. 

We must note that in the given case the solution of the homogene- 
ous equation 

V 2 (p 0 (r) = 0 

[see (VI. 7) and (VI. 9)] is a homogeneous constant field of strength 
E 0 = — Vcpo = const imposed onto the field described by the func- 
tion (VI. 13). 
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VII. Solution of the Fundamental Equation of the Scattering 
Theory by the Method of Green's Functions 

In the scattering theory, it is often necessary to solve the equa- 
tion 

(V 2 + k z ) t|) (r) = U ( r ) ’P ( r ) (VII. 1) 

where 

k 2 = = const (VII. 2) 

and U (r) is a function that is non-zero only in the restricted part of 
space where r ^ a [see Eq. (67.3)]. 

Assuming that (V 2 -j- k 2 ) = Q and ( 2m 0 'h 2 ) U (r) \j) (r) = / (r) 1 , we 
reduce Eq. (VII. 1) to the form of (VI. 1). Consequently, we can 
write an expression similar to (VI. 8) for t{> (r): 

* (r) = (r) + J G (r, t')[l$-U (r') * (r')] dV' (VII.3) 

where t|> 0 (r) is the solution of Eq. (VII. 1) without the right-hand 
side: 

(V 2 + k 2 ) (r) = 0 

To satisfy the boundary conditions, we take as tj) 0 (r) the function 
i}) 0 (r) = exp (ik lnc r) = exp ( ikz ) (VII.4) 

where k lnc is a vector determining the direction of motion of the 
incident particles. In Sec. 67, we assumed the z-axis to be this direc- 
tion (the magnitudes of vectors of different directions are identical 
and equal to k). 

Green’s function G (r, r') in expression (VII.3) is a solution of the 
equation 

. (V 2 + k 2 ) G (r, r') = 8 (r - r') (VII.5) 

[see (VI. 3)]. Let us transform this equation, acting on both of its 
sides with the operator (V 2 -f- k 2 ) -1 that is the reciprocal of the op- 
erator (V 2 -f- k 2 ). As a result, we obtain 

G (r, r') = (V 2 + k 2 ) -1 6 (r - r') (VII.6) 

By formula (VIII. 13), we have 

6 ( r - r ')=w! ei,M ' ! ^ (vn- 7 > 

where dV q is a volume element in g-space. We have designated the 
integration variable by q instead of k because we have already used 

1 With such a treatment, the function / (r) includes the required function 

i}> (r) as a factor. Formally, however, Eq. (VI. 1) remains correct. 
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k to designate the wave vector with a magnitude determined by 
(VII. 2). In formula (VII.7), on the other hand, the magnitude of 
the vector q takes on all values from 0 to oo upon integration. 
Introducing (VII.7) into Eq. (VII. 6), we obtain 

G < r ’ r '> = w 5 (y2 + k2)_1 * iq(r - r/) dv “ ( VIL8) 

To calculate the integrand, we shall proceed from the relation 

(V 2 + k 2 ) e*« r - r ') = Y 2 e iq(r-r ') I^giqfr-r') 

= — q 2 g’Q(r-r') |j2gfq(r-r') = (k2_q2) giq(r-r') 

Acting on this relation with the operator (V 2 + k 2 ) -1 , we arrive at 
the equation 

giq(r-r') _ (fc2_ q 2 ) (V 2 -f k 2 )" 1 £*«!('-»'> 

whence 

(V 2 + k 2 )“‘ = - k2 ^ qi , - e«q(r-r') 

Substitution of this expression into (VI 1. 8) yields 

Let us go over to the spherical coordinates q , 0, <p in g-space; we shall 
measure the angle 8 from the direction of the vector r — r' whose 
magnitude we shall designate by the letter a: 


G (r, r') — — ^ j l e iqa 1-09 0 g 2 dq sin 0 d0 

oo n 

= -(2H)T I I ^“ cose sin8d0 

0 o 

1 T q* e iaq_ e -iaq 

<2 Jl) 2 J & 2 — q 2 iaq ® 

0 

— * / [ e ^ -t dq - - [ c -ta« ■ l d J-\ 

4 jl 2 ia \ J k 1 — q 2 J k — q 2 / 
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Let us replace the integration variable q in the second integral 
with — q. The result is 


G (r, r') 


1 

4;i 2 ia 


CO 



0 


— oo 

j e io 9 
0 


qdg ) 
k*-q* / 


f 

4n 2 ia J — g 4 


(VII. 9) 


Wc conclude from the form of the function (VII. 9) that G (r, r') = 
= G (a) = G (1 r - r' |). 

The integral (VII. 9) was evaluated in Appendix IV with the aid 
of the theory of residues (the integrand is analytically continued 
onto a complex plane). The result of the calculations depends on 
the choice of the rules of circumvention of the poles q = ±k. These 
rules are determined from the boundary conditions imposed on the 
function G (a) when a-+ oc. To obtain a solution corresponding to 
waves diverging from the scattering centre, it is necessary to choose 
the integration path shown in Fig. IV. 7c. Hence, by (IV. 24), the 
integral equals — nie iak . Introducing this value into (VII. 9), we 
obtain 

G(r, r ') = -irFF=Tr e,ft,r ' r '' ( VII - 10 > 

(a — I r — r' |). 

Adopting the function (VII. 4) as i|) 0 (r) and introducing expres- 
sion (VII. 10) for G (r, r') into (VII. 3), we obtain the following for- 
mula for (r): 

^ (r) = e ^_ 1 ^ r (vii.il) 

The function U (r') is non-zero only in a small region for which r' ^ 
^ a. Therefore for r a, we can assume in (VII. 11) that | r — r' | « 
« r in the denominator, and perform in the exponent the expansion 

|r — r'\ = Y (r — r') 2 « Y r 2 — 2rr' « r — e r r' 
where e r is the unit vector of the vector r. The result is 
'!> (0 = e v "--^fcr e ih ' j e~ ihe r r 'U (r') i|> ( r ') dV’ 

*lhr 

-e lto -M(0, <p)-^— (VII. 12) 

where 

j e~ iht ' T U (r') t|, (r') dV (VII. 13) 


A(^, <p) = A(e r ) = 
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[ft and cp are angles determining the direction of the vector r, i.e. 
the direction to the point, remote from the scattering centre, for 
which (r) is being calculated]. 

Formula (VII. 12) coincides with formula (67.6). Expression, 
(VII. 13) determines the scattering amplitude. Taking into account 
that the function 

if Pr (r') = e ip r r ' / "* = e ifte r r ' 

is the psi-function of a particle moving freely in the direction of 
the position vector r (to indicate this, we have used the subscript r 
on p), we can write the expression for the scattering amplitude as- 
follows: 

(VIU4). 

(compare with (68.5)3. 

VIII. The Dirac Delta Function 

To normalize the psi-functions belonging to a continuous spec- 
trum, Dirac introduced the delta function (6 function), which is 
determined as follows: 

(1) The function 6 {x — a) equals zero for all x a and becomes- 
equal to infinity when x — a; 

(2) when x = a, the delta function becomes equal to infinity 
so that 

*a 

jfi (x-a)dx=l (VIII.l)* 

*i 

provided that the domain of integration includes the point x = a y 
i.e. aq < a < x 2 [if point x — a is outside the domain of integration, 
the integral (VIII.l) evidently vanishes]. 

The most important property of the delta function consists in 
that 

+ » 

j / (x) 6 (x—a) dx — f (a) (VIII.2^ 

— 00 

(for the proof of this relation, see Appendix XIII of Vol. 1). 

The three-dimensional delta function is defined similarly: 

6 (r) = 6 (*)-6 (y)-6 (z) (VIII.3> 

It has the property 


j / ( r ) 5 ( r — r 0 ) dV ~ f (r 0 ) 


(VIII. 4)* 
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Some properties of the delta function are given below: 

6(-x) = 6(x) (VIII. 5) 

xS (x) = 0 (VIII. 6) 

6(ax) = - ] i r 6(x) (VIII. 7) 

The meaning of these relations is that if an integrand contains one 
side of an equation as a factor, it may be replaced with the other 
side without the integral changing. 

The properly (VIII.5) is obvious. It signifies that 6 (x) is an even 
function. 

To prove the property (VI 1 1. 6), let us take a continuous function 
«j> (x) and form the expression 

+ 0O 

j <p (x) x§ (x) dx 

— oo 

Introducing the notation / (x) =■- <p (x) x and taking advantage of 
the property (VIII. 2), we obtain 

+oo -f- oo 

j qp (x) x6 (x) dx = [ / (x) 8 (x) dx = f( 0) = qp (0) • 0 = 0 

— oo — oo 

whence (VI 1 1. 6) follows. 

Relation (VIII. 7) is proved in a similar way. Let us form the 
expression 

-f-OO +O 0 

j <p (x) 8 (ax) dx = j qp (x) 6 (ja|x) dx (VIII. 8) 

- oo - oo 

[we have used the property (VII 1. 5)1. Let us go over from the 
variable x to the variable y related to x by the expression 

y = | a j x, dy = 1 a | dx 

(we have taken | a | for dy and dx to have the same sign). The inte- 
gral (VI 1 1. 8) now becomes 

If (ifr) 6 w -&=■ -iir-T * (ir) 6 ^ < VII, - 9 > 

-00 -oo 

We introduce the function / (y) defined by the relation 
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that when y — 0 transforms into the equation / (0) = <p (0). As a 
result, (VIII. 9) transforms as follows: 

-f-oo -f- oo 

-r" 5 <p (i5r) 6(! ' )di '*‘R _ 5 /(y) 6 (i/)^=-^ r /(0)=ii r 'p(0) 

— oo — oo 


We would have arrived at the same result if we had taken as the 
initial expression not (VIII. 8), but the integral 

+ oo 

I ^ {tt 6 ( z) } dx 

— oo 

Hence follows the property (VIII. 7). 

Let us write the Fourier transform 


+ oo 


+ oo 


6(*)— 2 T ( e ~ ikXdk J 8(l)‘ ihi dl 


{see Vol. 1, formula (XIV. 20)] for the delta function. In accordance 
with (VIII. 2), the integral over d £ equals e° = 1. Consequently 

+ oo 

= j e ~ ihx dk (vin.io) 

— oo 

Taking relation (VIII. 5) into account, we can write that 

+ 00 

6(x) = 6( — x) = ^ r j e ihx dk (VIII. 11) 

— 00 

From relation (VI 1 1. 11), we obtain the formula 

+ oo 

J e ihx dk = 2n6 (x) (VH1.12) 

— OO 

In accordance with (VII 1 .3) and (VII 1. 11), we have 

-f-oo -f-oo -f oo 

e ih * x dk x j e ih v"dk tt 

— oo 

= (2^J« ikr ^ (VIII. 13) 

where d\\ is a volume element in &-space. A glance at (VIII. 13) 
shows that 

j e ikr dVh = (2ix) 3 6 (r) (VIII. 14) 

Integration is performed over the entire -space. Formula (VIII. 14) 
is a three-dimensional analogue of formula (VIII. 12). 


Jhz 


dk. 
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Coupling, Russel-Saunders, 278 
Cross section, scattering, 
differential, 315, 319, 326 
elastic, 329 
inelastic, 329f 
partial, 
elastic, 329, 
inelastic, 330 
total, 

effective, 316, 326 
elastic, 329 
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Normalization, to delta function, 49, 
73 

Notation, Dirac 518 
Number(s), 
occupation, 234 
representation, 234f 
quantum, see Quantum number 

Operator(s), 

acceleration, 86 
adjoint, 28 

angular momentum, 64f, 67 
commutation with coordinate ope- 
rator, 68f 

commutation with momentum 
operator, 69 
eigenfunctions, 788 
eigenvalues, 788 

annihilation, 117, 235, 241f, 292 
anticommutatioo, 200 
anticommutative, 42 
commutative, 42, 44f 
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Radius, Bohr, 95 
Range, of force, 317 
Region, 
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non-stationary, 123 
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scattering, 3153 
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